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ADVERTISEMENT. 


The Committee appointed by the Royal Society to direct the publication of the 
Philosophical Transactions , take this opportunity to acquaint the Public, that it 
fully appears, as well from the council-books and journals of the Society, as 
from repeated declarations which have been made in several former Transactions , 
that the printing of them was always, from time to time, the single act of the 
respective Secretaries, till the Forty-seventh Volume: the Society, as a Body, 
mier interesting themselves any further in their publication, than by occa¬ 
sionally recommending the revival of them to some of their Secretaries, w’hen, 
from the particular circumstances of their affairs, the Transactions had happened 
for any length of time to be intermitted. And this seems principally to have 
been done with a view to satisfy the Public, that their usual meetings were then 
continued, for the improvement of knowledge, and benefit of mankind, the great 
ends of their first institution by the Royal Charters, and which they have ever 
since steadily pursued. 

But the Society being of late years greatly enlarged, and their communica¬ 
tions more numerous, it was thought advisable that a Committee of their mem¬ 
bers should be appointed, to reconsider the papers read before them, and select 
out of them such as they should judge most proper for publication in the future 
Transactions; which was accordingly done upon the 26th of March 1752. And 
the grounds of their choice are, and will continue to be, the importance and 
singularity of the subjects, or the advantageous manner of treating them; with¬ 
out pretending to answer for the certainty of the facts, or propriety of the rea¬ 
sonings, contained in the several papers so published, which must still rest on 
the credit or judgment of their respective authors. 

It is likewise necessary on this occasion to remark, that it is an established 
rule of the Society, to which they will always adhere, never to give their opinion. 
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as a Body, upon any subject, either of Nature or Art, that comes before them. 
And therefore the thanks, which are frequently proposed from the Chair, to be 
given to the authors of such papers as are read at their accustomed meetings, or 
to the persons through whose hands they received them, are to be considered in 
no other light than as a matter of civility, in return for the respect shown to the 
Society by those communications. The like also is to be said with regard to the 
several projects, inventions, and curiosities of various kinds, which are often ex¬ 
hibited to the Society; the authors whereof, or those who exhibit them, fre¬ 
quently take the liberty to report and even to certify in the public newspapers, 
that they have met with the highest applause and approbation. And therefore 
it is hoped that no regard will hereafter be paid to such reports and public 
notices ; which in some instances have been too lightly credited, to the disho¬ 
nour of the Society. 
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The President and Council of the Royal Society adjudged the 
Royal Medals for the year 1830 as follows: 


A Royal Medal to David Brewster, LL.D., Fellow of the Royal Society, for 
his Communications to the Royal Society on the Polarization, and other Pro¬ 
perties, of Light. 


A Royal Medal to M. Balard, of Montpellier, for his Discovery of Brome. 



PHILOSOPHICAL TRANSACTIONS. 


I. Observations of the Second Comet of 1822, made at Rio de Janeiro. By 
Lieutenant (now Captain) William Robertson, R.N. Communicated in a 
Letter to Captain Basil Hall, F.R.S. 

Read June 17, 1830. 


I SHALL feel obliged to you to lay before the Royal Society the following 
observations, which, with the assistance of Lieut. Charles Drink water, R.N., 
I made upon the “ second comet of 1822,” as it is called. They were made at 
Rio de Janeiro, when I was Lieutenant of His Majesty's ship Creole, under 
the orders of Commodore Sir Thomas Hardy; but as the means I had in my 
possession for making such nice observations were not great, I did not imagine 
the results could be of much value, till I accidentally gained information of 
the following remarks in Baron Zach’s Journal, vol. vi. page 596. 

Cette eomete, comme nous 1’avoiis dit dans not re V me cahier, page 481, n’a 
ete que tres peu observee, a cause de son mouvement fort-rapide en declinaison 
australe; elle s'est par consequent bientdt soustraite a nos regards, pour se 
montrer peut-etre avec plus d’eclat aux antipodes. Nous navons regu d'autres 
observations que celles que nous avons deja publiees dans notre cahier prece¬ 
dent. Probablement l’orbite de eet astre passager nous restera ineonnue pour 
toujours, a moins que MM. Fallow, Rumker, ou un autre Basil Hall, ne 
paiwiennent a l’observer dans l’hemisphere austral. Mais la correspondence 
astronomique des deux hemispheres n’est pas encore bien etablie * ” 

The above allusion to your observations on the comet which we observed 
together at Valparaiso in 1821, and which are published in the Philosophical 

* Correspondence Astronomique du Baron Zach, vol. vi. p. 595 . 
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Transactions, induces me to address this communication to you, to be laid 
before the Society, if you consider it worthy of that honour. 

M. Pons, it appears, (Zach, vol. vi. p. 385) first discovered this comet on 
the 31st of May, about two o’clock in the morning. It was then at the distance 
of 2 from the star |3 Piscium, 5° from q Aquarii, nearly in 340^° of At, and 
in north declination. As M. Pons had no instruments ready to observe 
the comet, it does not appear to have been further noticed till the 8th of June, 
by Professor Caturegli at Bologna, and two days afterwards by M. Gambart 
at Marseilles. Owing to its extreme feebleness, however, Baron Zach does 
not appear to think the observations at Bologna very exact. 

The following tu T o Tables of the observations just mentioned are from Zach^ 
Correspondence, vol. vi. p. 482. 


1822. 

Terns vTai 
a Bologne. 

Ascen. droite de 
la comete. 

Declin de la 
comete austral e. 


h 

m 


, 

O 

/ 

Juin 8 

15 

10 

347 

39 

8 

49 

10 

14 

45 

351 

43 

13 

28 

11 

14 

44 

354 

32 

16 

46 

12 , 

14 

59 

358 

25 

21 

5 


The following are the only two observations made by M. Gambaiit at 
Marseilles. 


1822. 

Terns moyen 
de minuit. 

Differ d’ascen. 
droite 

N° 

d’obs. 

Differ, de 
declm 

| N" 

! d obs 

i Etoiles companies. 

! 


| h m s ! 


! 


1 

i 

Juin 10 

| 3 3 49 ; 

rS 11 9.2 

! l 

-21 38.1 

; i 

j du Verseau. 

11 

1 2 48 56 | 

o 

iA 

©* 

o 

01 

© 

i 

! 4 

+ 30 31.3 

! 4 

133 Hor. xxm.PiAzzr. 


From these few observations, M. Hulingenstein has deduced the orbit in 
Schumacher’s Astronomische Nachrichten, vol. iv. pp. 533, 534, and which 
I have copied at the end of this letter. But as the above observations com¬ 
prehend only a very small portion of the orbit, these elements are susceptible 
of improvement from observations made during a longer interval. 

The following are the whole of the observations which were made by 
Mr. Drinkwater and myself on this comet. 
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On the evening of the 18th of June it was first observed, with the naked eye, 
near the star Canopus, and though it had been in conjunction with the sun 
on that day, its great southern latitude permitted it to be seen after sunset. 
Of course we did not know that it had been observed in Europe, and imme¬ 
diately proceeded to determine its position by the only means of which we had 
command. By means of a reflecting sextant, we took its angular distances 
from known fixed stars. The faintness of the comet’s light, and the uncer¬ 
tainty in estimating its apparent centre, presented considerable difficulties in 
the employment of this method of observation. It was attempted to diminish 
the errors which, no doubt, arose from this cause, by taking the angular 
distances from four stars, and these observations were repeated, as often as the 
weather permitted, on the succeeding nights. In this manner angular distances 
were obtained on the evenings of the 18th, 19th, 22nd, 23rd, and 24th of June, 
1822 : after which the increasing brightness of the moonlight, and the faint¬ 
ness, prevented its being accurately observed with the sextant, and eventually 
obliterated it altogether. 

During the whole of the above period, the comet presented the same appear¬ 
ance as it seems to have done in Europe,—namely, that of a nebulous mass, 
without either tail or nucleus. I was of course inclined to believe, at first, 
that the»e observations would be of little value, as I did not doubt that the 
comet must have been observed from other places in the southern hemisphere, 
with more efficient instruments than mine. I hope it may still prove so; but, 
after repeated inquiries, I have not been able to learn that the comet was seen 
in any other quarter of that portion of the globe. Nor, indeed, was it until its 
orbit had been computed from my observations by Mr. Thomas Henderson of 
Edinburgh, that the comet was suspected to have been one previously observed 
in Europe. This discovery, it will perhaps be thought, gives a new value to 
the observations which we made ; for though the means used were deficient in 
that precision which is desirable, the observations, taken in conjunction with 
those made in Europe, embrace a far greater extent of the comet's orbit than 
either series do alone. And in the present state of cometary astronomy it is 
impossible to foretell the value which may one day be assigned to observations 
which at present appear to have little interest. 

The following is a faithful transcript of the original observations as they 
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were actually written down at the time; without the alteration of a letter or 
a figure. 

Rio de Janeiro, June 18th, 1822, at 6 h 30 m p.m. Observed a bright orbi¬ 
cular nebula near Canopus. On directing the telescope to it, we find it to 
have the appearance of a comet. At 6 h 40 m mean time, the following distances 
were taken with sextants: 

From Canopus ... 3 6 20 

-Sirius .... 34 27 10 

- a Hydrae ... 58 9 20 

- a Crucis ... 4/ 58 50 


June 19th. The comet appeared fainter than last night. There was a thin 
haze in the sky. The following observations were taken at 6 h 40 m p.m. : 


From Canopus . . 

0 

. 11 

33 

30 

-Sirius . . . 

. 30 

3 

37 

- a Hydrse . . 

. 46 

2 

47 

-- a Crucis . . 

. 44 

15 

30 

June 20th. Thick, rainy weather; comet not seen. 


June 21st. Thick, cloudy weather. 




June 22nd. Fine, clear moonlight. 

Observed the 

comet without a tele- 

scope. It is still of a round shape, no tail or nucleus observed when looked at 

with a telescope. The following angulai 

* distances were taken at 7 h 0 m p.m. : 

From Canopus . . 

o 

. 33 

35 

do 

-Sirius . . . 

. 33 

12 

00 

-a Hydrae . . 

. 25 

9 

45 

- a Crucis . . 

. 44 

36 

25 

June 23rd. Clear weather. The following angulai 

r distances were taken 

at 6 U 34 m p.m. : 




From Canopus . . 

o 

. 37 

29 

20 

-Sirius . . . 

. 35 

15 

45 

- a Hydrae . . 

. 21 

38 

50 

-«Crucis . . 

. 45 

13 

10 
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June 24th. Clear weather; moonlight. The following distances were taken 
at 6 h 30 m p.m. : 

From a Hydrae. 18 57 25 

- a Crueis . 46 37 30 

June 25th. Saw the comet; but owing to the clear moonlight, it was too 
faint to be observed wdth the sextant. 

June 26th. Dark cloudy weather, with rain and thunder. 

June 27 th. Rainy weather. In the evening, fine weather ; comet not seen. 

June 28th. Cloudy evening. 

June 29th. Fine clear moonlight; could not discover the comet. 

On my attention being called to this comet during the last year, more than 
seven years after I had observed it, I placed the above observations in the 
hands of Mr. Thomas Henderson, of Edinburgh, who has furnished me with 
the following remarks, which I transcribe verbatim, and request you will com¬ 
municate to the Royal Society in the same manner. 

** From the observations,” says Mr. Henderson, “ made at Rio de Janeiro, 
by Captain Robertson and Lieutenant Drinkwater, on the second comet of 
1822, I have obtained the following position of that comet referred to the 
ecliptic, and cleared of the effect of refraction, but not of parallax, aberration, 
nutation, or precession. Those positions have been adopted which represent 
the observed angular distances with the minimum of error, as found by the 
method of least squares. 


Mean solar 
tune at Rio 
de Janeiro. 
June 1822. 

Apparent 

longitude 

Apparent latitude. 

d h m 



18 6 40 

93 39 26 

73 51 6 South 

19 6 40 

125 15 42 

66 42 19 

22 7 0 

147 5 5 

47 30 47 

23 6 34 

149 31 36 

43 49 20 

24 6 30 

i 150 48 47 

40 39 58 


M The errors of observation, on the differences between the observed and com¬ 
puted angular distances, do not exceed five minutes of space, except on the 
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23rd, when, in one observation, the error amounts to eleven minutes; for which 
reason the position of that day is not employed in computing the orbit. 

“ The following elements of the comet’s parabolic orbit have been obtained 
by Olbers’ method of computation, founded upon the observations of June 
19th, 22nd, and 24th. 

Time of perihelion passage, mean solar time at Greenwich, 1822, July 15.651. 


Longitude of the perihelion. 220 19 49 

Inclination of the orbit . 35 36 0 

Longitude of the ascending node . . . 98 14 4/ 
Logarithm of perihelion distance . . . 9.928/9 

Motion retrograde. 


“The following are the errors of the places computed from these elements, 
or the corrections to be applied to the computed places, in order to obtain 
those which were observed. 



Longitude 

Latitude. 

June 18 . 

. . . — 7 

* * ■ * 4* 1 

19 . 

...+ 3 

. . . . + 1 

22 . 

... 0 

.... -1 

23 . 

... +15 

. . . . +5 

24 . 

... 0 

. . . . + 1 

“ The greatest error is on the 23rd; the observations of which day, for the rea 

sons already stated, are supposed not to be so 

exact as those of the other days. 

The other errors, it may be 

remarked, are not greater than what might have 


been expected from the uncertainty of the observations, and great latitude of 
the comet, when the errors in longitude are apparently much increased, front 
being reckoned upon a small circle. 

“ On comparing the foregoing elements, computed from Captain Robertson 
and Lieutenant Drinkwater’s observations, with those deduced by M. IJulin- 
genstein from the observations made in Europe, referred to at page 2, it 
will be seen that the differences between them are wonderfully small, con¬ 
sidering the different instruments used by the observers in the two hemi¬ 
spheres. 

“ The elements, placed side by side, stand thus: 
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By the computations from Captain 

By M. Hulingenstein’s computation Robertson’s observations 

fiom observations in Europe. at Rio de Janeiro. 

Time of perihelion passage, July 16.03925 .July 15.651 

Mean Solar Time at Marseilles. Mean Solar Time at Greenwich. 

Longitude of the perihelion . . 219 53 48 . . . . . 220 19 49 

Inclination of the orbit ... 37 43 4 ..... 35 36 0 

Longitude of the ascending node 97 51 23 . 98 14 47 

Logarithm of perihelion distance 9.92/43 . 9.928/9 

“ Perhaps more correct elements might be obtained from a comparison of all 
the observations. European as well as South American, were it deemed of 
sufficient importance to undergo the requisite labour. But without entering 
into such an investigation, enough has been already stated to show that the 
instruments and other means in the possession of every naval officer, are suffi¬ 
cient to enable him to determine, with considerable accuracy, the orbit of any 
comet which is not too faint for being observed witli the usual reflecting in¬ 
struments used at sea/’ 


Before concluding this communication, it may not be improper to mention 
that about the same time that we were making the observations above detailed, 
on the “ second comet of 1822,” we were fortunate enough to see the cele¬ 
brated comet of Encke, but it had not sufficient light to enable us to observe 
it in the same manner that we did the other. We were therefore obliged to 
content ourselves with observing it through an ordinary telescope. But, as 
it does not appear that on this return of Encke’s comet to the neighbourhood 
of the earth, it was seen in any other part of the world, except at Paramatta, 
the following notes of what we saw of it at Rio de Janeiro, may not be altoge¬ 
ther uninteresting, though probably of little or no value to astronomers. 

Memorandum of Encke’s comet seen at Rio de Janeiro in 1822. 

June 7th. At 6 h 30 m p.m. Observed the comet calculated by Professor 
Encke, in the constellation Gemini. It was only seen through a telescope, and 
appeared like a faint nebula of a round form. There were two stars of the 5th 
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or 6th magnitude near it, with which it formed a right-angled triangle; the 
right angle at the northernmost of the two stars, and the comet to the westward. 

June 10th. Observed Encke’s comet after sunset. It has increased its M. 
The stars seen along with it on the 7th are not now in the field of view of the 
telescope at the same time with the comet. 

June 12th. Observed Encke’s comet after sunset. It was very faint. No 
stars that we have in our catalogues (which are very limited) in the field of 
the telescope. 

June 13th. Observed Encke’s comet forming an angle of about 100° at 
|3 Canis Minoris, with Procyon ; at about once and a quarter the distance from 
f3 Canis Minoris, that (3 is from Procyon. It is not brighter than when it was 
first seen. 

June l/th. Encke’s comet again seen. Aline drawn from Sirius to /3 Canis 
Minoris cuts a star of the 3rd or 4th magnitude: about jth of the distance from 
that star to Procyon, was the comet, in a triangle formed by three stars of the 

-X- 

5th or 6th magnitude, seen bv the telescope thus, v_ , the Al being 

* 

about 103 c , and declination 5 C north, and it has still the same nebulous, 
orbicular appearance as when first seen. 

June 18th. Saw Encke’s comet after sunset—very faint. It had increased 
its M considerably since last night, from the small stars seen last night in the 
field of the telescope. 

June 19th. Hazy, and the direction of the comet not seen. 

June 20th and 21st. Thick weather ; comet not seen. 

June 22nd. Fine clear moonlight; Encke’s comet could not be made out. 
nor was it again seen. 

If you think any of these observations likely to interest the Royal Society. 
I request you w r ill do me the honour to present them. 
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II. On the performance of Fluid Refracting Telescopes , and on the applica¬ 
bility of this principle of construction to very large instruments. By Peter 
Barlow, Esq. F.R.S. Cor. Mem. Inst, of France , of the Imperial Academy of 
St. Petersburgh , 8$c. 8$c. 

Read December 9, 1830, 


In the Philosophical Transactions for 1827, a paper of mine was published 
containing an account of a series of experiments which I had carried on with 
Messrs. W. and T. Gilbert on the curvature of object-glasses for telescopes. 
In the course of these experiments, I saw so much the difficulty which opti¬ 
cians experience in obtaining large pieces of good flint-glass, that I turned my 
attention to supplying this material by a fluid. Having, after several attempts, 
at length found an admirable substitute in sulphuret of carbon, I wrote a 
short account of my intended construction, addressed to His present Majesty, 
at that time Lord High Admiral, and, as such, President of the Board of 
Longitude, soliciting from that Board assistance in carrying forward my ex¬ 
periments. Having obtained this aid, the result of my first trial was the con¬ 
struction of an eight-inch fluid telescope, at that time the largest refractoi in 
this country. A description of this instrument is given in the Philosophical 
Transactions for 1829, and some objects are pointed out which had been se¬ 
lected as tests of its performance. 

I have however since had more time and better means of testing the in¬ 
strument ; first, through the kindness of Mr. Herschel, who pointed out to 
me several objects that he had observed with his new twenty-inch speculum ; 
and secondly, by direct observations on the same objects in Sir James South’s 
new twenty-feet refractor, and in my own telescope. A few of these, which 
serve to mark distinctly the progress I have made, are given below; but I 
will first state two or three of my own observations, which, I conceive, tend 
also to the same object. 

In the paper last referred to, I have stated my observation on n Persei, 
mdcccxxxi. c 
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marked as double in South and Herschel’s catalogue, with a small star at a 
greater distance; this star is seen distinctly sextuple in my telescope. These 
stars I had the satisfaction of showing to M. Struve in his recent visit to 
England, and I have since seen them in Sir James South’s telescope. Another 
good test of the light of my telescope is found in <r Orionis, marked in the 
above catalogue as two distinct sets of stars, each triple; whereas, in my 
telescope, both sets are quadruple, with a double star, or rather two very fine 
stars between them; the fourth star in the bright set, is a remarkably fine 
brilliant point, very near to the principal star, and in the same line as the 
nearest of the original small stars, on the opposite side, so that the three are 
in one line; or more accurately, the line joining the two small stars touches the 
margin of the bright star. I might mention several other cases of fine double 
stars which I have discovered, but I select the above because it is evident that 
both objects have been well examined with fine instruments, and that the stars 
I have mentioned had, notwithstanding, escaped detection. 

Of the tests furnished me by Mr. Herschel I shall only select tw r o, one of 
wffiich in particular serves to point out in a very precise manner the limit of 
power of my telescope. This is the star {3 Capricorni, which, in the finder, is 
a coarse double star of about 3'; but between these tw r o stars, nearly in the 
middle, but a little below the line of junction, is a very fine double star, dis¬ 
covered by Mr. Herschel, and wdiich he considers a very severe test; he says 
indeed that he requires no other, of the light of a telescope. This star I can 
see, and, under favourable circumstances, distinctly; but still I have not suffi¬ 
cient command of it to see it double. We have thus the exact limit defined at 
which the light of this splendid instrument surpasses that of my telescope. 
The other object to which I have alluded is <p Virginis: this he considers a very 
easy double star, although it had before escaped detection; it is however 
rather close. This star I could see very distinctly one evening (June 4th), the 
moon being very bright and full, on the meridian, and within an hour of the 
star. I mention this object because it requires a certain degree of defining 
powder; in point of light it involves no difficulty. Mr. Herschel could see it 
when his aperture was reduced to six inches. 

Amongst the objects which I have seen in Sir James South’s twenty-feet, 
there is also one in particular which forms a good test of the relative power of 
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his instrument and mine; this is Messier’s twenty-second nebula. This 
object^ which in a good 3^-inch refractor has only the appearance of a white 
cloud, I saw in the above instrument resolved into an immense number of 
brilliant small stars. In my telescope also it is resolved into apparently as 
great a number of stars, but the full power of the instrument is exerted, and 
still the resolution seems scarcely complete. In fact, my instrument appears 
to labour to effect what seems to be quite within the power of the other. 

I wish particularly to direct attention to this object and that of /3 Capricorn!, 
because, where the same object can be seen without any very apparent differ¬ 
ence in two instruments, or where it can be only seen in one, the great test of 
comparison is lost; but in those I have mentioned, the exact limit of power i> 
defined. 

Amongst the objects I have examined in Sir James South's telescope, and 
repeated in mine, for the purpose of comparing the defining powers of the two 
instruments, were the planets Jupiter and Mars. These were both more 
sharply defined in Sir James South’s than in my telescope, but the superiority 
was by no means so great as I had expected. I fortunately saw the shadow 
of Jupiter's third satellite pass over the disc, on the 8th of August, at Kensing¬ 
ton, and it exhibited a fine black round spot, extremely well defined; and on 
the 13th of the same month, I witnessed precisely the same phenomenon in 
mine, and, as far as the definition of the shadow’ was concerned, with an effect 
in which 1 could not distinguish an inferiority; it had the appearance of a 
small black wafer on a sheet of wdiite paper; still, how T ever. the edge of the 
planet w r as certainly sharper in the tw T enty-feet. Both evenings were amongst 
the finest this climate affords, and the powers employed as nearly as possible 
equal; viz. about *260 and 450 in both instruments. We also, at Kensington, 
observed Mars with various pow’ers from 200 to 1400, and it carried 1200 well, 
with this the white spot near its south pole was seen beautifully distinct, as 
also a long dark spot on its apparent eastern limb. The bright spot at its 
south pole I saw’ also remarkably well defined in my ow r n telescope on the 
13th, and a dark spot on its disc very distinct; but it occupied the centre of 
its disc. The highest pow r er however I used w’as 500, and it was probably 
best seen with 260. 

There can be no question of the superior defining pow’er of the twentv-feet, 

c 2 
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and the light is of course also greater; still, however, when I consider that I 
have been comparing with two telescopes, one of twenty inches aperture, and 
the other of twelve inches, and each of them twenty feet in focal length, or 
nearly, while my telescope is barely eight inches aperture, and only twelve 
feet in length, I cannot but consider the comparison as highly satisfactory. 

In addition to the above observations, which have been certainly highly gra¬ 
tifying to myself, I have also had the honour of showing the instrument to 
many persons, both Englishmen and foreigners well acquainted with astro¬ 
nomy, and in every instance the practicability of the principle of construction 
has been admitted; a point by no means generally granted when the sug¬ 
gestion was first advanced. 

Other obstacles also, independent of the arrangement of the lenses, w r ere 
foreseen, which time is gradually dissipating ; such as the difficulty of perma¬ 
nently securing the fluid, and then, admitting this to be effected, the probability 
of a decomposition of the glass by the fluid, &c. &c. I have, however, now the 
satisfaction to state, that the lens of my 3-inch telescope, filled August 5th 1827* 
continues in precisely its original state, no perceptible change having yet taken 
place in either the quantity or quality of the fluid, or in the transparency of 
the glass. 

As far as the above observations and remarks extend, therefore, it appears 
that the essential properties of the flint lens are supplied by'the fluid. I beg 
now to state a few particulars in which the sulphuret of carbon has advantages 
which the glass has not :■—these are, first, that in consequence of the very high 
dispersive power of this fluid, the correcting lens is placed so far behind the 
principal plate or crown lens, as to require to be only one half as much in 
diameter; a highly important consideration in the construction of a very large 
telescope. 

Secondly, the combination is such as to give a focal power one and a half 
times the length of the tube, or, which is the same, the telescope may be 
reduced to two thirds the length of a glass telescope of the usual kind, without 
incurring a greater amount of spherical aberration in the front lens. 

Of the latter advantage, however, I have not ventured fully to avail myself in 
my 8-inch, because, as I knew the general opinion was against the success of the 
experiment, I was fearful of failing in the beginning by attempting too much. 
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I have therefore made the length twelve feet, to an aperture of eight inches, 
which, although shorter than opticians would choose to work in the usual 
achromatic, is not so short as this principle of construction would admit, and 
which in any new case I should not hesitate to adopt. Indeed, according to 
the form of construction I am now about to propose, a telescope of two feet 
aperture and twenty-four feet in length would not have more spherical aber¬ 
ration to contend with, than a telescope of the usual construction of six inches 
aperture and twelve feet length, which is fully within the range of the usual 
practice ; at the same time I will not undertake to say that I could on so large 
a scale confine the length to twelve times the aperture, although I should 
certainly attempt it in the first instance. But if the length extended to even 
fifteen or eighteen times the aperture, I have little doubt of making the instru¬ 
ment manageable by one person, by adequate mechanical arrangements, and 
of producing a telescope which would as much exceed the most powerful tele¬ 
scopes of the present day, as these exceed the refractors of highest repute at 
the close of the last century. 

Whether such an instrument will be undertaken at present, depends upon 
circumstances which I cannot command. I can only say, that if such a con¬ 
struction were entrusted to my direction, no exertion should be wanted on my 
part, to render it complete and worthy of the present state of English science. 
At all events 1 cannot doubt that the spirit of scientific enterprise will lead 
ultimately to the attempt; and in order to facilitate the accomplishment of 
it, as far as lies in iny power, I have in the following pages described the 
nature of the arrangements which in my opinion would most contribute to 
success. 

In my former paper I have given a formula expressing the relations between 
the length, foci, and distances of the lenses, and have remarked upon the 
almost infinite variety of forms to which it leads ; some of them, I have stated, 
would probably be found in practice preferable to others, although they are all 
equally correct in theory. Of these cases, some have since suggested them¬ 
selves to me ; and others will also probably be detected, by a due examination 
of the formula and tables, which Professor Littrow, of Berlin, has recently 
presented to the Astronomical Society, relative to this form of telescope ; with 
tables of curvatures, both direct from the formulae of Euler (reduced to the 
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case of open lenses), as also indirectly from principles of his own. I have not 
as yet had an opportunity of examining these cases, but, from the well-known 
ingenuity of their author, I cannot doubt of finding in this memoir many 
useful suggestions. 

The great change, however, which I propose to make in the construction of 
this giant telescope, is to have two front lenses, which will be attended with 
advantages not involved in the above considerations. At present, in conse¬ 
quence of the diameter of the fluid lens being only half that of the front lens, 
it is difficult to get a sufficient quantity of spherical aberration in the former, 
to correct that of the latter ;—for although we give to the plate lens the cur¬ 
vature requisite for reducing its aberration to a minimum, yet the fluid lens is 
obliged to be made considerably concavo-convex (a form not to be used when 
it can be avoided), in order to produce a sufficient aberration in the fluid to 
correct it. Moreover I have hitherto employed parallel meniscus cheeks to 
contain the fluid, which present a practical difficulty, if not a positive impedi¬ 
ment, to good centering. This will be seen immediately when we comidei 
that when a lens is double-concave or convex, and also when it is concavo- 
convex, if the radii of curvature are very unequal, the centering may always 
be effected: for the line joining the centres of the two spheres, or this line pro¬ 
duced in the latter case, must pass through the lens, and indicate its true 
centre : but when the lens has parallel surfaces, or the radii equal, if the two 
spherical centres be not coincident from the tool itself (a very improbable case) 
the line which joins them can never cut the lens, and consequently it can have 
no true centre. All these evils will, however, be avoided in the proposed 
application of two front lenses, which, by being placed each in what opticians 
call their best position, will at once reduce the spherical aberration of the 
front lens to about one third of its present amount, and thereby enable us to 
correct it by the fluid lens without adopting the distorted form rendered 
necessary under present circumstances. 

Another important consideration is also involved in this form, relative to the 
facility it affords of obtaining the plate-glass. If the front lens were single, 
the thickness would be such as would require the glass to be made specifically 
for the purpose, and of course all the delay and expense of previous experi¬ 
ments would be incurred; whereas, by dividing the whole amount of curvature 
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between the two, the usual thickness of plate-glass, as at present manufactured, 
would be sufficient, and we might have the selection from large stores of the 
best glass at a trifling expense ; and as to that of the correcting fluid, or sub¬ 
stitute for the flint-glass, it is so very inconsiderable as not to deserve being 
mentioned; although, if it were possible to obtain a piece of flint-glass large 
enough for such a purpose, scarcely any price, however great, would be thought 
exorbitant. In the instrument proposed, nearly the whole expense would be 
the workmanship, and I must think it very inconsiderable in comparison with 
the magnitude and importance of the undertaking. 

I had intended to have concluded this paper by giving the curvature, foci, 
&c. which I have computed; but as they are merely supposititious, as far as 
they are dependent on the index and dispersion of the front glass, it is perhaps 
better to withhold them. The only object I had in making them was to form 
some idea of the requisite curvature, thickness of glass, &c. They can only of 
course be permanently made after the plate-glass has been selected. 
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III. Researches in Physical Astronomy. By John William Lubbock, Esq 

V.P . and Treas. R.S. 

Read December 9, 1S30. 


In last April I bad the honour of presenting to the Society a paper containing 
expressions for the variations of the elliptic constants in the theory of the 
motions of the planet 6 -. The stability of the solar system is established by 
means of these expressions, if the planets move in a space absolutely devoid 
of any resistance *, for it results from their form that however far the ap¬ 
proximation be carried, the eccentricity, the major axis, and the tangent of 
the inclination of the orbit to a fixed plane, contain only periodic inequalities, 
each of the three other constants, namely, the longitude of the node, the longi- 


* When tlie body moves m a medium which icsn-ts according to any power of the velocity, the 
contrary obtains, the major axis and eccentncity acquiring a tom which vanes with the time, while 
the longitude of the penhelion and longitude of the epoch have only periodic inequalities. This 
results from the equations gi\en m the foimer part of this p~per, Plnl. Tians, Part II. 1630, page 340 


( u \ “ n+fcou) “ 

tJ h-Vco'T.s — dj 

dc = -° c (f) (h-0 cos d " 

n— 1 «— i 

c d ^ = - 2 c (jf) ^-T/aiUodu 

w-l «-i > 

d_d. = 2c (-:) £ IrSll 2 

n±l 

ll -V c H } = 1 + ( w + l)ecosu + (n+ I)*e*cos*ti 
n—1 

1 1-VcSl il = 1 + (n — l)ccosu + (n — l) 2 e i cos*a 
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tilde of the perihelion, and the longitude of the epoch, contains a term which 
varies with the time, and hence the line of apsides and the line of nodes revolve 
continually in space. The stability of the system may therefore be inferred, 
which would not be the case if the eccentricity, the major axis, or the tangent 
of the inclination of the orbit to a fixed plane contained a term varying with 
the time, however slowly. 

The problem of the precession of the equinoxes admits of a similar solution; 
of the six constants which determine the position of the revolving body, and 
the axis of instantaneous rotation at any moment, three have only periodic 
inequalities, while each of the other three has a term which varies with the 
time. From the manner in which these constants enter into the results, the 
equilibrium of the system may be inferred to be stable, as in the former case. 
Of the constants in the latter problem, the mean angular velocity of rotation 


d « = 


de = 


- {1 4 - n e cos v 4 - n (» -f 1 ) e 2 cos 2 v -f &e .} d v 

«—I 

— { 1 4 - e* + n e cos u + e* cos -v + &c. j d y 

n — l 

2c / ft \ ^ 

~ {cosy 4 - (n 4 - l)ecos 2 v 4 - (n 4 - l) 2 e 2 cos 3 u 4 - &c.} (1 — e e )dy 


n— 1 


VC) 1 U4 1 


e 4- 


(l + 3 cos v + 


2 


e cos 


0 


4- cos 3 v 4 - &c. | (1 — e s ) d y 

neglecting the terms which are periodic 

* n—l 

da= "v('l) I 1 + e* + 8cc.\ dy 

n—l 

(■£) { ( -~^ } c4- &c.| (1 — e s )du 

The major axis decreases perpetually, the eccentricity diminishes perpetually until it reaches zero, 
while the perihelion retains the same mean position, and the longitude of the epoch the same mean 
value. I stated inadvertently in the former part of this paper, p. 340, that the variations of the 
eccentiicity are all periodical. 
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may be considered analogous to the mean motion of a planet, or its major axis ; 
the geographical longitude, and the cosine of the geographical latitude of the 
pole of the axis of instantaneous rotation, to the longitude of the perihelion 
and the eccentricity; the longitude of the first point of Aries and the obliquity 
of the ecliptic, to the longitude of the node and the inclination of the orbit to 
a fixed plane; and the longitude of a given line in the body revolving, passing 
through its centre of gravity, to the longitude of the epoch. By the stability 
of the system I mean that the pole of the axis of rotation has always nearly the 
same geographical latitude, and that the angular velocity of rotation, and the 
obliquity of the ecliptic vary within small limits, and periodically. These 
questions are considered in the paper I now have the honour of submitting to 
the Society. It remains to investigate the effect which is produced by the 
action of a resisting medium ; in this case the latitude of the pole of the axis 
of rotation, the obliquity of the ecliptic, and the angular velocity of rotation 
might vary considerably, although slowly, and the climates undergo a con¬ 
siderable change. 

The co-efficients of the terms in the development of R, multiplied by the 
squares and products of the eccentricities, are susceptible of very great sim¬ 
plification, in consequence of the equations of condition which obtain between 
the quantities of tvhich the general symbol is b. I have now given the de¬ 
velopment of R, as far as the terms depending upon the squares and products 
of the eccentricities, in its simplest form. See p. 30. 

I have also given methods of obtaining the inequalities of the radius vector, 
of longitude, and of latitude in the planetary theory. The expressions in this 
paper differ in form from those of Laplace, but their identity may be shown 
by means of equations of condition which obtain between some of the quan¬ 
tities involved. 

I have taken as a numerical example, the calculation of the co-efficients of 
some of the inequalities in the theory of Jupiter, disturbed by Saturn. 

On the Precession of the Equinoxes. 

Let O be the origin of the co-ordinate axes, coinciding tvith some point in 
the interior of the mass 31. 

Let x,y, z be the co-ordinates of any element d m parallel to three rectangular 

d 2 
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axes O x, O y, O z, fixed in space, x p y p z p the co-ordinates of the same element 
parallel to three other rectangular axes Ox p O y p O z p fixed in the mass M { 
and revolving with it. Let the line N O N' be the intersection of the plane 
x l y t with the plane xy, 

Let the angle N O x = ^ N O x t = <p, and the inclination of the plane x j y i 
upon x i/ — L 

(cos 8 sin 4* sin p 4- cos xp cos p) 4- y (cos 9 cos 4/ sm p — sin \p cos p) — z sin 9 sin p 

y t = x (cos 9 sm 4> cos 4> — cos 4> sin 40 4- y (cos 8 cos 4' cos p -j- simp sm p) — z sin 8 cos p 

z, = x sin 8 sin *p -t y sin 8 cos \p 4 z cos 8 

Let X p Y p Z t be the accelerating forces which act upon the element d m in 
the direction of the axes 0.r J? Oy p O z r 

f >. 2 + z i 2 ) dm — A, + z 2 )dm = B, f (x* 4- y *) dm — C 

p d t = sin p sin 9 d \J/ — cos p d 9 
q d t = cos p sin 8 d 4/ + sin p d 8 
r d t =. d p — cos 8 d 4> 

Cdr + (B — A)pqdt — dt f\x l Y— y t X ( ) d m 
J?dg4-(^f — C)rpd< = d \J\ z t X t — x t Z t ) d m 
Adp+(C—B)qrdt=:d tj'(y i Z t — x t Y t ) d m 

If the axis of instantaneous rotation coincides with the line OI at any instant 

COS I O X. = — — 

Vp 2 + q l + r* 

cos I O y t = -^ —— 

vp- + q 1 + r 4 

cos I O z, — . r - 

Vp~ -jj- g 2 + r 2 

sin IOr = ^£±L=- 
4- r* 

If z l I L be a great circle cutting the plane x t y t in L ? 

cos*,OL = c - os *° J * = ■ - » - ■ 
sm lO: ( Vpi 4- q 2 

If the accelerating forces A] Y y Z — 0 and B = A, the integrals of the pre¬ 
ceding equations are 

c_ a n _ A 

r — n, p = c cos (n t 4- v), g = c sin ——— (n t y) 

A A 
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and neglecting c 2 , 

$=z W + nt + 9 —* 7 "\ 

n C \A A ') 

, . c A (C , . C-A \ 

v=Vu-- 7 T cos ( — n t + —— y ) 

n sin w C \A A } 


<p =^,j+ n t 


c cos to A 
n sin to C 


cos 



C-A 

A 


r) 


r?. e, y, 4 0 , and being constants. In the problem of the Precession of the 
Equinoxes a is the mean obliquity of the ecliptic, v 0 is the longitude of the 
first point of Jries when t = 0 reckoned from some fixed line. 

Sin IO z . = hence it appears that if a body whose form is that of a 

figure of revolution be made to revolve, and be acted upon by no extraneous 
force, the axis of instantaneous rotation revolves about the axis of the figure, 
the latitude of the former axis remaining constant. 

The angle s, O I, = C bz* (n t + y) 


If the forces X r V r Z l arise from the attractions of a distant luminary M\ 
of which the coordinates referred to the axes Or, O y J} O are x' n yj, the 
torce varying inversely as the square of the distance, 

__ M'(x/— T t S i _ 

(K — x !Y + (y, - y, 1 )' + ( z i — z /) j y 


Y, = - 


M< <?/ ~y.i 


{'*, - *,7 + (y, - y/) 2 + 


Z, = - 


M’ (z/ - z) 


(o, - x/y ■+■ (y t - yir + («, - z /y r 


Jlx, Y l -y,X,)Am = 


~ Vi X /) 


1 + 


3 (yc/ 4- y,y/ + z,z/) 


+ &c. | 


dm 


By the properties of the principal axes f r l y i d m — 0,J”x l z i d m = 0,Jy t z t dm — 0. 
and by the properties of the centre of gravity J'x j dm = d^J'y l dm = 0, 
fz i d ?/i = 0, whence 


J\ x > Y , - V> X t) dw = - ~- r> v - ^)dm = 


3 ffl (B-A) 


x/y/df 
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Cdr + (B- A)pqdt = ^-^—— x ( y’dt 
Bdq + (A-C)rpdt = — - ( r f E ~- z/x*dt 
Adp + (C — B)qrdt = ^-^r b — —y/x/dt 

Substituting for #/, y' n zj their values from equations, p. 20, upon the sup¬ 
position of 4 = 0, 

Cdr + (B-A)pqdt*z 3M j { (y' cos6 - z' sin0) 2 - x f *} sin20 

+ 2x , (y* cos 6 — z' sin 6) cos 2 <p | 

Bdq + (A — C)rpdt=: 3M j^Vsinfl + 2 f cos0)cosp 

+ (y 1 cos 0 — z l sin 5) (y r sin S + s' cos 0) sin f j 
A dp + (C — B)qrdt = -— | (y 1 cos 8 — 2 f sin 0) (y'sin 0 -f s'cos 0) cosp 

— x r (y' sin 0 + d cos $') sin <p | 

If 

| (y f cos 0 — z f sin 0) (y f sin 0 + z' cos 0) j = P 
|x , (jr r sin0 -f- z f co&0) | = P' 

Bdq+ (A — C)rpdt~ (A — C)dt {P’costp + Psin 
A dp + (C — B) q r d t =s (C — B) d t {P cos <p — P' sin <p} 

P and P' may be developed according to sines and cosines of angles increasing 
proportionally to the time. Let h cos (it + s) be any term of P, k ! sin (it -f g) 
the corresponding term of F, 

Bdq + (A — C)rpdtss *f k') sin(<f> + it -f s) + (k — k } )sin — it — g)| 

Adp + (C— B)qrdt zs^—~dt^{k+ ZfOcos(p + **+*) + (k — k')coa(f — it — «)| 

The equations which were given p. 21, may still be considered as afford- 
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mg a solution of the problem by making the constants n, c, y,and 
Po vary, 


. C — A, j , v „ , C — A C-A, 

sin—(n * -f y) d c -f c - - g- cos -j ( 


(^-C) C-^, 

■ ^— wecos— 2 — (nt + y)at 


= ~2j~ d < | (Ac + Ac') sin (4> + i * -f g) -f (A? — Ac') sin (p — * * — g) j- 

C — A , C-A. C-A, A — C .C-A, 

cos —^— (ni + y)dc—c —^— Bin —^— (n * + y) d y — —^— acsm —(*< + y)d< 

ss — ~2J~ d * |(* + #)cos (p + t f + e) -f (Ac — Ac 1 ) cos (p — t i — «) | 

since <p = <p 0 + n t nearly 

dc = ^-^di |— (Ac -f Ac')cos^ 0 + n* +^j^(n<+y) + 

- (Ac — Ac f ) cos ^ + «< + ^ ~J~ (n « + y) — i t — g^ j 


C-A , A-C 3 A — C 
c- r -dy + — : nncdt = - 


d i ^ (Ac + Ac f ) sin -f » i ^ (n< + y) + *^*f*^ 

+ (Ac — Ac') sin ^> 0 + n t 4- —J~ (n t + y) — it - g^ j 


— ^ sin + -* C ~— C ~^ 

« C A '/ n 


cos ^^+Vy 


,, dc ^ / C , . C — <<4\ l ccos»«df__/C_ # ,C — -4 \ * 

ro n sin a; C \A ^ A nsinw* C \A A ') 
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d^ 0 --i£-4cos (£nt + £~^*y) + —~cos »* + y^dcy 
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d y ss 0 


From the preceding expressions it may be inferred that 
n = constant. 

= series of cosines without any constant quantity, unless the mean mo- 
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tion of rotation is commensurate to the mean motion of revolution of the 
luminary M*. 

= series of sines without any constant quantity, except in a similar case. 

c being equal to a constant -}- a series of sines. 

~ = a series of sines without any constant quantity. 

at 

= a series of cosines + a constant quantity. 

= a series of cosines + a constant quantity. 

at 

In the general case where A is not equal to B, n = constant + series of 
cosines. 

The form of the preceding expressions is not affected however, for the ap¬ 
proximation may be carried so that except in the case of commensurability 
above mentioned, the mean motion of rotation being also nearly twice the 
mean motion of the planet M in its orbit or greater, 

n = constant + series of cosines without any constant quantity multi¬ 
plied by the time. 

c = constant + series of sines or cosines without any constant quantity 
multiplied by the time. 

a) = constant + series of cosines without any constant quantity multi¬ 
plied by the time. 

y = constant + series of cosines or sines + a constant quantity multi¬ 
plied by the time. 

= constant + series of sines + a constant quantity multiplied by the 
time. 

<p 0 = constant + series of sines + a constant quantity multiplied by the 
time. 

The constant quantity multiplied by the time in the value of %// 0 is the pre¬ 
cession of the equinox. 

If z r = 0, (which amounts to taking for the fixed plane the orbit of the 
planet M',) and ri be its mean motion, then neglecting the eccentricity, 
x l = a cos n't, ij — a! sin n't, r' = a!, 

Q JIJ' *3 Ml 

P = sin w cos u (1 — cos 2 n’t), P ' = sin w sin 2 n't 

2 r 3 ' 7 2 r' 3 
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Supposing $>o = 0, y = 0, c 0 = 0, c 0 being in fact imperceptible to observa¬ 
tion, and neglecting cos2 nit, sin2 n*t, in order to find the constant part 


<* C Q __ 3 (A C) 

dt~ 2 nAa'* 


Af' sin to cos a? cos -^n’t 
2n A a’* A 


C -~— — —S——m—-Z r sin a; cos w sin ri t 

dt 2n Aa s A 


d$ 0 3 (C-A)^, M 3 (C — A) , 2 _ 

— — = —^M cos to = —4-—-— J n 2 cos to 
dt 2 nCa' 3 2 nC 


This result agrees with that given in the Mec. C61. vol. ii. p. 318, and with 
that given by M. Poisson, M6moires de l’Academie, vol. vii. p. 247. In La¬ 
place’s notation & = h, m = n'. In M. Poisson’s notation a = 0, m = n'. 


On the Theory of the Motion of the Planets , continued from Part II. 1830, 

p. 357. 

From the general equations given in the Mec. C£l. vol. i. p. 268, the fol¬ 
lowing may be inferred. 
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_o 9 4-o i ®^ _ 

2a, - 


0 a,* J '° 

~ u 3 ,1 

a / 

°1.1 

a 2 3,1 

~-°3,0 — 0 

a, a. 
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RESEARCHES 

a * 

** —o 3}2 ——"s,i -r®3,3 

a i a i a i 

A mmm *4“ l ® 1; fl 1 

6 l,S —- -~Z — 0 3 3 — o 3 2 — 6 S 4 

a t ^ 

a , ho- a K> 

, _fl 2 + fl, 4 L 2a, a, 

*>.*- 0/S hi- a h°- a h> 

_c*+o < 4 a o* a i 

“ «,» 

1 _a 3 + a, 9 » a , a » 

h>-—^r J -h> -ho a ho 

^ {^3,0 — 4 ^S.a} 

2 ho=£{6 a>l -i,J 

1 ~2a, {^3,2~^3,4} 


= 3 ^{6 s ,o-4M 



^ ^3,4 = -5- — {^5,3 “ 

«0+S)^-*i»w* 


■ ('-§)• ■ 

O'-?)’ 

_»('+$)*»-'•* 

A , - V <) 

' o-f.y ' 

('-?)• 

K'+SK+H*- 

. J('+?.)*...-!> 

" ('-9‘ ' 

(-«• 


9 /, , a*\ , 2.5 a . 

, 3~ \ 

'■ ('-$)■ ' 

(-&)• 


, _U' + 5)‘“ + H‘- 


(- 5 )' 


(-?•)’ 
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-FIT 


(-$)• 


r = aF(nt), 


G?)- 


d Fda daFn* __ „ r d ii _ /d F\ 

dadaF(n <)’ da dr*”\da/ 


{a 2 — 2 a a, cos 9 + a/*} 2 = -i {6 lf0 -f ^cosd 4* £,, 2 cos2 0 •+• &c.} 


whence 


similarly 


-- ( . ?~ _ *' £ os . e) —- I /i^4.^i i i C os9 + i^cos2fl + &c.\ 

{a 2 — 2aa ; cos 0 •+■ a, 2 / T ^ L da da da I 

{6 3i0 + Kl cos8 + i„cos26 + &c.} = ± 

+ iiiki cos 8 + 4^2 cos 2 8 + 8re.) 
da da J 

ad. o _ a / a , 1,1 

ad.Z» ltl a / a , i I. 1 

-sr*-= “-s; 17>-a *>•■/ 

ad.fe !2 a/a, 1, 1,1 

tS“— 

■4^— 

4J“—>i, {>-*.--**>•} 
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a 2 d 2 .fej 0 _ a /2 a, 1 , 1 

i \ 

d a* a, l a, 3,1 3,2 1 

5l£i} = £/?£i 34 4.ii..-±i..'l 

a l ia t ’ 




The value of R given p. 349 of the former part of this paper is susceptible 
of much simplification. The first term of R for instance 


= { — ~T + 


ho 3 (a*e* + a? e, g ) , £«i/J l , h 

a t + 2.2 af + 2a^ V® 111 2 + 2 ) h' 

- 2 ~|q ' i ( 2 a 4 e 9 + 5 a 2 a, 2 (c 2 + e, 2 ) + 2 a, 4 e, 2 ) 6 5j0 + (a 2 e 2 + a, 2 e, s ) a a, £*,, 

1 .3.3 a 2 a 2 . . 1 

+ 27472 (c + e ‘ > b >>* } 




*i.o , 3(a 2 e 2 +fl / 9 V) 


. , a a, ( . i. e 2 -f eA , 

^» + 2v( s,n *2 +~2~)^' 


3 -2 (a» + a, 5 ) (a«e 2 + «,**,*) , 3.3»>c,' / .„ . 

■ §74-<-57-®v> “ O 'V" ( ' + *< > *«•“ 

3.2(^ + y t ,V, . _33 , 1 


and since 


) a , 3 3 a 2 a, 2 , 1 

■nS' + 170 - 57 -^+ 0 ^} 


(a 2 -f* a 2 ) a 

ho = -~ jT {) K i0 -~b itl Seep. 26 


^ 3,1 - 1 ^ 3,0 2 ^, 2 ^ 


this term reduces itself to 


{- l t; +j? (■•• b‘*¥) >- - o ? <-+•.•> ■v,} 
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The succeeding terms admit of similar simplifications, so that 

+-■ {?(»■*- z («++^;) (*.+»<») 

- ~-^(e 9 4 -e i %, 2 } cos(nt—n,t+s-e) 

+ m '{-^f + 2«7 ( sinS T + (*«+*«)+ 2^-r( eS + e /')^ 1 

~(e 2 +^ 2 )3 3>3 } cos(2n t—2n { t+2e — 2e { ) 

+ m '{~l? + 2^ (““’'z" + HP’') (4w+is -‘) + O 57 (e * + *<*> 4s - 8 

~”|- ! la^( C9+C,e ) is ’ 4 } C ° S ( 3n< ~ 3n '* —3e—3 0 
+ m ' { - + 257 ( 8inl T + T* 1 ) + 0^ (e2+ ^ 3 

-1 1 ! •—(«*+ e *) b w } cos (4n^-4n/+4g~4s,) 

The coefficient of cos (w — vr { ), Argument 41, 


_ f 9 « , a , . 3 .6 (a 2 -fr» a t ~) 3.7 a* a* 

— m *4 a ( ji, - 0 “8fl/ J ' i+ 2.4 a/ aa ' 6 %o — 2.4.2 a/ 

3 (a 2 + «£) 3 a 2 a * j 

"“2.4 a* aa ' &5 ’ 2 2 .4.2 a/ ® 5 * 3 / C ^ 

f _ 9 a i JL_ / ,3.6of (a 2 + a, 2 ) a . \ 

“ OT ' | 4 af h° 8 a, 2 + 2.4 a, 9 l a/ bj >° a, 6J * 1 / 

- i - 77 + u 

f 9a, a 9a 3a 2.3 a 1 

~ m ‘ \ ~ 4 a, 2 ® 3 - 0 “ 8 a* 1 * 3 ’* + 4 a/ 2 ® 3 * 0 “ 8 a* b *'* + 8 a,* ■ J - 2 j * e ' 


— 1-5 ^3,9 

4 a/ 


So that the part of It which is independent of n t , n l t 


l ho , 

( *i e °- + e A, 

\ a, 2 * 1 " 2 a, 2 

7 m 2 - 4 / 

f buo a 

/..i, « 2 +e, 4 \ 

\ a t ~2a* ] 

l. sra 2 - 4 ) 
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In the general case, when s l9 1 2 are the inclinations of the orbits of the planets 
P and P, to any plane, the direction of which is arbitrary, 
cos as cos *! cos + sin sin i 2 cos (vj — y 2 ) 

. a i, 1 — cos cos < a — sin ii sin < a cos (vj — v a ) 

sm J =-2- 


The part of R which is independent of nt,n t t 


= m i{ ~ ijf + 4a/ { 1 — 008 '* C0S ' 3 “ sin '■ sin ‘« cos — ”») —' ~y ljl 1 } 

(3a, (o» + «,') I 1 , ,1 

“ ~ 2 a; 4 *> / ee < cos ~ ®<) ] 

tan i 

7Tris =tan ‘ near, y- 


1 , » . „ . tan i 

cos < = ■ as 1 — f tan 2 1 , sin i = 


i + tan 2 i 


==m >|~ + { ( tan2<1 + tan2 ‘ a *“ 2 tan ^ tan < 2 cos (r, - y a ) - es _ c ^| ^ 

f 3a (a 2 +<), 1 , ,1 

- { 2V “ "2~V 6 ^ 1 / C e ' C0S (S7 “ *'> } 

= m i|if + 8o/ { {1 cosVl ~ tenhcosv ^ 2 + ( ten *1 siny i — ton * 2 sin* a ) 2 - e 2 -ef j b Js , 

f 3 a f (a 2 + a y 2 ) t 1 , J 

- [ 2^3.0 “ " "2 a} b ^j ee ‘ C0S t 


and if tan / sin v =p , tan / cos j> = q> this quantity 

= j - ~~ + g“i { (pi — Pi ) 2 + ( 9 i — 9 a ) 2 — e 2 - e y 2 J $ 3t , 

[3 a i <x 2 + a y 2 , 1 , 

- 12^ 3 ’°-W 63 * 1 / * C0S "" w <) \ 


which evidently agrees with the result given by M. de Pontecoulant, Theor. 
Anal. vol. i. p. 363. All the other coefficients of terms multiplied by the 
squares and products of the eccentricities are susceptible of reductions similar 
to those in the two preceding pages, and finally; 


+{- if (-* ■-'?■) - V - i-™- i <*•- + ‘ ‘-) 

+ ^2 g - * ^s,o 4 i 3i2 ) j> coa (n < — n,t + e — t,) 


M 


[i] 
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+ ^ + 2^ sin “'2' (*w + K>) 

+ a* te t ~ ( 54,1 ' -7i 3 , s )}cos(2)i«-2»,t + 2f-2« ( ) [2] 

+ m i { - + ^'"‘T (4 v- + 4 ».*) 

+ -~i ~ + *'* ' (8 4„- 10 S 3jt ) 1 cos (3 n < - 3 »,t+ 3 « - 3 «,) [3] 

+ m i { ^ + 2a^ sm4 ‘2' ( 4 m + 4 s.s) 

+ (11 4j,s- 13 4 j, 5 ) | cos (4 n t - 4 », t + 4« - 4 e,) [4] 

+ ~ + 2a]’ ! “‘ ,! ’2 <4 ” + 4, ' 6> 

+ (f!+_0(144 M -16i w )} cos (5 nt, - 5n,t + 5. - 5.,) [5] 

+m <{-!^+j^A°-2^ 4 5,.-4^A4 eco8 ( B -‘+‘-®) w [i6] : 

+ m i{-^ i i,0 + 2 ^Ai] < c “ (»< + '- *) [7] [15] 


+ +T^ is ’ li } eC0S ^ni — n,< + 2 e — e, — s) [8] [20] 

+ m '{ _ 4^ ii ' 1- 2^ Jj ' 2 + T^ 4 w} eCOS(3,,<-2n ' < + 3£ “ 2£ ' - ® ) W [21] 
+ B ‘'{ - 4^ i « _ 2^ 4 M + T^ 43 '‘} eC08<4 '“ _3 ”‘ < + 4e-3 ‘'~ ,7) M 

+ ” , '{ _ 4^ iis ' 5- 2^ 54, '* + 7“7 i3 ' s }' !C09(5B<_4B,l + 5,-4t ' _ro) M ^ 


+ m '{^ 4) ’‘ _ 2^ ii >’ J_ 4i[ !4s ' 3 } £COS( ” <-2fl,<+ * -2£, + ® ) [ 12 J ^ 

+ », {fjX - ^ J » - J^A'} « c « (2 »< - 3 », < + 2 * - 3 «, + ®) [I 3 ] [* 8 ] 

+ ’ B, {^ A3 ' s_ 2T< 4:, '' ,- 4^ 4, ' s } C ' COS(3Bf-4B|t + 3,_4£ ' + W) [ 14 ] 

+ m i { - + j^A.> } e ,«»+ 0 ~ ®<) [15] [7] 


* These numbers indicate the arguments which are symmetrical with regard to nt and n t t. 


Development 

ofR. 
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DeV of 0 ^ raent 2~a^^ 3>1 4o^A 2 } g / cos ( fl * + £ ~ [16] [6] 

+ *i { J~l K i ~ ^ K% “4^A 3 } e ' COS (?nt-n l t + 2e-s f -vr t ) [l 7 J [12] 

+ ™> {|^3,a ~ ^As ~ ^“A*} e, cos (3 n t - 2 n t t + 3 1 - 2 *, - w,) [18] [13] 

+ m / {^A> ~ 5^3“ 47V 6 s,5| «icos ( 4 nf - 3 »,f + 4 s -3 1, - w,) [ 19 ] [ 14 ] 

+ m \£r? ~ 2^A° ^ ^ *' cos (n < - 2n /t + * - 2 g , + *,) [20] [8] 

+ m ‘ { ™" 4^A 1 ~~U * 63,2 + |^A 3 } c * cos ( 2 n * ~ 3 V + 2 * - 3 *t + w J [21] [9j 

+ m , { - 4^3,2 “+ ^“A 4 } e > cos ( 3 n t " 4 M + 3fi - 4 *i + ®<) [22] [10] 

+ w< { ~4^A 3 "“j^A 4+ 5 tA 5 } e ‘ cos ( 4w< “ 5n,t + 4g “ 5 *' + w ' } [23] [11] 

+ m ' {““I^A* + 273^} e2C0S ( 2fl,< + 2S< "" 2W ) [24] [ 59 ] 


4-m, j 

. k? - k Ko ~ t£?*« }= 0 * <• <‘ + V + • + *, - 2 •> 

[25] [58] 

+ m, j 

-^Ao+4 A^.i) e2c ° s ( 2n * +2e - 2 ®) 

- «, 8 a/ J 

[26] [57] 

+ m i j 

- $*« ■+tb£*«} ■**“ <s«‘—.‘+ 3 —.-*») 

[27] [63] 

+ m i \ 

[ - k‘ 6i -' ~ I a~’ 43,8 + J ^A 5 } *”■ cos ( 4 » 1 - 2 »/< + 4 2 - 2 «, - 2 «r) 

[28] [64] 

+ m i | 

[ “ 2 + fl^ 3 ’ 4 } e2C0S ( 5 nt - 3n /* + 5 6 ~ 3 e t - 2 or) 

[29] [65] 

+ m i J 

[“4 a)A*“ |^ 3 6 M + ^ 2 i v}«-cos(6rii-4n / i+ 6e-4^-2t«r) 

[30] [66] 

+ m i 4 

[-fe^A*- 3 J 6 3, 5 + f3^34 e2cos (7^~5^ + 7 £ -5, i -2 B r) 

[31] [67] 

+ m i * 

( UjaA * 2 ^~A 3 "1" |'g a ‘ 2 ^ 3 , 4 1 e 2 cos (n* — Znfi + s — 3e ; + 2ar) 

[32] [60] 

+ m, ■ 

{"T^A* + |”A< + j^3, 5 } c2cos(2nf “ 4 V + 2 «“4 £/ + 2®) 

[33] [61] 
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+ j — jg^T fc 3,4 + 2 ~ 4 * 3 , 6 } e $ cos(3n* — 5 n t t 4- 3e~ 5e t 4 - 2 m) 

[34] [62] DeV o e *°P m< 

-b m. —^e, cos (n t —■«/ + e — e, — ®r + m.) 

4o r ’ 

[35] 

4- w ( | j^& 3 , 2 1 ee J cos(2n<— 2n t t •+ 2e — 2e 1 — ix + m,) 

[36] 

— m i | "g " 1 ~ 1" —. | ee, cos (3 » $ — 3 nfi + 3 e — 3 e, — w -f vs k ) 

[37] 

— m, {~ i2 - 6, |4 j cos (4 n < - 4 b,< -f 4s — 4e, - m + m,) 

[38] 

— 1 IT ^ i — b , 1 e e i cos n t — 5 «, # 4- 5 £ — 5 e t — m 4- sr,) 

' [ o a/ ’ 8 a/ ' J 

[39] 

~m 1 2 —b — ™ h \ e e, cos (G n < — 6 » / 4 - 6 £ — 6 s — m — -& ) 

• [ a t - 4 a,- J 1 

[40] 

-r m ;--- i ee, cos (or — •nr ) 

'4a/ ’* 

[41] 

_ m f4^n- A^*,3 j « c i cos (#< — »,* + « — «/4-w — ® 1 ,) 

'18a,- 8 V i 

[42] 

— m / \ -2-b — ~b 4 "l c e. cos (2 n * — 2 », f 4- 2 £ — 2 s, 4- ^ 

'[4a; " a ( * ’ J ' 

[43] 

_ m b, - " £j J( , jce i cos(3nf-3» l t4-3£-3£ ( 4- <r-®,) 

* \ 8 g,- ' B fl/ J 

[44] 

— 1“ — £, 4 — ~r — <■ 1 ee.cos (4n< — 4ra. t 4- 4 s — 4 s, 4- ® 

1 l 2 a/ ’ 4 a/ J ' ' 

[45] 

-t- m* I — — 4 . ~& 0 i — ~ — b, i ce cos (2n. t 4 - 2 e. — © — vs t ) 
l a,- a, ’ 4 a,- ’‘J 

[46] [48] 

4- rn l -^~b hl ee l c os (»£ 4 - n, f 4 - e 4 - e / — © — ©,) 

[47] 

4 - m, ( ~ 6 3 i — — — c, 1 e e, cos (2 w $ 4 - 2 £ — © — ©/ 
la/ ' 4 a / 2 J 

[48] [46] 

4- tJi. / ~ — 6 3 t — A bj 2 — k ~ 3 1 c c, cos (3 n £ — i 4' 3 £ — e, —- tc — ot) 

l 8 a/ ’ a i ’ 8 a/ ’ J 

[40 J [53] 

+ », { - fi 3 ,3 - — »*.} «,cos (4» ( - 2n,< + 4 s - 2t, - » - ®) 

[50] [54] 
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lt + m i “i h* j ^ 5,4 - ^ * 3 ,s} e e, cos (5 n e ~ 3 + 5 s - 3 ~ ®,) [5l] [55] 

+ »/{ 6 ^ 5 3.4~~^5~*|-^^} ee y C08 ( 6ni “- 4w ^ + 6< ~ 4 */“®-' s; /) [52] [56] 

+ m ‘ ~ I^A’} e ^C08 {nt—3n,t + *- 3*, + © + m t ) [53] [49] 

+ m ‘ { b3,2 ~ 7^ h ** ” 2T* } € e i cos ( 2n * - 4 V + 2 * “ 4 */ + ® + »<) [54] [50] 

+ {-g-^ 3,3 ~ — g- e£ < cos (3n$ — 5 -f 3s — 5 e, — ns + w,) [55] [5l] 

+ m /{ 6 ^i & 3 > 4"-^-t 3>3 --|~-^i %6 }cfi / co s( 4 nf-6n^ + 4£-66 / -OT + ro / ) [56] [52] 

+ m, { - 1^,0 + *| - & v } e,* cos (2 n,t + 2 *, - 2 w ( ) [57] [ 26 ] 

+ m '{g^-8^ Jj '°''I^? is ' s } e;ICOi( ’ ,< + ’ , ' , + t + ''"' 2 ®' ) [58] [ 25 1 

+ *'{ _ 'l$ i3 ' , + ^i i) - ! } e ' ScOS(2 ’ , ‘ +2 ' -2a '' ) [59] [24] 

+ “/{-j|^ } s,» + ~ 4 v + -i^; i v} e / C0S( 3n<-»,* + 3*-E, — 2 ®,) [60] [32] 

+ *‘/{--j-^5 4 w + 27 i S J,4 + g^-J»,j}«,ct« (4 »(-2»,( + 4£-2e,- 2 ®,) [61] [33] 

+ «+■?-«,, J + -^-i4 ) ,,}e ( a cos5*(-3n,« + 5«-3e,-2®, ) [ 6 2] [34] 

+ *' {J i? ~ I J> 1h ’°~ I, J) -‘ + H ^^} e ' Soos ‘ “ 3 ‘ + * ~ 3 *■ + 2 [63] [27] 

+ ” >l {~'n} b, ’'~T^ l3 - %+ JS} 4 w} e /««( 2 » , -4»,* + 2s-4s,+ 2 1 ir,) [64] [28] 
+ **' { ~ B T* h ™ ~ ~a i, 4 *- 5 + f| ^ J s,<} e / 8cos ( 3 « f ~ 5 ”/ < + 3 e ~ 5 £ / + 2 »,) [65] [29] 

+ m, { - l'^ iv- '^' iM + T7 i «} e|Scos(4 ’'‘- 6B ' t + 4 ' , - 6, ' + 2w ) [66] [30] 



IN PHYSICAL ASTRONOMY. 

35 

+*/ {— 1 ^ ~ e,t 008 * * — ^ n ‘ * 5 * 

-r., + 2 ®,) j- 67 j [ 31 ] 

+ { ~ - ^s,o} sin 2 ^ («< + », (+ £ + S, - 2 v,) 

[ 68 ] 

J> '‘ Si “ a 2 COT ( 2 *> ‘ + 2 ‘‘ ~ 2 '') 

i—i 

" 2 L ^ tj ' ,S ‘ nl '2 “ s ( 2 " i + 2 *- 2 >',) 

[70] 

- 'h — 6 V , sin 2 icos («< + 3 »,< + . - 3+ 2 »,) 

Z df A 

[71] 

~ 5 ~A 2 sifl2 4 cos (3 »* - «/ + 3 fi - s t - 2 *,) 

i af a 

f- 1 

M 

U) 

1_) 

— !|< sin 2 -k cos (2 n £ — 4 + 2 e — 4 e, + 2 v,) 

[73] 

— ™‘JLb 33 sin 2 -k cos (4 n * — 2 n,t + 4 s — 2 e, — 2 y,) 

2 o,- 1 2 

[74] 


Development 

otR. 


In the lunar theory, the small value of the quantity ~ makes it desirable to 

ordain the results according to powers of this quantity. Transforming there¬ 
fore the preceding expression for R by means of the equations given in the 
former part of this paper, Phil. Trans, for 1830, p. 346, neglecting terms mul¬ 
tiplied by ~, and supposing i i = 0, 





, (e*- + «, 2 ) a , 
+ 2 a, 2 ’ 

+ ■( j 

r 3 o 2 , 3 . o 

r 4^ + T Sln 

+ m,j 

r 5 a 3 , 15 . , 

rTz*+T sm 




f2 


[ 0 ] 

[1J 
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Development 
of R accord¬ 
ing to powers 

P a 
of — 

a i 

is a s 

+ —e cos (»,< + s, - ®) 

+ ^i!ecos(n< + g-cr) 

• [6] 

[ 7 ] 


+ m,~~ecos (2 n t - n t i + 2 s - e t — v) 

M 


— m —ecos( 3 «£ — 2 »,t + 3 s — 2 s — «r) 

4 af 

W 


— m,-! 4 ~ecos ( 4 n* — 3 »i + 4 e — 3 e / — «) 
loo. 

[10] 


-f m, — —e cos (n t — 2 n,t -f £ — 2 e t -f ter) 

4 a, 3 

[12] 


+ m i jg^fi c os(2n/— 3 n ( <+ 2£ - 3 s t -f or) 

[13] 



[15] 


-« 3 £,,cos(,. < + e ,- Wl ) 

8 a, 

[16] 


+ m t ~ ~e, cos (2n i — n t t + 2s — e t — nr t ) 

[17] 


+ m ) ~ ~e t cos (3 n t — 2 n k t + 3 e — 2 e, — ®r,) 

[18] 


n 

- m,— —e, cos (w t - 2+ e — 2+ «,) 
o ft, ' 

[20] 


— "5" —~cos(2n*- 3 -f* 2£ — 3 e, 4 * 

o fl, ’ 

[21] 


- ^ 5 e J cos( 3 »<-- 4 n / t + 3 s- 4 e, + ®,) 

[22] 


15 a 2 

cOs(2 n i t + 2e i — 2 w) 

[24] 


33 a* 

"~ m/ 64 a ie2C0S ( nf + V + £ + e < “ 2sr) 

[25] 


+ ^^5e 2 cos(2n# + 2e — 2sr) 

[26] 


+ «i / A~e 2 c °s( 3 n/-n / t-f 3 s —— 2 ur) 

[27] 
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— m, — — e- cos (4 n t — 2 n t t -f 4 g — 2 — 2 m) 

4 

— ^ e- cos (5 n t — 3 -f 5 s — 3 e, — 2 ©■) 

r OQ -i Development 
L J of R accord¬ 
ing to powers 

mK; 

— m, fLe 9 cos (n t — 3 ni + £ — 3 £, + 2 tzr) 

64 fly 

[32] 

-f m, A a L- e e t cos (n t — ni + e — s, — ®r -f. ts ) 

4 fly 3 * 

[35] 

+ TOy~ ^ i eCyCOs(2ni — 2«yf + 2£ — 2«y — zsr + or,) 

[36] 

— ~l e ^ cos ( 3w * — 3«|< + 3s — 3fy — m + sry) 

[37] 

i 15 a 3 / 

+ Wl y — — 4 € €, COS (ot — W t ) 

[41] 

9 a® 

— »»y— — ee t cos (nt — »y< -f g — gy -f 13 — •cet < ) 

[42] 

45 ct^ 

— W/jg —ceyCos(2« t — 2n j t + 2e — 2«y + w — «,) 

[43] 

45 a 3 

+ Wy — —^ e «y COS (2 »y< + 2 £y — tZ7 — Wy) 

[46] 

3 fli 

+ Wy— — CCyCOS(n< + flyt + £ + Ey — ta — Wy) 

4 fly 3 

[47] 

3 a 3 

+ to.— — e e, cos (2 n t + 2 s — tc — or.) 

1 O fly* 

[48] 

+ Wy— C Cy COS (3 fl ^ — »yi -f- 3 £ — £y — tZT — tffy) 

O fly 3 

[49] 

+ TOy i~ ey cos (4 »* — 2 n t t 4* 4 e — 2 Sy — or — ar ( ) 

[50] 

4 - ^ ee ( cos(« t — 3n f t + e — 3 £y -f ** -f 7zr ( ) 

[53] 

225 ft 3 

+ ,,^-.,,1*. (2»I — 4«y< + 2e — 4«y + ® + ®y) 

[54] 
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Development 
of R accord¬ 
ing to powers 

of 5, 


+ m> } < v* cos ( 2n ' < + 2«, -2 w,) 

[57] 

— (nt + n t t + £ + s j — 2or,) 

[58] 

— tn t A ~ e, 2 cos (3 n t — n,t + 3 s — s, — 2 or,) 

[60] 

-m^^Gos (nt-3n,t + *-3^ + 2^) 

[63] 

— m,^ e®cos (2nt — 4 n, t + 2g — 4-f 2tzr,) 

8 a, 3 

[64] 

— AA ^~e ( 2 cos (3n t — 5 n, f + 3 1 — 5 s. + 2m,) 

64 a* 

[65] 

— t7i A fLsin 2 -! cos (n f -{- ». t + e + e t — 2 v) 

4 a* 2 

*4*5 

1-1 

— w, A 5!bin a Lcos(2»<-f 2e — 2v) 

2 2 

[76] 

-*», A ^ sin 2 Lcos(2» j f + 2^-2r) 

[77] 

— m t ~ — sin 2 L cos (3 n t — n i t + 3 e — s, — 2 r) 

8 2 

[78] 

—. fL sin 2 ~ cos (n f — 3 a, t -f e — 3 s t + 2 v) 

o s’ 2 

[79] 


If according to the notation of M. Damoiseau, (Th6orie Lunaire, p, 547, Me- 
moires des Savans Etrangers,) n t — n t t + ® = t, and x and % be put for the 

mean anomalies of m and m i respectively and y for the distance of tbe planet 
m from its node, or, what is the same in the Lunar Theory, the distance of the 
moon from her node reckoned on the ecliptic (i v = 0), 


[ 0 ] 


cos® A - !£+£)■\ A _5 /1 + A £\ 4- sin3 L -1 ( 1 + ?? 

2 2 ) a* a*\ + 8 a?) + 2 a*\ + 8 a*) 


*!(' 
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+ {-¥ «7 + T sin2 T 5 + T^ + V)5}«-** + re $ * - «) 

[3] M 

+ 2 ”-, ecosx + Lflecoa« + *) — ^ ecos (2 ( + t) —|! ecos (3«+ 1 ) 


Development 
of R accord¬ 
ing to powers 

of 4. 


+ T * c°> (« ‘ " *) + ft % e «“ (3 » ~ *> ~ { { + I 7 } e ' CM 

[12] [13] [1 

- | £ e, cos (t + *) + | £ «, COS (2 < + *) +1 £«, COS (3 1 + x) 


- — c °s (< - *) - ~ — c, cos (2 * - *) - ~ ~ e, cos (3 < - *) 


-ii~ e®cos(2i-2*) - f| ^e 2 cos(t- 2x) + _^l e 2 cos2* 
8 a, 3 v 64 a* 8 a 3 


+ A * e*cos(* + 2x) - |-~c 2 cos( 2 « + 2 ^) - 75 |i e * cos (3 * + 2x ) 

[27] ' [28] ' [29] 

285 a 3 3 a 2 9 a 3 

- ^p^se 2 cos (3<-2x) + If £»««,«*(«-*) + jg ^iC«/COS (* - z + x) 


27 a 9 , 15 a 3 , . 9 a 2 

-f^ e6 i cos ( 2< “* + *) + i6^i««/COs(t + 2 ! — x) -~g — 3 ee l cos(2t^s- x) 

[37] ' [41] ' [42] 

45 a 3 ,45 a 3 , , 3 a 2 

“16 ^ ee J cos ( 3 1 + z " *) + 16 ^ ce ' cos (* ~ z “ x > + T ^ ee / cos (* + *) 

[43] ' [46] ' [47] 

+ ^^«e<?,cos(t-f « + x) + j ^ee { cos (2 t + z + x) + j| ^e^cos (3 « + * + *) 
[48] ' [49] ' [50] 

63 a- , nt . 225 a 3 /0 , . , / 1 9 «M „ n 

+ -g - 3 ec < cos(2t-5!-x) - jq - 4 ee /C os(3 t-z-x) + j — “ ~§ V«os2ar 

[53] ' [54] ' ' {57] 

- |i^cos (t + 2*)-|Ae,*eos (3 t + 2z) - ~ “i e ,~cos 0- 2z) 


~T JT» e * (2i-2*)-^ ~ 4 ^cos (3t~2z)-|- "4 Sin9 ^- cos (t - 2y) 
1 [64] 1 [65] [75] 
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cos 2 y — ~2 ~^sin 2 y cos (2 1 — 2 y) — —^cos (* + 2 
[76] ' [77] ' [78] 


15 a 3 . i 

- ¥57 ,sin "2 cos (3< 


-2j)| 


Let y= 1 + ecos [n (1 + k) t + e — w ^ + e 2 (l + r 4# ) cos ^ 2 b (1 + & 4 ) t + 2e — 2w\ 

+ e^rjjCOS^M (1 + fc )S ) < 4 - 2 1 — 2 ®,^ + r 0 + r, cos (n < + n,t + s — f ( ) 

-f r a cos (2 n t — 2 + 2 e — 2 e t ) + &e -f- e r 6 cos ( n t t + e t — vj) + &c 

_ ifl -f + 2 /di 2 + rf ^)=0 
2 d * 2 raj \dr) 

Let S . -i denote that part of ^ which depends on the first power of the dis¬ 
turbing force. It is more simple to obtain h . ~ from the above differential equa¬ 
tion than hr; and the circumstance that the elliptic value of r 3 does not contain 
any term e 2 cos (2 n t 2 £ ~ 2 zs), gives an additional facility. 

When the disturbing force is neglected 

r 3 = a 2 11 + 3 e 2 ^l -f — 3 e ^1 -f ~ cos («t + e — nr) — A e* cos (2 n t -f 2 s — 2 ot) 


+-COS 


(3»i + 3£ — 3ra-) + L-cos(4 nt 4- 4s — 4 w) 


Integrating the above differential equation by the method of indeterminate 
co-efficients, q n being the co-efficient of the rath argument in the development of 


2 f iU+r {fr\ 


— r 0 + -i-og 0 = 0 

¥• 

{ 0 +»*») r, -^1 + „) } =0 

— ^ 2g i > {(* + 3cI ) r «“ ^~( r i> + r re) } - r i + ^ a 9i = ° 
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<22=^1*| (1 + 3«*)r, -?£ (r M + r u ) j -r, + 5« ?! = 0 

[ (I + 3«*) r, - (r„ + r H )} - r, + B. „ ?4 = 0 

< 5 B ~ 5 . ”,) ! (t + 3 1 ») r, - r, + 9 > = 0 

B* f 4 


(Stt -2n,) 4 
n 2 

[ r ‘~T r *. 

}- r y + ~ fl ? a = 0 

J ft 

(4ft-3ft,)* J 

B* 1 

[ ri »-4 r ’ 

l-r, 0 + ~'ft9,o = 0 
\ & 

(5 n - 4 n,) 4 J 
n* 1 

r„-4r ( } 

-r u +^aq u =0 
b 

<»-*»,,)»/. 
71* l 


~ r u + ^a? ls =0 
b 

(2 ft — 3 ft,)* / 
s* l 


— r !3 + —= 0 
b 

(3 ft — 4 »,)’ / 
n® l 

. r '*-f r 4 

~r 14 + ^aq H =0 
b 


V>*- r ‘>+T la «' s=0 

B* f* 

<2l> -« ~ r » - r l7 + ^ a ?I7 = 0 
ft* p 

(4n~3» / )V ^ _n 

-r- r i9 r i9 T —- “ Via u 

B* f* 

(n — 3 n,)® „ , »», n 

n* (ju 

^=32 ! I S r„-r sl+ 3a, M =0 

(3B ~ 4 ” ,ja ^ - + -»«?« = 0 


* For the determination of the quantity k , see p. 50. 


Equations 
which serve 
to determine 
the coeffi¬ 
cients of ti.^ 
inequalities of 
the reciprocal 
of the radius 
vector 
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Equations 
which serve 
to determine 
the coeffi¬ 
cients of the 
inequalities of 
the reciprocal 
of the radius 
vector. 


i, 8 f 3 \ _ . 

— ^ - ~2 r izJ *S4 + — a #24 2=1 ® 

{ r « —-f r «} — r 25 + — i «? 21 = 0 


4 « , 
n 


(Sn-jOf {r w -*r.}.-r„ + 3. fiT -0 

(4n ^ 2 " l)! {*■«- |r„}-r M+ ^a ?M = 0 

(5n-3n ( ) 2 /^ 3 „ \ .. _i_ „ „ « 

-^ r 29 ^ ri ° j “ ^ a ^ 29 5=5 ^ 

( 6n n » 4K ') { ^30-§ _T '‘ I } — rso+ ^ a 9 jo = 0 

^ai-*{r»-«r u }-r» + =.. to -0 

(2n ~ 4 - n,r {—-f — }- -» +^'“?«=° 

(3 n — 5 n,) a . m. A 

-—*r— 1 - r » - r » + = 0 

-^- l 35 "2 15 / r 3 S + —«93, —u 

(2 n — 2 w,> 2 f 3 1 . , w (/)n j 

-^-I r 36~ -g | - ^36 + — a 936 — 0 

(3» — 3 n,) 2 f 3 1 , w _ A 

--ST-' 2 - t'«- 2 '»} - r « + 7T “«>’ = 0 

(4n-4nl 2 f 3 1 , m, ^ _ a 

-^- V 38- 2* r22 / - r ™+ — a ^ — 0 


(5 ? _ -j » .r {„-»,,} 0 


n,)* , A 

— *40 — ^40 + -T « 940 = 0 
r 


— r 41 +-'fl9 4 )=0 
V* 


(n ^{r»-±r„} -r„ + fa q „ = 0 


n H 



IN PHYSICAL ASTRONOMY. 

{ r « - T r ‘»} -’•« + * «9«=0 

(llZ^!{r 4i -r 4i+ ^a, )S = 0 

« 8 l P 

^{ r "-T? «*»- 0 

2i=iS£{r.-4r„}-r.+a. to -0 
(i^ 4 {r w -«^,}-r. + a. to -Q 

{ r »> ~ f r '»} ~ rs ‘ + ^ a? ” = ° 

( _ 6 "-j !^(f j8 -r M + S^ sa = 0 

n 9 L f 4 - 

^ L, {'»-f4- r “ + ^ o?ss=0 

(2l^)!| rH _|r M }-r M + S«»M = 0 
£2^I ! {r„-|r„}-n s + Ba ? , 5 =0 

£l=ll£r*-r H + m J-*1„*=0 
n 9 f* 

4 ^~ »*57— f 57 + ^ a?57 = ° 

(5+3l% ss _r s , + ^a ?s8 = 0 

» 2 fL 

2^r.-r.+ =;.,.=.0 

(ilr^L*r 61 -r 61 + <a 9s , = 0 

It 8 f 4 

n 9 f 4, 

fi^»a2 rB _, B + B. ta -o 
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Equations 
which serve 
to determine 
the coeffi¬ 
cients of the 
inequalities of 
the reciprocal 
of the radius 
vector. 



In order to obtain the values of the coefficients of the inequalities from these 
equations when the cubes of the eccentricities are neglected, as has been the 
case throughout, the values of r 0 , r l5 r 2 , r 3 , r 4 , r 5 , found from the first six equa¬ 
tions by neglecting the terms multiplied by e 2 , may be substituted in the suc¬ 
ceeding equations, which will then serve to determine r 6 , r 8 , r 9 , &c. and these 
values of r 6 , r 8i r 9 , &c. being substituted in the terms multiplied by e 2 , of the 
equations which determine r l5 r 2 , r 3 , r 4 , &c. more accurate values of those quan¬ 
tities may be obtained. All the other coefficients of which the general sym¬ 
bol is r with a numerical index at foot, may then be obtained in succession 
without any difficulty. 

dA _ h___ rdj d< 

d t r 2 r 4 J d A 

Let r denote the elliptic value of r, then 
d$ r 2 r r x l J dA 

~ = 1 + 'y + T e4 + 2e ( 1 + cos ^ ^ + ^e^cos(2»f-2iff) 

1Q inq 

+ J e 3 cos (3 n t — 3 nr) + ^ e*cos (4 n t — 4 w) 

1 — L^cos (2» t — 2 sr) 

+ 4-e 3 cos (3 n t — 3 w) + ~ e 4 cos (4 n t — 4 ar) 
o' 3 


- j^cos (nt-™) + 
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Let R" denote the coefficient of the cosine in the development of R which 
corresponds to the number n multiplied by e or &c. Thus 

*•-{-^+1?^-^*-^} Seep - 3 ' 

Since ^ being the differential of R with respect to e, consider¬ 

ing g — m and g — v constant 

x = n jl + 2r 0 j<-fg 

(^7) 8in( “ < - B '‘ +E - s ' ) 

xl <, J, /i e®\ , e 2 /m , _ m, f /, , e 2 \ aH 2 n 2e i aR l4 n , 2e s afi„n ^ \ 

+ i M r * l 1 - 2 ) + 2 < r » + r ->) ~ + 2 ) + (iTTz^)+)} 

(2 n ~ — ~2nJ Si ”( 2 ” f ~ 2 ”' < + 2 ‘ ~ 2 *‘) 

+ { 2 (r,(l _‘f\+«!(,„ + ,,,) I-S/fl + afis ” + 3eiafl| °" + 3 «‘ flJt » g l 1 

1 l V 2 / 2 ' * 'I l\ 2 J (n — *,) (4 71 — 3 *,) (2 b— 3 b,)/J 

(3 n — 3 *,) sin n f 3 n, 1 -f 3g — 3 g,) 

4■(■>■* »)-?{'-=$=■* 5*5 !} ‘ + 

+ {2 (i-j+lA — 2n«,» 1-1!-sin(3*f —2»« + 3«-2£ j —c) 

l \‘ *) V - 1(3b-2b ( ) t (b-b,)JJ(3b-2b,) V ' ' 

+ j 2 ('r I0+ M-3( >««..» + «jil U sin (4» <-3»,t +4* - 3.,-* 7 ) 

l \ 2) p 1<4b-3b,) t (»-*,)/J (4b-3b,) 
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S? 2 * + { 2 ( r " + S- 7 {(S^) + (^}}( 5 ^)“ ( 5 -* , - 4 ’ i -‘ +5 ‘- 4 ''-“> 

+ {K , ‘ !+r t)-?{™ + (^}}(^) 8in( "‘- 2M+, - 2e ' + ^ 

+ { + j)- f {wiTk + (^)} 

^{K- + §)-?{^) + ^}}^ 5iD(J "‘- 4 "' ,+3s - 4 ‘' +w) 


+ 2r 15 -Jsin(n,t + — v,) 
n. 


+{ 2 r -° - $:% } ( 31 ^-) 

+ { 2 sin (Bi - 2b -‘ + £ " 2e ' + ^ 

+ { 2 f « - } ( ^7) * (« »«~ 3 M + » - »., + «,) 

+ { 2f «-i^^}(3^ eto(3B< - 4B '' + 3 *- 1 '' + '' ) 

+ { 2r »~ - i” - a *B” } ” »in (*»< - 5», t -4*-5», + »,) 

+ /2/V w + r -!sWi®»2 + 2 gB .«» \ ll£dn(2* ( « +2.,-2®) 

(. \ 2/ a, l m, (i» — 2«,) J J s, 

-{ 2 (’■ + T+») - ?{ ItSd + <^ 3 + ilSil} 

sin (3 n i — n,i + 3 e — — 2®) 
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i fa/ r ^ + ’ , » + f .\- w 4 *«««»»■. + . 5aRg« \ 1 

+ I \* 2^2/ ft l(4n- 2b ( ) + (3n-2n ( ) + 4(b - «,)J J 

—^ »n (4* 4 — 2 s, t + 41 — 2«, — 2 w) 

. f«/- , r I0 L t s \ m, f 3aR qil n ^ 3aR lo v 5aR,n \ 1 

+ { 2 V r «+ J+ j)~ J 1 (5n-3»5 + {«• -Tfl + 4(^)1 J 

— sin (5 » t — 3 ni-f5 s—3 «/— 2 ©) 

(5 » — Sn,) ' 

,\o( r i f n | r j\ »J 4aH 30 » , 4aR t ,n 5aR 4 n 

+ | ^30+ 2 + 2 j jM, l(6» —4^) + (5 b —4n,) + 4(» —n,)/ J 

g ? —-sin (6»f—4ni+ 6 s—4s,—2®) 

(6» — 4»,) 


J 2 /r r A^ ”»/J 3aB, a w , 3afl }3 n haR % n \ ] 

+ { \ S!+ 2^2/ ft l(n-3n J ) + (2»-3B,) + 4(n-B,)J J 

92 ^ 

--sin (n t — 3 n,< + s — 3 «, + 2 ©) 

(n — J »,) 

, fo/ r . *-A_ *»/J 4aJ2 33 » 4a R, 4 »t 5 aR<n \ ] 

+ |^r 3 3+ 1+1 j ^——— + (3n + 4^^/ | 

/o nC T —X sin (2 »* -4 b,* + 2«- 4 s,+2 ©) 

(2 n — 4 n { ) 

+ { 2 ( r « +r f)^{^^) + (^1 }( 2 ^"" (2 * < - 2 *-‘ +& - 2 ‘'- W+W ') 

+ (S!j} }(3^) S in(3«f-3V + 3t-3,- +W( ) 
{ 2 ('- + (S)} }<4^“‘<4b ( -4„,« + 4 E -4,- W+ *,) 

|2^m+—’^--1 4<< ^°— + 4 ° R, J- 11— ^ —Bm(5Bf-5» ; i+5t-5«,-w+n) 

[ V 5 2 yl ft 1(5 s-5s,) T (4b-5b,)/ J (5b-5b ( ) ' 

2i/ 3 - aR « n - + 3nK| « n ) }.. — — th(2nl-2n,t+2e- 2t,+w—»,) 
,3T 2j ft 1(2»-2 b ( ) T (3b-2b,)J/( 2B-2B,) v 


Expression 
for the longi¬ 
tude. 
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S|ttetogi- + { 2 ( r «+ r f) ~ ^ {(3n-n" + ii-'n ,)} } (3^) “ ^ 

+ (-»+ + } } 3 ^_ai D (4 J U-2«,* + 4,-^-»— 4 ) 

+ { 2 ('».+ £)-»{£££$ + »»(5.«-3»,< + 5,-3.,—*,) 


( 2 ( r « + l')-^{(T^ + } 7I ^ ) BK2-. 1 -4n, (+ 2 i -4 £j + . + .,) 

! 2 ( f ” + l)-F {(3^)+ (?^)} }(3^«^-5» ( < + 3 «-5 ej + W+ -,) 


+ { 2r56 ~^ <S + <j} JT+n ) 8i " (n ‘ 1 + B ' 1 + 8 + •> ~ 2 w < ] 

+ |2r w -^l“s}«* sin (2*i + 2s -2®,) 

+ { 2rs ’ (IFrkj 8 ” < 4 **'~ 2n ‘ t+u 

+ { 2r «-?|^}(5^ 8!n5 * < - 3 ”'‘ + 5f - 3 '«- 2w '> 


+ { 2 ^-7(^}(^fe 8in(Bf - 3B ' ,+e - 3 ‘' + 2 ’'' ) 

+ { 2r «~F(^)}(2^ 8 M 2 n«-4n 1< + 2,-4 e( + 2 W ,) 

+ { 2r « f^j} ( raij 8in (3B( - 5B -‘ +3 ‘" 5 “ +2m ‘> 

+ I 28 '— (4^W) 8in <4ni ~ 6 ”' ( + 4 * - 6 *' + 2mi> 

+ { 2r «’-?(^^}(I^ 8b < 5Bt -^ + S8 - 7e ' + 2W ' ) 
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In order to convert the coefficients of the inequalities of the longitude into 
sexagesimal seconds, they must be multiplied by 12 ^ 6 ^ , the logarithm of which 
number is 5*3144251, the corresponding logarithm for centesimal seconds is 
5*8038801. 

,fv-*=*-4 

dz l r < {r a —2rr j 'cos (A —A\) + rf}*} 

If z = 0, and the products e tan t p e j tan be neglected, 

^ tan sin («, t + g t — v t ) {1 — b 3t 0 — b % x cos (n t - n t + s — — h, a 1008 ( 2 nt — 2 »,<+2 e — 2 s t )} 

fti 

K' s +^ia 4 tanj < sin(n i i + fi / -y j ) (1 -i 3i0 - b 3>l cos (n i - » ( f + g _ g< ) - &c.} = 0 


* " p (» - n,) (a + »,) «/ ten << i 1 “ W 510 (»<* + *4 

-+■* sin ^(1 -f J) a t + g — 

~ * 4^(2f-2«,) J ■'A ■ “»(■ *'- 2 «,* + «‘- 2 «, + >,) 

~ tan tj 6 32 sin (2 n t — »,* + 2 s — — r t ) 


P 2 (» — tij) (3 a — »d a,® 




p 2 (n — 3 »,) (3 a — 3 »,) a/ 


— a tan i t b 3ti sin (2 a < - 3 n { t + 2 e - 3 f, + v,) 


' [j, 2 (2 a — 2 »,) (4 » — 2 a,) a, 2 


^ tan b 3t3 sin (3 n f — 2 n ; f -f 3 s — 2 g, — *,) 


fi 2 (2 n — 4 «,) (4 » — 4 »,) o/ 


— tan 1 , i 3>4 sin (3 « f — 4 + 3 g — 4 g, + r,) 


p, 2 (3 a — 3 (5 a — 3 n t ) a * 

,(2 + !)i =^;$ tan,A ’‘ 


-^tan^&^sin (4 at 3n,f + 4 s —38, — *,) 


Expression 
for the tan¬ 
gent of the 
latitude. 


R «=-^ + *’•’ (Seep ' 3L) 

3a , 3 fl 1 s* 1 fl 1 3.3a 2 f 

J, = ~2?« + 2< —».,.--vnrT-V 


3 a 3 f a 1 h 
“9 7^’^“ 


a , 3.3a 2 J a » it 1 

4^--2^U 4i - 0 ~ o4M J 

U \ ^ 3 / a h _JU_14. ■ 
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3fl i 3 fl I 
2 a,® H a* 

3a . 3 a 



-4^ S - + 



i s .,} + 



a® , a , 

-3V* 3 -‘“4< 63 ’ s + 

3 a®, a® , 

2 «« 3 ’’ v 

. 2 a . 
l+ ? a ?^ 

_2a* j 

_ a h 



2a. 3 ® 3,i 

4 a* 3,4 




The quantities of which the general symbol is q, and which refer to the 
terms in the development of R multiplied by the eccentricities, admit of similar 
reductions; so that 


a 2 , i a jl 


9 a -2a*^.* 


Considering only the terms in 2 J'dR + r of which the arguments are 

n t + e — w, and n t + 6 — tsr / 

2^i R -f r = m, y 7 e cos (n < + 8 — + ro, g 16 « # cos (n * + £ — & t ) 

= m, q cos (n i + * — or t ) 


provided 
And if 


qcos OTj = q 1 ecosw ■+• < 7 ^ cos «r # 
q cos ©! = e sin + g l6 e, sin or, 

~ = 1 -f r 0 4 - e cos (1 4- k) t + e — + &c. 


(i + (i — 3ro) — 1 -H-^^q = o 

pe 

m, f a 5 , a 5 * ] 

q 4 = y 7 a « 4 + 2^ 7 ? I6 c e, cos (ar — or,) -f- g i6 * e,® 

q = £ 7 e + yie € i cos (w - nearly 

-3- = — — o -f — 5 S !-— ^ b s 2 cos (« — ©■,) 

e a , 3 3,0 a« 3,1 2 a 2 e * j 


,3 m, a 

^ T °~w° 3 


/ 3fl 5 * 3 a® , | a 3 * a® , , a® , c, , v 1 

4 “ F L2^ 33 ’ 0 ~ 4V* 3 - 1 + 2V ij>0 “ 2< 4>> 1 + 4a* 4s>i T ( W|) / 

i», /2a 3 , 5 a 2 , a® , e, ✓ \ 1 

= ^lv iw ‘4< i “ + .)} 
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^ = «(1 + 2 r 0 ) < 4 * 4 2 (1 4 r 0 ) e cos (n (1 + *)*4 f 


— a Rig e t cos (n i 4 s — ■or,) 
f 6 


and neglecting the square of the disturbing force 

(l 4 2r 0 )* 4 e 4 2 (1 4 r 0 )ecos^n (1 + k) t 4 g — 
_3aR I6 e,cos ^n(l 4l)«4«-^ 


di 


If 


€ (1 4 k) cos® a =5 (1 4 r 0 ) ecos a JR t 6 e, cos ar, 


e (1 4 A:) sin ® a = (1 4 r 0 ) c sin ar. 


- Rie^sin ar, 


A = «(1 42r 0 )<4g2esin (1 4 k) t 4 e — 


e(l 4 r 0 ) cos®, = e (1 4 k) cossr 2 4 p<aR ie e t cos'ss l 

Z\X. 


e (1 4 r 0 ) sin ff, = e(l 4 i) sin ® 2 4 ^afi l6 e, sin ar. 


e (1 4 r 0 ) = e (1 4 *) 11 4 cos («r g - w t ) 

cos®, = cos ar 3 | 1 — ^j-a R 16 e ± cos (® 2 — ar,) J + £~ a #ie^-cos®, 
sin = sin ® 2 11 — ^ a R i6 cos (ar 2 — «r 4 ) J 4 ~^a R i6 ysin «r, 


sin (® 2 — Wj) x= ^la R w —L cos ar„ 


therefore neglecting the square of the disturbing force 

-1 = — { l 4 k — r 0 4 a R i6 — cos (w - nr,) } 
a al 2 p e J 

e 11 _i_ m t J 2 o 3 a 5 a 3 » a 3 , , a 2 , 1 

= 7V + 7l-V i3 ’° 'T«7 * s '' ~ 5? ij, -° + 27* **•> J 

+? 14 -15*“ - - 4* ‘4 ^ 


H 2 
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Let 


■<' + « = "{ 1 - *», +<T$i ••••“ (—,)} 

Let £» .■, then.' = .• {l + iSt g V -%K.) } 

A = n<4*s + 2esin^n jl - ^ ^7 *3,a«» ( w - »j) } * + * ~ w 2 ) + *c- 

7 = l - 3 ^{^- 4 6 -} 

+ e {‘-5f{$ S >.°+T^i 4 v "4^*” f- c08 <* ---)} } 

006 ( n + ‘ + £ -^) 

+ J {1 i? 4 **~- g^A*} *•“* ( *‘ + * “ ».) 

{gAo-^A*} 

-e {' + * {^A 0- 4s* is ’’ + -*<)} } 

008 ( n {' - 

- J {4 $ - 4^-* - §^. 6 «} 4 CO, («* + .—,) + fa. 


- = 1+V t 
a 3/x 


If 

-lss= 1 + r 0 + c(l +/) cos (1 + k *) t -fg — vr'j + cos ^«(1 + k 4 )t -f « — ar^ + &c. 
(!+/){(! + *)*(* - 3r 0 ) - I> + ^*9 ?= 0 


* This quantity k must not be confounded with the quantity k above. 
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<.«a{l + ±r 0 } 

l.= l-ir 0 + e|l+It - lr 0 J cos (n (1 + *) t + <-mj + ej, cos (n (1 + k,) t + e-w, 

~ 1 ~ T r ° +e { 1 ~ l _ro_ ^: 0?, } c “( n(1 + T ro- ^ 0, ’ )< + e ~” r ) 

-*> {l)i“*■“ “ 0 } *“ (* (1 + *•> 1 + * ~ w <) 

L= 1 + J-r„-e { 1 - jr 0 - *jia,,}cos(«. (I - Ir 0 -^« fl ) I + « -®) 

+ e {^“?u—^■ 8 ' fi Ut|<»S^»(I +*()* + » — *1^ 
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Y* 1 + Ir 0 - e {] -1 r 0 - ^L«f 7 j cos (a # + * - <*) + «/ { <*?i6 - |^* ft»} eds (s M* f-«r,) 

— e { y r o + |»*sia (n t + s — m) —e t ^aq lG n tain (nt + s — vrj 


In the notation of the M6canique Celeste 



2a°-/d^ 0) v _ a 3 /d 2 ^ 0) \ __ _ f 
3 \ da J 4 V d a* ) J 



a 3 /d* ^ 0) \ _ C _ a* 

2 V da / 4 \ da 9 / 2 4 a* 



These results evidently agree with those given in the M6canique Celeste, 
vol. i. p. 279, with the exception of the sign in the value of/ 1 marked with an 
asterisk; which I think requires alteration in that work. 

Finally; neglecting the quantities multiplied by t, which may be made to de- 
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pend upon the secular inequalities of the constants e, *r, &c., and the squares of 
the eccentricities. 


r 


( 5 ^» ■- }" * { 1 + * {| 1 -a } }•" ■ ( * 1 ' + 6 -* ) 


— { 1 5^ + ‘ 

— r^os (n* —fl y * + £~s,) —Tocos (2»<—2»,i 4- 2 *—2« ; ) — r s cos (3»*—3»,*4-3f—3s,)— Ac 

— {r 6 — rj}ecos («,* + s, — ar) — Jr* — rj ecos (2s t — »,t 4- 2s — s, — or) 

— ( r 9 ~ r J f cos (3nt — 2n t t + 3s — 2f ; — ®r) 

— {^io-^Jccos (4 »« — 3 n,t -f 4 e — 3 s t — w) — {r u — r 4 } ecos (5 nt~An t t 4 - 5 e — 4 or) 

— {rw — rj ecos (»< — 2n,t 4- c — 2e,-f *r) — (r 13 — r 3 } ecos (2«< — 3»,* 4-2c— 3s, 4- w) 
-(r u -r 4 }ecos(3««~4»^+3e--4g < 4-or) — r l6 e,cos-r 17 c / co8(n<4-e~^)—&c. 


The constant part of R 

= { _ ^2 + _£_ (sin 2 i. - e l±±iy v + ~b iA cos (® - «r ( )} See p. 29. 

If this quantity — — F according to the notation of the Th6or. Anal. vol. i. 
p. 336. 

ds= (1 - (¥)&t 


7W 

GO" 

de — dsr__ m t /2a% 5 a 2 * , a 9 t «, , ,1 

T* + 457. 4j -» r 008 ( ® *')/ 


d— 

lie 


Let, as hitherto, (Phil. Trans, for 1830. p. 336.) 

- = a {i — e 1 cos (o — a)} 


AM/i 4-s* 


ft cos i 2 { V' 1 4- * 8 + e cos (X' •— sr) " 

Fig. I. 

P 



Fig. 2. 



L 
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Let P be the place of the planet, F its projection on the fixed plane L NP V 
(%• 1 & 2.) SN the line of nodes, SL the line from which longitudes are 
reckoned. The angle L S F = k\ Let S A be the line of apsides, (fig. 2.) 

In the notation of M. de Ponte'coulant, vol. i. p. 316, the angle A S N 

= h M. de Pontecoulant has given expressions for the variations of 

the constants a, g, e', l, t and v in terms of the partial differences of the quan¬ 
tity R with regard to these quantities. It is easy from these to find similar 
expressions for the variations or differentials with regard to the time of the 
constants a , ur, e, g, * and ». 

Let S A B be a plane cutting the plane of the orbit at right angles, so that 
the angle SAB = 90°, A N B = ;, BSN = ®~k 


dr- 

31 * 




ft 2 _ 2 ft, ft, 

r^cosi 2 t a 


= 0 


r = a{\ — e'cos (u — a)} 


When r is a maximum or minimum ^ = 0, 

a t 


ah 2 


— 2 a r -f r® = 0, whence 


ft® 


ft, COS 1® 


ft, COS I® 

r = a(l ± e f ) 
-a{\ -e' 9 ) 


r = a± \/ a - 


ft® 


ft, cos t* 


By the equation of p. 336, line 12, (Phil. Trans. 1830.) 

—-— ss a (\ — e* + e*sin ®t sin® (v — sr)\ 
ft, cost® \ / 

e f ® = e 2 {1 — sin® i sin 9 (v — w )} * = e s cos 9 A S B 

Considering R first as a function of the quantities a, g, e', l, t and v, and 
then of the quantities a, m 3 e, g, t and v, we have 


* The equation I gave, Phil. Trans, for 1830, p. 336, line 17, is not correct. 
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By means of this equation,, the equations 

g — ■Bsznl, e'* = e-{ l — sin a i sin 9 (y — ®) } 

and the equations given byM. de Ponte coolant, voLi. p.328, the values of ~ 

|| and ~ may be easily obtained in terms of the quantities a, nr, e, e, 
,, >, and the partial differential coefficients ( d ^) ; ( d |), (^|), (~), 
and (¥\ 


Substituting in the equations of p. 40, for q n their values and neglecting 
e 2 , e 2 , e e„ and sin 2 when a is less than a t ; 

t-'-?{?‘>--S*-} +, { 1 -5(.7 1 -*i£ ? *«)}“<-+—> SE5. 

procal of the 

to, » a / 2n / a" _ a . \ a* 

+ p, (2 n - »,) », 1 (« - n,) W a, l ’') + a,* 


+ ~ Q- h i - ho - h h^j | cos (» t - n t t + s - £,) 

, m, __/ 2 ” _5 i 

jj. (3»— 2n t ) (n — 2n ( ) l(n — »,) a, 1,2 

- ~ i 3 , s -i6 3jl -i6 3j3 ^}cos (2n<-2» / t + 2 E -2e ; ) 

w,_a_ 

+ p, (4» — 3«,) (2n — 3 «,) l (» — »,) a, 1,3 

— a 2 ^ 3 ’ 3 — ^ ^ 3 ' 2 — ^ 3 » 4 ^ } C0S ^ n * 33 £ — 3 z t ) 




* ~4«,) {(; 


2 n a 


*1,4 


JK, (5 « — 4 »,) (3 n — 4 «,) 1 (« — »,) a, 

- * - 4**s - ^m) } cos (4n < - 4 «i,t + 4* + 4 

n* 


«<) 


_/ 2« a j 

i — 5 »,) l (a — n,) a t l,i 


radius vector, 
when a < a r 


p (6» — 5 k,) (4« • 

hs-ih* - i*s,«) } cos (5 »/ -5 + 5 t - 5s t ) 

* In the terms multiplied by 3 the quantities a & a, e & e may be used indifferently. 
P 

MDCCCXXXJ. I 


[i] 


P] 


W 


M 


[3] 
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' (»-»,) (»+»,) 




« 8 f 3(2 »-»,) 2 __ rnj An / a 8 _ a* t_ + $ a \ \ 

+ (3»~»,)(»-»,) j 2r 8 1 ft|(2»-»,) 12a , 8 2a , 2 3l ° 2a, 3 ^ J * 4 a , 2 3, *J 


+ (4»-2»,) (2»-2»,) 


t — 2 n,) 2 m, [ 6n / a 2 , a 3 A 3 a 2 , 1 

2m 2 r * fT{(3n-2n,)l da, 2 ® 3 ’ 1 2a, 3 3 ’ 4 "^4a, 2 ^ 3,s j 

+ T /X°- ^A>}| fc05 (3’’<-2”,i + 3f -2«, -*) 


DO 


* (5 » — 3 «,) (3 n — 3 n,) 


3a 2 , t 7 
‘ 4 < S] ' a+ 2 


[3 (4r —3r,) 2 ^ m,f 8» / a 2 L a 3 * ,3a 4 , 1 

| 2n 23 “* ft [(4«-3n,) 1 4a, 2 3 * 2 2«, 3 3 ’ 3 + 4a/W 

| 5 i SJ - | £**,} jecos (4 n t - 3 n,t + 4 s - 3«, - w) [10] 

«* f3(5«-4«,)». _ m,f lOn / _ a* * _ «> , , 3a s t 1 

_4„ ( )(4»~4n,)i 2» 2 4 ft[(5n-4n,)l 4a, 2 3,3 2 a, 3 3 ’ 4 Ma, 9 3>i J 

~a?* s,, + T ^i M -^fi3, 5 }|e c os(5»f- 4 n i <+5£-4fi,-OT) [11] 


_ » 2 [3 (n — 2n,) 2 ^ w,f 2n /3a 2 A a 4 A a 2 ^ ] 

2 b, (2 r - 2 »,) j 2 n 2 2 ft \ (n - 2»,) 14 a, 2 3,1 2a, 3 3,2 4a, 2 ® 3 ’ 3 j 

f |^ 3 6 M “ ^*S,® + 5^3,3 j V C0S (” 1 ~ 2 V + * - 2 h + «) 


n 


[ 12 ] 


. n 2 [3 (2n —3 r,) 2 m, f 4 b /3a 2 . a 3 , a 2 . 1 

***(»—• 3 r,) (3 « — 3b,) 1 2r 2 3 ft ^ (2 » — 3 «,) 14 a, 9 3,2 2a, 3 3,3 4 a, 2 3 ’ 4 / 

+ 5T 263,9 “” 2 ? 3 63,3 + 1^* 3 ' 4 } 60 ® 8 C 2ni ~ 2g — 3 h # -i- or) [13] 

_ n 8 [ 3(3»—4w,) 8 _ m ij 6 n f 3a 2 , __ a 3 , _ a 2 , 1 

+ (2r — 4r,) (4n — 4»,)| 2n 2 r4 ft j(3» — 4»,) 14a, 2 3,3 2a, 3 3,4 4a,* 3,5 J 

+ 3 ”1^3,3— 3 + ^ 5 ^ 3 , 3 1 ecos (3 n £ — 4 n,$ 4- 3 s — 4 c, -f w) [14] 
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_ % _ n* _f 4» /3o 2 ._ a , _ a 3 

P (»-»,) (3fl«-n,){(2»--»,) l4«,*^’ , ~2a, 3,3 4a, 2 

~ ~ j^s.i + ^^3,2 - --^3,3 jfi/CM ( 2 »f - n,« + 2 e - «, - ®r,) 

_ m,_n 2 _J___6n__ /3a^, _ a » _ a 9 , 1 

^ (2» — «,) (4a — 2»,) [(3» — 2»,) 14a, 2 3,2 2a, 3,3 4a/ 3,4 J 

- is,. + ^t), s - cos (3 »i — 2 b,! + 3 6 — 2 e, — w,) 

_ to, __«•*_f 8n f 3 a® , a , a 2 , 1 

/a (3 »•— 2n,) (5» — 3»,) [(4n — 3»,) 14«^ 3,3 ~2a] 3,4 "*4a/ 3,5 / 





4a. 


je, cm (4 n t — 3 «,* + 4 € — 3 8, — ur,) 


mSS. 

procal of the 
radius vector, 
when a < a,. 

[17] 


[18] 


[19] 


x m t n g J 2 n f 2 a 2 _ a 2 , a, 3 a 2 A 

ft 2n, (2» — 2 »,)[(» — 2»,) i a , 2 2a, 4 3,0 2a, 3,1 + 4a/ 3,2 

+ 4? + !~A° - i [ «, cos (» < - 2 n ( t + e - s, + ur,) 

a, a, a, j 

_to, » 2 I 4n J a 2 jl a l , 3 a 9 , \ 

p C»~3»,) (3n-3n,){(2»-3»,) t 4«/ M 2a, 3 * aT 4a/ 3 ’ 3 J 

+ “ TT^ 3 - 2 + i^ 3 * 3 } 6 ' cos (2 n t -3«,< + 2« - 3 e, + «<) 

_ m,__J 6 » f __ a 2 ,_«_z , 3o 2 , \ 

f«, (2n —4n,) (4» — 4»,) [(3» — 4»,) 1 4 a/ 3,2 2 a, 3,3 + 4 a/ 3,4 J 

+ ^ 3 l 2 -— 63,3 +|^4 3 > 4 }e ( cos(3»i-4»/ + 3fi--4«, + **,) 
a, a, * a, j 

m, n 2 f 8 n / « 2 1 _ a f + 3a % 1 

j* (3»-5»,) (5n-5«,)((4»-5n,) l 4 a/ J ’ 3 2a, 3 ' 4 4a , 3 3 ’ 5 J 

+ 4 ^‘v - + -?- e < 008 < 4 " f - 5 *-' + 4 * - 5 *' + *<> 


[ 20 ] 


[ 21 ] 


[ 22 ] 


[23] 


Substituting in the equations of p. 45, for R» their values and neglecting 
e 2 , ee„ e, 2 , and sin 2 -|, 

1 2 



m 


MR. LUBBOCK’S RESEARCHES 


Expression 
for the longi¬ 
tude when 
a<a y . 


n<-fe + esin(of + e — sr) 

+ (27^{ 2r2+ ^7^^ ! }" n(2 " t_2 "' < + 2i ~ 2, ' ) 

+ \trh ro { 2 r * % ("-h «, K ' } sin(3 ”‘~ 3,l ' <+3e - 38 ' ) 

+ (4« - 4 «;> { 2 r<+ ^ oT-”,).; *-} * (4»«- 4 », * +* ■ - 4 «,) 

+ (5^7) { 2 r “ + ^ (*-.*) a, *“}*(«»<- S »,<+»—« O 


[ 1 ] 

[2] 

[3] 

[4] 
M 


1 » f 0 / . rA , m,n ( 3 a 2 3 a 9 , a 3 . a 8 . \ 

+ ^ { 2 ( r « + 2) + ^ H* + 2< il0 “ 5? ^ "4^«) 

r«] 

2 ('•+■- asS^j (£ - $ v. ■-sj J v + 
-ir^)(|-^ 4 ‘'')} esiB(2 "‘- B '‘ +2, - , - w > M 

. « /«/ , r 2 \ 2m,n / a 2 , a 3 , , 3a 9 , \ 

+ (3n — 2»,)t \ 2 / jx(3b — 2a,) \ 4a, 2 3,1 2a, 3 3,9 ~^4a, 2 3 ’ 3 / 

+ ,T(^K i ''- !i } esin{3B< ~ 2 ’ , ' f+36_2e '"'" ) M 

a._ * /*/„ , r 3 \ 3ra,» /_ a 9 * _ a* a _i 3a 2 1 \ 

+ (4n-3»,) I V l ° + 2 J jx (4 b — 3«,) \ H 2 * 3 ’ 2 


■ J lj3 lesin (4n< — 3n,< + 4e — 3e, — w) 


[ 10 ] 


+ (irrjij { ! ('" + W - (* 4 ‘ ^ + sM 

+ tiTn-'n,) a, &1 ' 4 } e sin ( 5 " t ~ 4 M + 5 6 - * £ < -*) [lj] 


i » f o /_ i r 2 \ 2 to,b /3a 9 , a 3 , a 9 » \ 
+ («-2«,) l 2 \ ,e+ 2 j fx{B-.2o,)\4a, 2 3,1 2a, 3&3 ' 9 4a, 2 * M / 

+ csin (ni-2a,i + e-~2«,+ ®) 


[ 12 ] 
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x ** / 9 /r \_ 3 R / 3 a 2 1 a 3 £ fl 2 \ 

+ (3R-3R,) l Z V 13 + jT( 2» - 3«,') \4^ 3 ’ 2 “ 2^-3- 451^,4 ) 

+ ~mn-n t ) a ( &1 > 9 } esin < 2 **~ 3 M + 2 »- 3e, + w) 

x _ ” /o/.. 4n» ( » /3a 9 , a» t a* t \ 

+ (3r-4r,) 1 V 14 + 2 j jT(3 4 J ’ 3 ~ 2^ * 3 ’ 4 ~ U* h ’ b ) 

+ j Z ln- it jf at 5l ' 4 } gSin ( 3w * ~ 4 V + 3e - 4g, + w) 

2 n . 

+ — r 15 e, sin (n, t + e, — sr) 

n i 

... » /o f _ 2^» /3a 0 -, a, 

+ (2w —» y ) 1 17 p (2 r — »,) \4 a, 2 3,1 ~ 2a, 3 * 2 

— 472^1) }e / sin(2R«-n / i + 2f-£ < -® < ) 

, » /o, 3m,« / 3 a 3 L a * 

+ (3«-2^) l 18 f T(3n-2« < ) \4^ * 3 ’ 2 “ 2^ 3 ’ 3 

“ 4^9 6s > 4 ) } «< sin ( 3 » * - 2 », i + 3 s - 2 4 - nr,) 

, n /o^_ 4n, / w /3 a 2 t, a k 

+ (4^31^ \ 19 ~ jT(4r^3^) \4^ s ’ 3 “ 27, 3 ’ 4 

- 47* 2 6 3,3)}«/Sin(4»«-3»,f+ 4*-3f,-nr, 

, w / o- _ /2a 2 _n s *_a Ji 

+ («r=2^)r f “ 2 B/ )~i^ 3 * 3 ’°“ 2^ 63)1 

+ |"|i 6 3. 3 )} C i Sin ( ni- “ 2n ^+ + 

r f 9 jr, « / a 2 , a, 

[2 w —3^)1 f ® 1 ft(2» — 3 » # ) V 4 a, 3 3,1 2 a, s,i . 

4-6 3 , 3 ) } ^ sin (2 R 4 - 3 r, < + 2 g - 3 ^ 

. n fa., m i n / a 2 1 . a L 

+ (5T-4«i)l “ “ pl3»-i»7) V~4V j, “ ~ H 

+ |^tj,4)}e,sin(3»«-4B / i+ 3« — 4«, + m,) 


[13] 

[14] 

[15] 

[»7] 

[18] 

[19] . 

[ 20 ] 

[ 21 ] 

[ 22 ] 


Expression 
for the longi¬ 
tude when 
a<a,. 


The expression for the tangent of the latitude has already been given* p. 49. 
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When the latitude is reckoned from the plane of the orbit of the planet P, the 
following terms must be added, in the general case where / is not equal to zero, 
to that expression; , 


fi — 2 tan i b it i sin (2 n i — n t t + 2 s — f, — *) 

tmih^ sin (n t t -f — v,) 


2 (n — n t ) (3 » — n ( ) a t ' 

_«®_ a?_ 

’ 2 (n — n ( ) (« + »,) a, 2 

_n~_a 2 

2 (2 n — 2 n t ) (4 n — 2 n,) a, 2 


tan i f> 3>2 sin (3 n t — 2 n,t -f 3 s — 2e t —■ *) 


4n, (2« — 2 n,) a/ 
n® 


— tan i b 3t2 sin («t — 2 + « — 2 + *) 


-”-5L tan i fc 3 3 sin (4 n t — 3 nt -f 4 e — 3 $, —r) 

2 ( 3 »— 3 »,) ( 5 » — 3 n t ) a* 3 ’ 3 ' ' 7 


2 (n — 3 »,) (3 » — 3 n t ) a t 


^tan i & 3j3 sin (2 n t — 3 n t t -f 2 e — 3 e, -f ») 


All the equations hitherto given apply to the case of an inferior disturbed by 
a superior planet, or when a, > a , in order to render them applicable to the 
case when a,<a it is necessary to write a instead of a, in the denominator 
of the terms multiplied by h 1 , and a 3 instead of af in the denominator of the 
terms multiplied by b^ n , in the disturbing function JR, but the expressions for 

the quantities q are not the same in this case. 

It will I think be admitted that the expressions which occur in the theory 
of the disturbances of the planets are more simple in terms of tbe quan¬ 
tities of which the general symbol is b, than in terms of the partial differen¬ 
tial coefficients of the quantity called A in the notation of the M6eanique 
Celeste. The development of the disturbing function R in terms of the 

differential coefficients &c. admits of reductions, so that it may be 

expressed in terms of the differential coefficients of A with respect to a only. 
In this state it has been left by Laplace as may be seen, vol. ii. p. 12, but 
the coefficients of the terms multiplied by the squares and products of the 
eccentricities may be expressed very simply in terms of the quantities of 
which the general symbol is b , by means of reductions, of which two exam- 
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pies are given in the Th 6 or. Anal. vol. I. p. 362. Similar reductions are 
applicable to the terms in r (^ 7 ) multiplied by the first power of the 


eccentricities. 

In Laplace’s notation 


1 _ll (®) 

®1.0 — S * 

. -iC) 

®i,i — t 

l _ A < 2) 

»m-H W 

*>.,» = i4| 0> . 

H 

A - A < 2) 
t>3.9 = ®| > 

K, = *, (s) 
¥ 

i s , o = 4^ (0) . 

t _.(I) 

Ko-K . 

A 

1 _ 1 (3) 


d 4l ' 0) 




- ao i „ d5» 

— | b 3 i = —* ■§ > — 63,1 — 63,0 ~ \ ^ 3,2 = — -r— 


(t) 


da 


da 


d b 1 a o, 

^3,B “ I &9.1 ~ 5 ^ 3,3 == “ » — ^ 3,3 ~ 2 ^3,4 2 ^3,4 = ~ 


( 2 ) 


d 6 


(3) 


da 


da 


(O) 


3 { <*/ 4s ' 0_ ^ 4s, ‘} — 1 da ’ 3 { o, * s -> — is ’° — !*»•«}-da 

d.4, (2) 


<1) 


_d^> 

da 


The numerical values of these quantities are given for the principal planets 
in the third volume of the M 6 canique Celeste. 

The following numerical examples will serve to explain the expressions given 
above, and to show their accuracy, the results agreeing exactly with those 
given in the M 6 canique Celeste. 


T = 1 + f T^>} "'' {* + f “ H $*’•'} }«»(«' + — *) 


— t !cos (n t — n t t -f f — S t ) Seep.55. 


* Hie coefficient of cos (n t + s — ©■) p. 52 line 11, and p. 55 line 3, should be 
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i = n t + . + — 2-^- { 2 r, - —3?-(?!- ± S, A ) sin (b I - n,t + < 

j.(B-B,)Va, a a, ' )\ " 

In the theory of Jupiter disturbed by Saturn, 

~ = -54531725, b hl = *6206406, fc 3<0 = 4 ' 35 | 3 1 7 = 2*179193 


5 3>1 = 3*185493 i 3>2 = 2*082131 ~ = 3359 T 4 

n = 337210 78 n, = 135792*34 
a = 5*20116636 c = *0480767 


See M6c. C61. vol. iii. p. 61 & 82. 

Whence 

£* a .o = *353381, *473636 |l5 3>0 --120255 

log. *120255 =9*0801033 
log. 5*20116636 = 0*7161007 

9*7962040 
log. 3 ^ =4*0033829 

m i - 

5*7928211 = log. *0000620613 minus 

Laplace has . 0000620566 minus 

See M6c. C61. vol. iii. p. 121, line 5. 
4423277 

log.e =8*6819347 

log. a =0*7161007 

8*8403631 

log.ii- =3*5262617 

m i - 

5*3141014 = log. 0000206111 + 

Laplace has ..*0000206111 the sign omitted, 

M6c. C£l. vol. iii. p. 122, line 28. 
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Calculation of r v see p. 57* 

log. n, = 5*1328751 
log. n =5*5279013 

9*6049738 = log. *4026928 

1 - n i = *5973072 

n 

-t 3i0 -ii., -s = - 1-48315 

a i 



= — *041075 


log. *041075= 8*6135776 


log.?Ln3 = 0*7761940 
n ______ 


8*8373836 = log. *0687676 
2 

- *1375352 
-*441045 


log. 1*48315 = *1711851 
log.— =9*4732982 

9*6444333 = log. *441045 

log. 1*5973072 = *2033884 
log. *4026928 = 9*6049738 
log. 3359*4 =3*5262617 

3*3346239 


r,= -*0001301383 

similarly r a = *000556924, r s = *00005809, 


- *5785802 

^ =*297371 
_ 


- *281209 


log. *281209 = 9*4490293 
3*3346259 

6*1144054 = log. *0001301383 


log. a = *7161007 


6*8305061 = log. *000676871 + 
Laplace has ... . *000676876 +p. 120 
r 4 = *000015045, r h = *0000049785 


Calculation of the coefficient of sin (n t — nf -f- g — gj in the value of K. See 
p. 59. 


2fj = — *0002602766 

*0000204702 

log. *0002398064 = 6*3798601 

log. n ~Jll =9*7761940 

n __ 

6*6036661 


lo S -b ltl } = 8*8373836 

n-n, U/» a, ’ j 

log. 3359*4 = 3*5262617 

5*3111219 = log. *0000204702 


5*8038801 seep. 49. 


2*4075461 = log. 255 591 minus. 

Laplace has . . . 255*5917 the sign omitted, p. 120. 
In the notation of the M4e. Cel. vol. iii. p. 120. 

n = n lv , tij a 
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The reader is requested to make the following corrections. 

The expression for r~® Phil. Trans. 1830, p. 345, should be 

r“ 3 =sa + -|-* 3 ) + 3€^l + e 9 ^cos (»t — m) 

+ + |-« 2 ) cos ( 2 » < ~ 2w )+^e 5 cos(3«<-3®) 

+ ~I e * cos (4nt — 4ttr) 

8 

The third term (multiplied by d t) in the equations of p. 23, line 4 and 6, and 
the second term in the equation of the same page, line 11, must be suppressed. 

p. 30, line 21, read + m, (±^i- e -i±3!^form ( {-^,(coa*4 
p. 32, line 5, read+m, &c.for + w,{ JL-JL h.o-£, ^,&C. 

p. 39, line 9, read — |p^,ee ( cos (2 f — z + *) for — ^ ? 1 ee,cos(2< — z + x) 
p. 41, line 4, read ^ for 
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IV. On the Transient Magnetic State of which various Substances are suscep¬ 
tible . By William Snow Harris, Esq. Communicated by Davies Gilbert, 
Esq. F.P.RlS. 

Read June 17, I8S0. 

1. XHE influence of bodies, not permanently magnetic, on the compass needle, 
has led to some further researches in magnetism of singular importance. The 
valuable papers of M. Arago and other eminent philosophers on this subject, 
communicated to the Royal Academy of Sciences, together with those of our 
no less talented countrymen which have appeared in the Royal Society’s Trans¬ 
actions, are calculated to excite a deep interest in physics. In presenting to 
the Royal Society, after such valuable contributions to science, an account of 
some inquiries which I have myself been led to make in this branch of natural 
knowledge, I am encouraged by the belief, that whilst the deductions are for 
the most part derived from simple and direct experiments, the investigation 
has been carried on under new conditions; and that although some facts already 
made known, have been again referred to, it will nevertheless be found to con¬ 
tain results of sufficient consequence to render it not unworthy of notice. 

I have been particularly led to persevere in this investigation, at various 
times, from having observed (Edinburgh Journal of Science, vol. v. p. 325.) 
that the reciprocal action of a rotating metallic disc, and a magnetic bar, is 
not considered by M. Arago as the result of any magnetism induced in the 
disc, but is attributed by him to some new force as yet undiscovered:—and 
also, from the circumstance, that the magnetic susceptibility of non-metallic 
bodies, seems not to have been in many instances satisfactorily established:— 
two inquiries of considerable importance. 

2. When these researches were first commenced*, a curious effect was ob¬ 
served, evidently resulting from vibration, which it may be of consequence to 
mention. 

A thin circular ring of copper of about half an inch wide, ten inches in 


* in 1826. 
K 2 
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diameter, and about T Vth of an inch thick, being delicately balanced on a 
fine point, by means of a transverse bar of wood carrying an agate centre, 
was placed on a firm screen of paper strained tight on a wood frame, and 
covered by a glass shade; two powerful magnetic bars were caused to revolve 
in a horizontal plane, beneath the screen, with their poles immediately under 
the ring. The ring, as in all the previous experiments of the same kind, soon 
acquired motion in the direction of the revolving bars, which could be arrested 
and reversed at pleasure, by changing the direction of the rotation. It was 
however soon discovered, that a similar effect could be produced when the 
magnets were not present, merely by the action of the rotating apparatus. 
This last consisted of a train of wheels resting on a firm pavement of thick 
stone; the frame carrying the screen being supported over it on blocks of oak. 

As it was of consequence to ascertain how far small vibratory impulses com¬ 
municated to the screen, could cause the phenomena just observed, a con¬ 
tinuous but gentle vibration was induced from one corner of it, by a slight 
tapping, which, after a few minutes, communicated motion to the ring in a 
constant direction; on transferring the vibrations to the opposite side of the 
frame, the ring was again brought to rest, and caused to revolve in an oppo¬ 
site direction. A similar result was obtained when a compass needle, and 
light needles of other substances were substituted for the ring of copper. 

3. These results led me to place the copper circle in an exhausted receiver, 
on a strong plate of glass, and to suspend the whole on a convenient frame by 
means of lines passing from firm walls; the revolving bars being placed as 
before, immediately under it. In this instance, however, I failed at the same 
distance to move the ring, nor could a fine compass needle similarly placed be 
made to deviate more than a few degrees from its meridian, when exposed to 
the influence of a rapidly revolving disc. This result is quite sufficient to 
show how minute a cause may render delicate investigations with a rotating 
body unsatisfactory; more especially when connected with a heavy apparatus: 
even in the case of screens it does not seem quite clear that certain impulses 
may not be propagated through them, of sufficient magnitude to act on a very 
finely suspended needle or disc; when the screens are thin and porous, the 
chance of this is greatly increased, mid in eases where a screen only is em¬ 
ployed without a shade; similar results would doubtless ensue from vortices 
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in the whole mass of the surrounding air. I do not however mean to infer 
that such sources of fallacy have not been fully calculated on, or guarded 
against in the many valuable papers already alluded to: I rather mention 
them as a reason for adopting a method of experimenting, differing from the 
preceding, and which might insure an unmixed result. To this end the expe¬ 
riments were continued in an exhausted receiver, effectually screened from 
vortices, and liberated from the influence of a resisting medium; and in case 
of employing a rotating body, with a rotation continued so smoothly and evenly, 
as not to cause any vibration capable of inducing motion. 

4. The following is a description of the different mechanical arrangements 
resorted to. A circular plate of close fine-grained slate, a b, fig, 1, 2, 3, of 
about half an inch thick and a foot in diameter, being carefully ground true, 
in order to fit it for the purposes of an air-pump plate, was nicely finished by 
rubbing it over with a mixture of oil and wax.* This plate is supported on a 
firm stand and frame, as represented in fig. 1, furnished with levelling screws 
e, d, e. A short brass cylinder e, f, fig. 2 & 3, is fixed under the plate by 
means of a hole in the centre, and two brass collars ground true to its 
surface, and between which the plate is compressed: so that with a little 
grease, and a strong nut at e, fig. 2, 3, the joint is rendered air-tight. The 
cylinder e f connects laterally with a short pipe and stopcock g h leading to a 
good air-pump ; a long barometer gauge m, fig. 1, 2 & 3, being attached to the 
pipe to indicate the state of the exhaustion. A straight rod of brass n e, having 
a milled head at n , passes through a compressed collar of fine cork at f 9 and 
is sufficiently free above in the cylinder to allow of the action of the pump; 
this rod is occasionally employed when furnished with a transverse bar at e, 
having two stops s, s> fig. 2 & 10, to liberate a magnetic bar in an exhausted 
medium, when retained at any angle of deviation from its meridian, or to effect 
any other required operation, as in fig. 3. 

5. The revolving body A, fig. 4 & 5, consists of a circular disc of about five 
inches diameter, and 0.125 of an inch thick; united to a deep ring of the same 

* The application of this substance to the purposes of an air pump-plate will be found extremely 
convenient, more especially when it is desirable to avoid the presence of a large mass of metal. It 
is a very economical and efficient substitute for glass or brass, and retains its form without liability 
to warp; and is an application as far as I can learn quite new. 
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substance, or otherwise to a ring of lead. This disc has smooth rounded edges, 
and is balanced on a fine central point A of hardened steel, in such way that 
the centre of gravity and centre of motion coincide as nearly as possible; the 
whole is sustained on a small agate cup, set in a short cylindrical piece of brass 
a, fig. 4, And screwed, when required, into the shoulder of the brass cylinder 
which passes through the round hole of the pump-plate as represented in fig. 6. 
The sliding rod n e above mentioned is in this ease withdrawn for a short di¬ 
stance within the cylinder. The disc is set in motion at the rate required by 
means of a line wound rapidly off it, from a train of wheels; it is then covered 
with a screen, and with a receiver, as in fig. 6, and the exhaustion made as per¬ 
fect as possible; in which case it will continue to revolve for a considerable 
time. 

A simple or compound magnet is put into rapid rotation in a similar way, 
being previously mounted on a ring of lead; besides straight bars, a compound 
magnet was employed for this purpose, having its extremities turned up in a 
perpendicular direction for about an inch, as in c d } fig. 7? and occasionally a 
circular disc of magnetised steel, fig. 5. The former has its point of support 
fixed in a transverse bar of brass a b , fig. 7, which projects in a circular hole 
drilled through the centre of the bars.* 

6. When it became necessary to measure with great precision the rapidity 
of rotation, the machine represented in fig. 3 & 8 was employed. It consists 
of a metallic disc M kept in motion by a delicate train of wheels and pinions 
p p. The rapidity of the rotation being accurately measured by an index x 9 
moving on a small circle divided into twenty parts. The weight W, fig. 3, 
which by its descent keeps up the rotation, falls in a tall narrow receiver r r\ 
supported against the under surface of the pump-plate. 

A circular hole is drilled at s' through the plate for the silk cord to pass, 
from the pulley at y ; by means of this hole also, the receiver r r x is exposed 
to the action of the pump. The machine is wound up and set in motion by 
means of the brass rod n e, fig. 3, already described (4), without disturbing the 
state of the exhaustion; the extremity of the rod being formed into a key. 

The revolving disc is screened by glass or any other substance, over which 

* This method of obtaining a rapid rotation m an exhausted receiver, suggested itself on perusing 
die account of Mr. Serson’s horizontal speculum in the Royal Society's Transactions. 
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is placed a graduated circle of fine milled board, sustained in a light circular 
ring of wood. The screen and ring are moveable with friction in a hollow 
cylinder of glass s s £ fig. 3, so as to be adjusted at any required altitude. 

7* The receivers employed to inclose these various bodies are for the most 
part such as are represented in fig. 1, 3 & 6 ; they have an open neck at B 
ground to a flat surface which admits of the altitude being increased by the 
addition of a second narrow receiver B D: this last is also ground flat at the 
point of union; thus, by the aid of a little grease, an air-tight joint is easily 
obtained in the usual way. The upper receiver B D is either closed above, 
or open, with a ground flat rim in order to apply a brass plate D carrying a 
brass rod t in an air-tight collar. The rod t is for the convenience of raising 
or depressing light discs or needles suspended in the receiver below: these 
receivers vary from eight to forty inches in altitude, and from one to three 
inches in diameter; so that the filament of silk for suspension may, when re¬ 
quired, be upwards of four feet in length. 

8. The substances exposed to the influence of the revolving bodies are 
formed into light needles or bars, or otherwise into flat circular rings, fig. 9, 
and are either suspended or nicely balanced on points. For the purpose of 
retaining them at rest until the exhaustion is complete, and when the stop e, 
fig. 2, already explained (4) cannot be used, there is an angular lever Z, fig. 3, 
which passes in an air-tight collar through the side of the receiver, carrying at 
its extremity a common reed s, which being tubular is easily fixed on it; hence 
it can be extended at pleasure. 

9. The following are the results of some experiments with the apparatus 
above described. 

(a) A circular disc of copper being put into rotation at the rate of 500 revo¬ 
lutions in a minute, was left unscreened under a receiver, and a fine reed sus¬ 
pended over it by a filament of silk ; the reed was retained at rest, until the 
exhaustion was completed to within 0.4 of an inch of a good barometer, when it 
was set free. The reed rotated freely at any distance at which it could be 
placed from the revolving disc, and which at the greatest amounted to eight 
inches. The motion of the reed diminished with the rapidity of the rotation 
of the disc and with the torsion of the silk; but its motion could be again 
restored by admitting a small quantity of air into the receiver. 
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(b) In a tall receiver of about two feet high a reed similarly placed rotated 
at a distance of eighteen inches from the revolving disc, when the exhaustion 
was within six inches; but it remained at rest at a foot distance, when the 
exhaustion was carried to within 0.4 of an inch. 

(c) The rotating disc being screened by a thin plate of glass or varnished 
paper fitted close upon a short hollow cylinder of glass or wood, the reed 
remained at rest, although placed within one fifth of an inch of the screen. 

(i d) A cylindrical magnetic bar revolved rapidly in an exhausted medium, 
when within one fifth of an inch distance from the disc; but only deviated 
from the meridian 40 or 50 degrees when the screen above mentioned was in¬ 
terposed. The disc in this experiment revolved at the rate of 400 revolutions 
in the minute. 

(e) Needles of glass, w r ood, and metallic substances not permanently mag¬ 
netic, remained at rest when the rotation exceeded 600 revolutions in a minute, 
whether suspended by filaments of silk, or otherwise placed on points and sup¬ 
ported on the glass screen. When the rotation exceeded 1000 revolutions in 
a minute, and the exhaustion was inconsiderable, they were sometimes slightly 
moved. 

(/) Rotating magnetic discs and bars induced motion in metallic discs 
freely suspended at one fifth of an inch distance, when their thickness was 
about four times as great as ordinary tinfoil, and when the rotation exceeded 500 
revolutions in a minute ; the rotating body being screened by any intervening 
substance except iron, which last, as already observed by Mr. Herschel and 
Mr. Babbage, completely intercepted the effect *. But light discs of wood and 
paper, and discs of paper covered with silver or gold leaf, remained at rest when 
within s%ths of an inch distance from the rotating body. 

(g) A disc of iron or tempered steel did not communicate motion to any 

* Philosophical Transactions of the Royal Society for 1825. 

Although a sheet or two of tinned iron completely intercepts the influence of a revolving magnet on 
metallic discs generally, it does not appear to do so when the disc acted on is also of iron. I found, 
however, that a screen of sheet iron of about one fourth of an inch thick materially diminished the in¬ 
fluence even on an iron disc, so that the rotation of an iron disc by the influence of a revolving magnet 
is reduced nearly to that of a copper disc of the same dimensions when the iron screen is not present. 
This curious effect of screens may possibly lead to some further elucidation of the nature of magnetic 
influence. 
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substance not permanently magnetic; nor could motion be induced by the 
action of such substances on each ©tber, however near they could be placed 
with an intervening screen; although the rapidity of the rotating body was 
caused to exceed 1000 revolutions in a minute. 

(h) A needle of soft iron was not influenced by a copper disc revolving at 
the rate of 600 times in a minute; but rotated freely when surrounded by a 
helix transmitting an electro-magnetic current. 

(i) A disc of tempered steel not magnetic, after simple contact with a power¬ 
ful magnet acquired sufficient force to induce motion in metallic rings. 

(k) A needle of tempered steel was not influenced by a rotating disc of soft 
iron at the distance of one fifth of an inch, and revolving at the rate of 600 
times in a minute, but the needle revolved rapidly after simple contact 
with a magnet. 

(/) Magnetic needles delicately mounted on an horizontal axis so as to admit 
of motion in a vertical plane, remained at rest when the axis was perpendicular 
to the radius of the revolving disc ; but the needles appeared to be carried in 
the direction of its motion when the axis was turned in the same plane. 

10. The above facts seem to show very clearly, that the presence of permanent 
magnetism, and a susceptibility of magnetic induction are essential conditions 
in the phenomena of rotation hitherto observed : at least this deduction is fair 
for all distances between the bodies at which they can be well placed with an 
intervening screen: without a screen it seems extremely difficult ever to arrive 
at a satisfactory result; since even in a very rare medium (Exp ts ( a ), ( b ), (c), 
( d )) vortices are produced by the action of a rapidly revolving body, although 
with perfectly rounded and smooth edges, capable of carrying round light sub¬ 
stances ; and although separated from such substances by a considerable in¬ 
terval. So far therefore as this method of examining the influence which bodies 
not permanently magnetic can exert on each other extends, it seems not sus¬ 
ceptible of the requisite precision; and is, therefore, in a great degree inade¬ 
quate to detect any very minute and delicate force, which can be supposed to 
arise from such an influence. 

11. The law according to which metallic or other discs in a state of rotation 
influence a permanent magnet seems to be directly as the rapidity of the rota¬ 
tion, and inversely as the squares of the distances between the attracting 
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bodies: at least for such distances as can be conveniently resorted to with an 
intervening screen. In order to investigate this, I resorted to the machine 
already described (6) and represented in fig. 3 & 8. By a few previous trials 
such weights were found as might in a short time impart to the rotating disc 
the respective velocities of 178.5, 357 and 714 revolutions in a minute; which 
numbers are to each other as the numbers 1, 2, 4: and by means of the index 
and graduated circle x, fig. 3 & 8, the deflections of a magnet could be taken 
when these velocities were attained. This point was determined by means of 
a valuable chronometer of a peculiar description which my friend Lieut.-Col. 
H. Smith, F.R.S. was so good as to lend me for the purpose; it can be set 
going, and stopped again at pleasure, and is capable of registering an observa¬ 
tion to the eVth part of a second. As the graduated circle is divided into 
twenty parts, it is presumed that the rate of motion can in this way be ascer¬ 
tained with sufficient accuracy; and thus any little acceleration caused by the 
descending weight is not of consequence. 

12. A magnetic bar being suspended as in fig. 3, was in the first place 
accurately adjusted at the point of contact to the plane of the body intended 
to be put in motion, and which consisted of a flat ring of copper of an inch 
wide, and about 0.05 of an inch thick. The bar was then raised from the ring 
through a distance equal to five turns of a micrometer-screw at D, each turn of 
the screw being equal to the ^th of an inch : the screen s was then interposed, 
and the whole covered by a receiver, and exhausted. 

(n) The machine being set in motion, the deviation of the bar amounted to 
24° when the velocity was 357 revolutions in a minute: on increasing the velo¬ 
city to 714 revolutions in a minute, or double the former, it amounted to 56°. 
The exhaustion in these experiments was carried to within 0.5 of an inch. 
Taking the sines of the angles of deviation as a measure of the force urging the 
bar, we have the respective numbers .829038 and .406737, which are very nearly 
in the same ratio as the respective velocities; that is to say as 2:1. 

(o) The bar being adjusted to within a distance of the ring equal to four 
turns of the screw, the deviation of the needle amounted to 38° when the velo¬ 
city was 357 revolutions in a minute: on raising the bar by four additional 
turns of the screw, the deviation decreased to 9°. Taking the sines of these 
angles as before, we have for the corresponding distances, the numbers .615661 
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and .156434, which may be considered as very nearly in the inverse ratio of 
the squares of the respective distances. 

In the following Table are given the deviations of the bar, corresponding to 
other distances and velocities. 


Table I. 


(A) (B) (C) 


Velocity of rotation 

178.5 

| Velocity of rotation, 357. 

1 Velocity of rotation, 714. 

Distance 
in turns of 
Mic r -Screw. 

Angle of 
Deviation. 

Sine of 
Deviation. 

Distance 
! in turns of 
i Mic r -Screw. 

Angle of 
Deviation. 

Sine of 
Deviation. 

Distance 
in turns of 
Mic r -Screw 

Angle of 
Deviation. 

Sine of 
Deviation. 

4 

o 

18 

.309017 

4 

o 

38 

.615661 


o 


5 

12 

.207912 

; 5 

24 

.406737 

5 

56 

.829038 




i 6 

16 

.275637 ! 




8 

4.5 

.07845 9 

| 8 

9 

.156434 | 

1 



10 

3 

.052336 

! io 

6 

.104528 

| 10 

12 

.207912 


It appears by the above Table, that the influence of the ring is directly as 
the rapidity of the motion, and inversely as the squares of the distances: we 
observe a little discrepancy in some of the numbers, but the general agree¬ 
ment is very close and remarkable. A complete agreement cannot be expected; 
for supposing even the most perfect manipulation, there will always arise in 
experiments of this kind many causes which disturb a numerical identity*. 

13. Being desirous to extend these inquiries concerning the transient mag¬ 
netic state, of which various substances appear to be susceptible, I subsequently 
laid aside the rotating discs, as a means of detecting these minute forces for 
the no less refined, and perhaps still less exceptionable method of a vibrating 
bar; since what is termed the magnetism of rotation, seems in fact to be 

* In estimating the distance between the surfaces of the attracting bodies, the revolving disc was 
purposely made as thm as possible, so as to admit of its being considered without any sensible thick¬ 
ness. With respect to the magnet, the foregoing experiments with screens clearly show, that an inter¬ 
vening ferruginous mass completely mtercepts the attractive force upon non-ferrugmous substances. 
If any portion of the bar beneath the surface contiguous to the revolving body be supposed to operate 
upon the ring, such portion must necessarily act through the intervening iron; which it cannot do 
(Exp./) (11). This view seems to derive much confirmation from experiment, since on vibrating an 
extremely thin needle of sheet steel over a metallic disc, the comparative results do not vary from 
those obtained by means of a bar of half an inch thick. 

L 2 
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nothing more than the presence of a temporary magnetic development induced 
in successive points of a body by the action of a permanent magnet, the body 
being supposed in motion. If the body therefore be at rest, this development 
will restrain the motion of a bar vibrating near it, and so diminish the ampli¬ 
tude of its oscillations; and thus by determining the number of vibrations per¬ 
formed in a given arc, we may from thence arrive at a comparative value of 
the force in action. 

To this effect the bar already mentioned (12) was suspended, and exposed to 
the influence of different substances, in the following manner. 

Two perpendicular rods of glass r r, r' r', fig. 1, furnished with foot- and cap- 
pieces are fixed in a solid block of mahogany r r, fig. 1 ; these rods by the in¬ 
tervention of a short wood cylinder /, and two horizontal rods, also of glass, 
rl, rl, sustain a glass tube tf which slides with friction through the cylinder. 
This tube is furnished with a cap-piece at t , through which passes a brass rod : 
the magnetic bar is suspended from this rod by a filament of silk, and is finally 
raised or depressed to the required altitude by a micrometer-screw at t : the 
altitude of the glass tube l being previously fixed. The centre of the maho¬ 
gany block is hollowed into a cylindrical cavity as represented in fig. 10, and 
is firmly fixed upon the pump-plate by means of the screw and shoulder pro¬ 
jecting through the brass collars (4). Its outer part is also depressed, leaving 
a cylindrical projection of about one fourth of an inch deep, 4./ inches diameter, 
and 1.25 inch wide. 

The graduated circle of stout card-board D already mentioned (6) slides 
with friction between the glass rods, so as to be easily adjusted at any given 
point. The bar is retained at the given angle from its meridian, and again set 
free, when the exhaustion is sufficiently complete, by means of the lever and 
double stop before explained (4), and which moves in the interior circular 
cavity of the block, fig. 10. 

This method of arresting the bar seems to be of some consequence to 
the experiment; for if one pole only be checked, the force operating on the 
other, will for an obvious reason, give the bar a swinging motion, which is very 
undesirable, but which is here effectually prevented ; so that when set free it 
will appear to oscillate as if mounted on a fixed centre. The checks by which 
the bar is thus arrested, are so contrived as to be independent of each other, 
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and are moveable with friction in a small tube of brass as at ss , figs. 2 and 10, 
and may consequently be adjusted with great nicety. The tube in which the 
checks are fixed is sustained in a horizontal direction in the extremity of the 
rod, which passes into the receiver through the centre of the pump-plate. 

14. The substances to be submitted to experiment, are formed info rings as 
at R, fig. 11; in these the bar is caused to oscillate. Each ring is about one 
inch in height, of any convenient thickness, and 4.75 inches interior dia¬ 
meter, so as to admit of its being accurately adjusted on the cylindrical 
shoulder of the circular base, fig. 10. 

15. In applying the method of an oscillating bar to the investigation of 
minute and transient magnetic forces, it seems essential to keep in view the 
following interesting tact; viz. the influence of bodies, not susceptible of per¬ 
manent polarity, on the state of oscillation is such, that the amplitude of the 
vibrations only is diminished, not their duration: that is to say, whether a 
bar vibrate in free space, or otherwise near plates, or in rings of these sub¬ 
stances, still the number of oscillations in a given time, considered as a unit of 
time, does not vary, although the bar is sooner brought to reskwhen under the 
influence of such bodies, than when freed from them, whatever substance be 
employed, and at whatever distance the influence be exerted. 

This fact seems materially to distinguish the peculiar influence of non-mag- 
netic substances, from a case of permanent polarity ; by which last, an oscil¬ 
lating bar is not only brought to rest in less time, but the rate of vibration is 
very sensibly increased. We cannot therefore, as in the latter instance, resort 
to the common law of pendulums, and take the square of the number of oscil¬ 
lations performed in a given time as a measure of the force in action, since 
the time of each oscillation does not sensibly vary; we must therefore adopt 
some other method. 

16. In order to arrive at a comparative value of the influence of any sub¬ 
stance on a vibrating bar, I have been led to employ the following for¬ 
mula, — l^r, which seems to apply in a very remarkable manner to 

the results of experiment; in which a represents the number of oscillations 
in a given arc in free space, b the number in the same arc, when exposed to the 
influence of a substance not permanently magnetic, and r the retarding force 
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by which the bar tends to rest in free space; the oscillations being supposed 
to take place in an exhausted receiver. Thus, if in free space 420 oscil¬ 
lations are performed before the arc of vibration is reduced from 45° to 10®, 
and the number of vibrations in the same arc, are 30 and 20 respectively, 
when the bar vibrates under the influence of two given substances taken in 
succession, and whose magnetic energies we propose to compare with each 

other; then the energy of the one may be expressed by — 1^ r, and that 

of the other by — 1^ r ; that is to say, their energies will be to each 
other as 13 :20 * 

17- Previously to examining the susceptibility of substances generally to 
magnetic influence, the number of vibrations was first determined between 
45° and 10° in air, under a glass-shade; then the number in the same arc 
also in air, when the bar was surrounded by a ring of wood of one fifth of an 
inch thick, and an inch deep; each pole being *%ths of an inch distant from 
the interior of the ring: this being carefully ascertained, the same was repeated 
in an exhausted receiver; the results are as follow: 


Table II. 


| Number of Vibrations from 45° to 10°. 

| In air. 

In exhausted receiver. 

Vibrations 
in space. 

Vibrations in 
ring of wood. 

Vibrations 
in space. 

Vibrations in 
ring of wood 

232 

210 

420 

308 


It may be seen in this experiment that the ring of wood exerted a very 
sensible retarding power on the vibrations of the bar, which is more apparent 
when the impediment to motion arising from a resisting medium is removed. 
I submitted to experiment in this way, in a pneumatic vacuum, a few rings of 

* A magnetic bar whilst vibrating under the influence of any substance, must be considered to be 
operated on by two retarding forces; one by which it would be eventually brought to rest, supposing 
the given substance away ; and another resulting from induction. The number of vibrations m a 
given arc, or their differences, therefore do not seem to be a measure of the latter force, since some 
portion of the former will always enter into the result of the experiment. 
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different substances similar to the above* and found their influence on the 
vibrations very decided* although the differences in their respective magnetic 
energies was not very apparent. The substances tried, with the respective 
number of vibrations* and their comparative energies as deduced from the for¬ 
mula* are given in the ensuing Table. 


Table III. 


Substances. 

Vibrations from 45° 
to IQP. 

Comparative energies 
as deduced from 
formula. 

Distilled water, temp. 1 
20 ° Fa hr. J 

330 

0.27 

Honduras mahogany . .. 

308 

0.36 

Statuary marble ... 

306 

0.37 

Freestone. 

308 

0.36 

Annealed glass, -rV-inchl 
thick ... .. J 

310 

0.35 


18. By employing the above substances in larger masses* the effect on the 
bar seemed to be greatly increased: although the difference in the compa¬ 
rative energies of wood and marble, the only two substances which I had an 
opportunity of trying, is still not very great. In the following Table are given 
the results of some experiments with a ring of statuary marble of l.?5 inch 
thick, and with a similar ring of Honduras mahogany* as compared with the 
influence of two rings of the same substances of only one fifth of an inch in 
thickness. 


Table IV. 


Substances. 

Wood. 

Marble. 

Thickness of ring in inches .... 

0.2 

1.75 

0.2 

1.75 

Vibrations from 45° to 10° .. 

308 

280 

306 

265 

Ratio of magnetic influence as 1 
deduced from formula .... j 

0.36 

0.50 

0.35 

0.59 


19. The influence of the substances being observed to depend in great 
















80 


ME. HARRIS ON THE TRANSIENT MAGNETIC STATE 


measure on the mass, it seemed of consequence to ascertain how far the energy 
might vary with the density. Several kinds of wood therefore of the above 
dimensions were subjected to experiment, whose specific gravities greatly 
varied; but there did not appear, after many trials, any perceptible difference 
on 280 vibrations. The woods tried were, Lignum Vitae, Yellow Pine, African 
Oak, Honduras Mahogany, and Teak. All these reduced the vibrations of 
the bar from 420, the number performed in free space, to 280, the number 
performed when surrounded by the wood; the vibrations being taken from 
45° to 10°, in an exhausted receiver. 

20. I endeavoured to detect the magnetic energy of fluid bodies by vibrating 
the bar in an exhausted receiver, with its poles within the -*Vth of an inch of 
the glass; the receiver being surrounded at that part opposite the pole of the 
magnet by the particular fluid, the subject of experiment. In this case the 
fluid was retained in its situation by means of an external check of glass ground 
to a glass-plate, on which the whole was sustained; the plate being supported 
on a ring of glass placed over and in connection with the pump-plate below; 
and the surfaces of contact ground, so as to fit air-tight. I failed however 
in arriving at any decided result; the amount of the retardation with sul¬ 
phuric acid, for example, not appearing greater than was fairly attributable to 
the influence of the glass alone: even a saturated solution of sulphate of iron 
did not seem to exert in this way any sensible influence. By means of a very 
great number of vibrations, and a powerful bar, however, the energy of fluids, 
if such exist, might possibly become appreciable. 

21. The inductive influence on metallic bodies being the most decisive, 
they are perhaps better adapted to the purposes of experiments relating to the 
influence of mass and density, or to the law according to which the inductive 
effect increases, as the distance from the magnet decreases, than any other 
kind of substance. Before examining, therefore, the comparative energies of 
various metals, I endeavoured to arrive at some further conclusions in this 
interesting part of the inquiry. In order to examine the comparative energies 
when the quantity of matter was varied, twelve concentric rings of copper 
were employed similar to the former ring of wood ( 17 ), except in thickness, 
which amounted to .025 of an inch: these rings were turned up with suffi¬ 
cient accuracy, and fitted very fair and close one within the other. Hie num- 
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her of vibrations was first determined in the interior ring alone* after which a 
second was added, and the nnmber of vibrations again determined, and so on 
to eight rings; when the increased effect became almost inappreciable. 


Table V. 


Number of 1 
rings .... ] 

1 

2 

3 

4 

5 

6 

7 

8 

Vibrations .... 

44 

30 

24 

21 

19+ | 

17 

16 + 

16 

Ratio of force. 

8.54 

13 

16.5 

19 

21 + 

23 

24+ 

25 


The increments in the effect on the bar appear by the above Table conti¬ 
nually to decrease, so that after a certain number of laminae they seem to be no 
longer appreciable; hence the numbers expressing the comparative energies 
would become at last equal, and such was found to be the case, the number of 
vibrations with twelve rings being no greater than with ten*. 

22, The quantity of matter in the foregoing experiment being actually di¬ 
vided into concentric rings, I endeavoured to ascertain how far the above results 
depended on the sum of the whole, or of any number of them; with this .view 
the number of vibrations was determined for each ring, when opposed to the 
bar in the same relative situation which it occupied in the mass, so as to ob¬ 
tain the separate effect due to any particular ring. These separated results 
were as follow. 

* It is not improbable that some principle of this kind is the immediate cause of the curious re¬ 
sult arrived at by Professor Barlow in the course of his magnetic inquiries; who observed that a 
hollow sphere of iron exerted the same influence on a compass needle, as if it were a solid mass. If 
we consider the sphere to be made up of concentric laminae, then, by the foregoing experiment, the 
number of laminae equivalent to exhaust the inductive energy of a small compass needle, will, espe¬ 
cially in iron, (11) (Exp. f note,) be very few : consequently, all the interior may be removed. This 
is likewise consistent with a subsequent observation of the same distinguished philosopher; a certain 
depth of metal being found necessary. If the experiment were accurately tried, it is probable that 
die depth of metal requisite, would vary with the force of the compass bar; although for small needles 
the differences are so inconsiderable as not to be appreciable. For very powerful magnets, however, 
some further quantity of metal would be required; but, perhaps, in no instance could we employ a 
magnet of sufficient power to influence die whole mass of a solid iron sphere of large dimensions, 
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Table VI. 


No. of the ring 

let 

Sod 

3rd 

4th 

5th 

6 th 

7tb 

8 th 

Vibrations.... 

44 

76 

94 

124 

148 

166 

186 

216 

Ratio of force. 

8.54 

4.52 

3.45 

2.38 

1.83 

1.53 

1.25 

1.0 


In comparing the above numbers with those in the preceding Table* the 
energy of any number of rings* taken together* appears to be very nearly the 
sum of the same rings* taken separately* and is a curious deduction by the 
formula above given (16). Thus the energy of three rings combined is by 
the preceding Table 16.5* which is about the aggregate amount of the first* 
second* and third* as deduced above* and so on. It is true that some of the 
other numbers are not in such complete accordance as in this instance* but the 
approximation is nevertheless very remarkable. The intervening rings do not 
therefore intercept any very sensible portion of the inductive influence of the 
bar; a result quite consistent with what is observed in the case of rotating 
discs, when covered with non-ferruginous screens; and with this further con¬ 
dition* that whilst the inductive energy thus penetrates the intervening metal* 
it disturbs at the same time its magnetic distribution. 

23. The foregoing deductions were verified by combining a few rings not 
immediately successive* so as to leave an interval between them. The results 
are as follow. 

Table VII. 


Rings combined . 

1 st+4th 

4 th 4-8th 

lst-j-4th+8th 

Vibrations. 

-37 

100 

+ 33 

Force.. 

11.3 

3.2 

-11.7 


In these, as in the foregoing instances* it may be perceived, on comparing 
the actual observation* as given in this Table* with the values of the respective 
rings in the preceding one* that the numerical approximations are very close. 
The energy of any ring therefore may be estimated by subtracting from the 
aggregate effect, the sum of the others with which it is combined. 

24. It would not be difficult* from the above investigation* to arrive at some 
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general conclusions as to the precise ratio in which the energy increases with 
the separate quantities of matter, and decreases with the distance; since both 
are involved in the experimental results. In the following Table is given the 
observed effect of each separate ring, as compared with the corresponding effect 
deduced by calculation from the first experiment, on the supposition that the 
energy is directly as the quantity of matter, and inversely as the squares of the 
respective distances; and it will be seen that the differences are not greater 
than may, from the somewhat complicated nature of the experiment, be ex¬ 
pected. 

Table VIII. 


Rings . 

No. 1. 

No. 2. 

No. 3. 

No 4. 

No. 5. 

No 6. 

No. 7. 

No. 8. 

Energy by cal-1 
culation .. .. J 


4.5 

3.05 

2.19 

1.65 

1.28 

1.04 

0.84 

Observed energy 

8.54 

4.52 

3.45 

2.38 

1.83 1 

1.25 

1.25 

1.0 


25. There appears reason therefore to conclude, as a general principle, that 
the transient magnetic energy of any substance, not supposed to contain iron, 
varies in a direct ratio of the quantity of matter within the sphere of the action, 
and in an inverse ratio of the squares of the distances from the magnet; the 
matter being supposed to be condensed into a stratum not having sensible 
thickness, and taken at some mean point of distance within the surface, 
where the sum of the forces may be imagined to produce the same effect as if 
exerted from every part of the mass; and the respective distances estimated 
between this mean distance and the opposed surface of the magnet*. 

26. It is a consequence almost necessarily resulting from the foregoing in¬ 
vestigation, that, supposing all other circumstances alike, the energy of the 
same substance is directly as its density, although such did not actually appear 
in the foregoing experiments with various species of wood (25); but this may 
be readily supposed to arise from the circumstance, that the energy of wood is 

* The reason why such should be the case for the magnet has been already given (12): it is 
equally applicable when the energy of the extremities only is supposed to be exerted: and it may 
be further observed, that although on either of the sides of a magnetic bar, the point of greatest at¬ 
traction of that particular side seems to fall (a little) within the extremity, yet the maximum of force 
of every common bar will be found invariably on the surface, terminating the extreme ends. 

M 2 




84 


MR. HARRIS ON THE TRANSIENT MAGNETIC STATE 


altogether too feeble to admit of such differences becoming appreciable by the 
means employed. In metallic bodies, however, the fact appears to be very de¬ 
cided ; thus, in three specimens of copper, whose dimensions were very nearly 
the same, but whose specific gravities varied, the resulting energies were ob¬ 
served to be the greatest in those which had the greatest specific gravity; as 
for example, when the specific gravities were to each other as 8*30 to 8.40, the 
resulting number of vibrations amounted in the one instance to twelve, in the 
other to fifteen. To obtain more than rough approximations to the precise 
law by this method, would be extremely difficult, since the metals, as it is 
evident, should be procured in a state of great purity, and the dimensions, 
previously to taking the specific gravities, adjusted with an accuracy which 
only the most refined workmanship can effect; there is however little doubt, 
if the experiment could be accurately tried, that the energy of the same 
metallic substance would, as a general result, be in the direct ratio of its 
density. 

27* It is of importance therefore, in estimating the comparative magnetic 
influence of metals, to take into account their density; without which the 
inquiry might prove unsatisfactory. The energies of various metallic bodies, 
and some few alloys, were estimated by determining the number of vibrations 
of the bar between 45° and 10° in a ring of each; the metal being within 
0.1 of an inch of its poles. The more common metals were cast in a mould, 
and all the rings adjusted to the same dimensions. 

28.1 endeavoured to estimate the energy of mercury at —50° of Fahrenheit, 
by freezing it into a solid ring, of the same dimensions as the preceding, in a 
mould of wood, accurately adjusted for the purpose; but could only obtain 
satisfactorily, as a general result, the place it appeared to hold in the scale of 
magnetic energy. The ring was fully and completely solidified, and the mould 
so constructed as to admit of its interior part being removed, so that the needle 
could oscillate, whilst the metal remained externally enveloped in the freezing 
mixture. The thermometer, previously to removing the interior of the mould 
and adjacent salts, stood at —56°. I had not an opportunity of repeating 
this interesting experiment, which is sufficiently practicable, and seems to pro¬ 
mise the development of some new phenomena in magnetism. The energy 
of mercury in its fluid state, in a vacuum, was examined by inclosing it be- 
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tween two glass circular checks, so as to obtain a ring of nearly the same 
dimensions as the others, subsequently separating the influence due to the 
glass alone. 

29. The place which the following metals appear to occupy in the scale of 
magnetic energy, and their comparative influence, as resulting from this 
investigation, is given in the succeeding Tables. 


Table IX. 


Metals. 

Rolled 

Silver. 

Rolled 

Copper. 

Cast 

Copper. 

Rolled 

Gold. 

Cast 

Zinc. 

Cast 

Tin. 

Cast 

Lead. 

Solid* 

Mercury. 

Cast 

Antimony. 

Fluid 

Mercury. 

Cast 

Bismuth. 

Com para- n 
tive magne- V 
tic energy. J 

39 

29 

20 

16 

10 

6.9 

i 

3.7 

2 . 0 

1.3 

1.0 

6.45 


Table X. 


Alloys. 

Cast Copper and Zinc 
in equal parts. 

Cast Copper and Bis¬ 
muth m equal parts 

Cast Zinc and Bismuth 
in equal parts. 

Comparative j 
energy .. s 

12 

2.3 

1.4 


30. Although considerable pains have been taken to make the foregoing Table 
as perfect as possible, yet it cannot be considered as anything more than a 
useful approximation; there are many conditions peculiar to this inquiry to 
be yet investigated, which seem for the present to preclude the possibility of 
obtaining results quite conclusive. The metals employed were in as great a 
state of purity as they could be obtained in the ordinary way of commerce; 
some of them, more especially the copper, gold, and silver, may be considered 
as very nearly without alloy. 

31. If the preceding investigations are of any importance, they seem to be 
in great measure conclusive, as to the cause of the influence of a rapidly 

* The comparative influence of solid mercury must be taken as a rough approximation; the bar in 
this ring in air, as nearly as could he ascertained, performed about 150 vibrations between 45° and 
10°; whilst, in an analogous ring of rolled copper it performed about fourteen vibrations; m free 
space in air, it performed 232. 
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rotating metallic disc on a freely suspended magnet; whilst at the same time 
they are in accordance with the opinion of M. Arago, that almost every known 
substance can exert an influence on the compass-needle. Every species of 
matter therefore may be considered to be more or less susceptible of a state 
of transient magnetic energy, arising from induction. 

32. The hypothesis advanced by Mr. Herschel and Mr. Babbage in expla¬ 
nation of some of these phenomena is extremely simple, and to a great extent 
very satisfactory; inasmuch as it agrees with all the observed operations of 
magnetic induction, and, as stated by them, supersedes the necessity of ad¬ 
vancing any new hypothesis in magnetism; it is nevertheless considered by 
M. Arago as insufficient*. This celebrated philosopher appears to deny, that 
the limit of the motion produced by any force, which can be supposed to re¬ 
side in the induced poles, even if their existence be admitted, can exceed a 
minute of a degree: whereas, in order to explain the rotation, it should ex¬ 
ceed 90°. It may be observed however, that a ring of metal, copper for ex¬ 
ample, immediately surrounding the poles of the needle, can, as first stated by 
M. Arago, diminish the amplitude of its oscillations, and, as seen in the fore¬ 
going experiments, so fetter its motion, as to reduce the vibrations in a given 
space from 420 to 14. We must therefore necessarily conclude the force in¬ 
duced in each consecutive point of the ring to be very considerable. With 
non-metallic bodies, the force is certainly very much less; but these do not 
fetter the motion of the needle to anything like so great an extent, nor will 
these substances rotate, as far as I can find, by the influence of a magnet 
revolving in an exhausted receiver without sensible vibration, notwithstand¬ 
ing the rapidity of the rotation exceeds 700 revolutions in a minute. 

33. After considering with much attention the hypothesis just alluded to, I 
am led to offer a few additional observations, with a view of extending the 
principle it involves, and which may possibly be useful in further elucidation 
of the perceived effects; whilst, at the same time, they will not be found in 
any way inconsistent with the known laws of magnetic action. 

The facility with which a magnetic development is induced in bodies, may 
be designated by the term “ susceptibility”; the time during which this effect 
of induction remains in them “ retentive power”. These terms have been 
* Edm. Philos. Journal, vol. v. p. 326. 
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already employed by Mr. Babbage and Mr. Herschel, and they are sufficiently 
explanatory. In the case of magnetic energy induced in a body by any of 
the ordinary methods, it may be observed as a general fact, that the energy 
is acquired in somewhat less time than that in which it is again lost. This is 
particularly the case in soft iron rendered magnetic, by an electro-magnetic 
spiral; a simple contact between a magnet and a mass of soft iron will fre¬ 
quently convey to it an attractive force, which it retains for a comparatively 
long space of time. In regard to the susceptibility of different substances, it 
is found to vary considerably; and depends on some peculiar property not yet 
explained; it seems to be in some inverse ratio of their retentive power. Thus 
it is not without difficulty that hardened steel is made permanently magnetic, 
whilst its retentive power is considerable: soft iron, on the contrary, is observed 
to be comparatively feeble in its retentive power, whilst its susceptibility of 
magnetic change is great. It may be hence inferred, that in non-ferruginous 
masses, the mere susceptibility of magnetic change, is in fact also conside¬ 
rable, but then their retentive power is so feeble, that the subsequent attraction 
does not ensue to any great extent. This probably arises from some peculiar 
state of the particles of these substances, which allows what may be termed 
the new magnetic distribution, to tend more rapidly to the previous state of 
neutrality, immediately the tension passes a certain point. In eveiy observed 
instance, however, more time seems necessary to restore perfectly, the original 
state of the body, than was required to disturb it, the former being the result 
of a progressive operation, whilst the latter is effected by a sudden and con¬ 
centrated force. 

34. The attraction, as usually observed, between a magnet and a mass of 
iron, is invariably preceded by this new magnetic distribution in the iron; 
and unless such new distribution can occur, it seems, as in the analogous 
operation of electrical action, that no attractive effect can ensue; indeed 
this is made evident by the repulsive efforts of two similar magnetic poles; 
the repulsion may be conceived to be really the immediate consequence of 
an inductive effort, since an attempt is made to reverse the magnetic dis¬ 
tribution in the opposed bars, which action the already existing polarities re¬ 
sist : when, however, as in the case of opposing either pole of a very powerful 
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magnet to the similar pole of a very weak one, this new distribution can be 
effected, an attractive force immediately follows. 

35. There are some circumstances connected with this curious result of mag¬ 
netic action, which seem to apply immediately to the question under consi¬ 
deration, but which have not been generally observed. If two similar mag¬ 
netic poles of very unequal force be opposed to each other, the greatest repul¬ 
sion, taking into account the difference in distance, will be a little within the 
limit of their action: that is to say, the increments in the repulsive energy are 
comparatively less, as the magnets approach each other: evidently resulting 
from the change which begins to take place in the magnetism of the bars. 
Now if one of the bars be extremely powerful in regard to the other, the new 
distribution in the weaker bar is effected even before the point of contact. The 
precise point at which the existing polarity of the weaker bar becomes changed 
varies with the force of the stronger magnet. This point may be found by 
experiment in the following way. Let a small cylindrical magnet be suspended 
by a silk line from a delicate wheel, whose axis rests on friction rollers; 
and let it be counterpoised by a small weight at the extremity of a short cylin¬ 
drical piece of wood partly immersed in a jar of water. If one pole of a power¬ 
ful bar be now earefully approximated towards the like pole of the suspended 
magnet, by fixing the former in a brass frame carrying a micrometer-screw, 
the latter will be observed to recede from the bar, until the opposed poles 
are within a certain distance of each other; when the repulsion will cease, and 
a weak attractive effect ensue. The cylinder of wood as it becomes gradually 
immersed *, continually furnishes an equivalent to the repulsion, in the quan¬ 
tity of water displaced. 

We do not generally perceive the attractive effect resulting from this induc¬ 
tive action in non-ferruginous masses; for, as already observed, their feeble 
retentive power admits of the magnetic neutrality being more rapidly restored, 
when the tension passes a certain point. So that in fact, the opposite magnetic 
state never becomes sufficiently intense to evince an attractive force, cogni¬ 
zable by the ordinary means. 

* A more detailed account of this experiment may be found in the Transactions of the Royal Society 
of Edinburgh. 
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36. When, therefore, a disc of any substance is put into a state of rotation 
under a suspended magnetic bar, opposite poles are induced in that part of the 
disc immediately under the bar; these induced poles may be supposed to pass on, 
and being retained for a short portion of time, will, if the motion be more rapid 
than the time during which the impression remains, be transferred toward the 
opposite poles of the magnet, and exert upon them a repulsive action up to 
that point of distance (35) at which the poles of the magnet again reverse the 
transient poles impressed on the disc, and substitute opposite poles, to be 
again reversed as before. 

37. Thus if NsSn (fig. 12) be a metallic disc revolving in the direction 
Ns S n under a magnetic bar N S free to move upon a central point C, and 
of which N is the north pole, and S the south, the effect of this rotation will 
be, to impress upon the semicircle Ns S a south polarity, and upon the semi¬ 
circle SnN a north polarity, in consequence of the points sss and nnn having 
passed under the poles N and S. Now if the time required to restore the ori¬ 
ginal magnetic distribution of the plate, be less than that necessary to disturb 
it, these impressed polarities remain for a small portion of time, and hence 
there will always be an attractive force in advance of the poles of the bar, 
and a repulsive force in arrear of them; consequently the bar becomes driven, 
as well as dragged in the direction of the revolving disc by the resolved portion 
of the oblique actions acting for the most part near the extremities. And there 
is little doubt, that any substance in the least degree susceptible of a transient 
magnetic state, might cause a magnet to rotate; provided that the rapidity of 
the motion be greater than the time necessary for the restoration of the original 
magnetic distribution of the body acted on; supposing sucb rapidity of rota¬ 
tion possible. 

38. A rotating disc, therefore, circumstanced as above (37), may be consi¬ 
dered as a circular magnet such as that already mentioned (5), one of the 
semicircles having a north polarity, and the opposite semicircle a south pola¬ 
rity ; and which polarities eventually neutralise each other about one of the 
diameters; the only difference being, that the magnetism of the revolving disc 
is transient, and constantly changing its position; so that the neutral points 
are always near the poles of the suspended bar. The bar therefore by a well- 
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known law of magnetic attraction, will be constantly endeavouring to place 
itself at right angles to the magnetic equator of the disc, whilst the position of 
the latter varies in its turn with the position of the bar: it is in feet owing to 
this circumstance that the bar at length revolves with the disc, as may be in 
great measure seen by substituting for the disc a similar disc of steel made 
permanently magnetic; in which case the suspended bar will not revolve, it 
will be merely put into a state of disturbed vibration. 
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V. On the Nature of Negative and of Imaginary Quantities. 
By Davies Gilbert, Esq. P.R.S. 


Read November 18, 1830. 


I AM desirous of submitting to the Royal Society some observations on the 
nature of what are termed Negative and Imaginary Quantities, tending as I 
hope to clear away the obscurity that has hitherto surrounded them. 

The subject has occupied my attention for many years, and however plain 
and simple may be the results, they have not been obtained without much 
patient investigation; and, in the event of their being found correct, they will 
add one authority more to an observation frequently made, and confirmed by 
extensive experience,—That paradoxes and apparent solecisms, involving them¬ 
selves with facts or with deductions known to be true, may always be found 
near the surface, owing their existence either to ambiguities of expression or 
to the unperceived adoption of some extraneous additions or limitations into 
the compound terms used for definition, which are subsequently taken as con¬ 
stituent parts of their essence. 

The first misapprehension appears to consist in our considering any quan¬ 
tity whatever as negative per se, and without reference to another opposed to 
it, which has previously been established as positive. 

In applying our arithmetic to whatever is continuous, some neutral point or 
zero must be selected, as in time, in space with reference to its three dimen¬ 
sions, in forces, in velocities; and the opposite directions from this point will 
be mutually negative in respect to each other, and must be distinguished by 
appropriate marks or signs. But space to the left is no more essentially nega¬ 
tive than space to the right, nor descent than ascent, nor time past than time 
that is to come. 

I would therefore adopt for the present investigation, and to avoid pre¬ 
viously formed association of ideas, (a) and (b) as marks or signs for prefixing 
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to tiie same quantity taken in opposite directions, rather than the usual ones 
of plus and minus. 

In the next place, I believe that the law of the signs has never been stated 
according to its full generalization. 

In common language, and for ordinary purposes, multiplication is consi¬ 
dered as an abbreviated addition; but it would be a superfluous waste of time 
to demonstrate before this Society that multiplication is always an affair of 
ratios. Length and breadth multiplied together give areas, because an unit of 
length by an unit of breadth has previously been established as the superficial 
unit. Length, width, and depth give solidity for the same reason, and from the 
want of such a preestablished unit, arises the utter absurdity of a question, here¬ 
tofore proposed in various treatises on arithmetic, for multiplying some deno¬ 
mination of coin by itself, and ascertaining the product. 

When a multiplication of two quantities is therefore to be made, unity must 
be understood as the antecedent; but here an extraneous limitation insinuates 
itself unperceived. The common antecedent taken in usual practice is not 
simply an unit, but unity in the scale of («). With this limitation the law of 
the signs is correct, namely that like signs produce (a}, and unlike signs pro¬ 
duce (A). But let unity, the common antecedent, be taken in the scale of (b); 
the law will then immediately change to like signs producing (A), and unlike 
signs producing (a). 

The general rule therefore must be, that like signs give the sign of the 
assumed universal antecedent, and unlike signs the contrary. 

Admitting, therefore^ that both scales are in themselves equally affirmative, 
and that either may be taken as negative to the other, it necessaiily follows 
that by using the scale of (b) } and consequently by assuming the unit of that 
scale as the universal antecedent, all even roots in the scale of (a) will become 
imaginary; and thus the apparent discrimination of the two scales is entirely 
removed: and in the same way, and by varying the signs according to the scale 
in which the universal antecedent is taken, all formulae will become equally 
applicable to both. 

For example: (See plate III.) 

The natural numbers and their logarithms will be expressed for both scales 
by the correlative curves in the following figures, where all ordinates taken 
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continuously above and below the line of die apsides are reciprocal to each 
other; and their product equal to the square of either ordinate at the aero 
point, which, in the position of the curves corresponding to die natural system, 
is when the fluxions of x and y are equal. 

It is obvious from inspecting this figure, that if m be a natural number and 
M its logarithm, both in the scale of (a), and M be taken in the scale of (5), or 

—(a), it will become the logarithm of ~; but M in the scale of (b) is also 

the logarithm of m in the same scale ; and M taken as at first in the scale of 

(a), or — (b), is the logarithm of 

If the two curves are moved on each other, so that the two ordinates mea¬ 
suring 2.302585 in reference to the former unit be made continuous, and that 
length be taken as a new unit, they will then represent the tabular logarithms 
in both scales. 

I flatter myself with having now clearly established the principle, that all 
properties belonging to the scales of (a) and (b) are mutually interchange¬ 
able ; and that consequently imaginary quantities will be found in the even 
roots of either scale, as the universal antecedent is taken in the other. And 
this leads to the question. 

What are imaginary quantities ? 

I answer. Creations merely of arbitrary definition, endowed with properties 
at the pleasure of him that defines them, the whole dispute respecting imagi¬ 
nary quantities turning on the point contested from the earliest times between 
the hostile sects of Realists and Nominalists, descending through Plato, Ari¬ 
stotle and the Stoics, to the Philosophers of Alexandria, and from tbem to the 
Schoolmen, who imbittered their discussions with theological controversy and 
persecution. 

If the conceptions of the mind, all abstractions and generalizations, were 
considered as substantial forms, possessing existences distinct from the intelli¬ 
gences contemplating them; or, as some writers have expressed themselves 
autousia gaudentes, the immutable and eternal, which united to matter 
constitute the universe, nothing could be equally absurd with the supposition 
of impossible or imaginary quantities; but according to the theory now so uni- 
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versaliy prevalent as scarcely to admit of a single exception among aft those 
who make the powers of the human mind the subject of then- peculiar research; 
Classifications, Abstractions, Generalizations are allowed to be mere creatures 
of the reasoning faculty, existing nowhere but in the mind by which they are 
contemplated. To such unsubstantial existences any qualities may be imputed; 
but the only one known or useful in algebra, is the supposed even root of a 
real quantity taken in the scale opposite to that which has given the universal 
antecedent. The sign or mark indicating the extraction impossible to be per¬ 
formed, veils the real quantity, and renders it of no actual value until the sign 
is taken away by an involution, or the reverse of the supposed operation which 
that mark or sign represents, although by its arbitrary essence the quantity so 
veiled is in the mean time made applicable to all the purposes for which real 
quantities are used in all kinds of formulae. 

While therefore the sign of the supposed extraction of a root remains, the 
quantity to which it is prefixed has no more than a potential existence ; hut 
it stands ready to exist in energy whenever that sign is removed. 

Consequently, without experience, it is impossible to know whether an im¬ 
plicit function of such an ideal quantity, will or will not be cleared by deve¬ 
lopment of the symbol indicating the supposed extraction of a root, that is, 
whether any actual value does or does not belong to such a function. 

Subject to the above conditions, namely, that the quantity veiled by the sign 
of a supposed extraction shall be treated in expansions and formulae according 
to the laws applicable to real quantities, and that it shall exist in energy when¬ 
ever an involution has reversed the supposed extraction of an even root,— 

Let (A) be supposed equal to 4 / — 1 ^ ~ 1 to find (A); 

Then, according to the established laws of real quantities arbitrarily extended 
to these that are imaginary, the log. of A = \/ — 1 X log. of s/ — 1 ; but 
by a well known theorem. 


the log. otj- 1 = (j - 1 

++('/“’- M - * (^‘ - „-=?)*>• 


And this series X V — 1 becomes — 2 x § — f + f — f &c. each alternate term 
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vanishing. But 2 — f + f + f — | &c. = the quadrantial arc of a circle to 
radius unity. - - - ~ 

Therefore the log. of A = — quad. arc. 

And A = e ~ '“*• m = 0.2078796. 

Consequently, >/ — 1 ^ 1 is an abbreviated mark or symbol, according to the 
above arbitrary conditions, for the radix of the natural system of logarithms 
raised to a negative power, indicated by the quadrantial arc of a circle to radius 

unity. And in the event of y" — 1 ^ 1 ever occurring in the solution of a 
problem, e ~ quad ’ arc or 2.71828 ~ 1,5708 or 0.2078796 may be substituted for it. 
And this is what practically happens in regard to all expressions apparently 
imaginary, which are found to represent real quantities, as is well known in 
cases of circular arcs and logarithms. These mental abstractions have more¬ 
over extended the bounds of analysis far beyond the utmost limits it could 
otherwise have attained; they have bestowed harmony and simplicity of form 
on its most recondite investigations, and eminently has their use been im¬ 
portant in equations, by resolving them into a number of simple factors equal 
to the dimensions of the equation in its highest term. 

It appears from these considerations, that several ingenious mathematicians 
have taken an incorrect view of ideal quantities, by mistaking incidental pro¬ 
perties for those which constitute their essence; as, for example, when they 
are supposed to be principles of perpendicularity, because they may in some 
cases indicate extension at right angles to the direction here designated by (a) 
and (6), but with an equal degree of propriety might the actually existing 
square root of a quantity be considered as the principle of obliquity; because, 
in certain cases, it indicates the hypothenuse of a right-angled triangle. 

I would here notice an error in reasoning (as it appears to me), fallen into 
by all authors who have endeavoured to explain the mode of arriving at a true 
conclusion respecting the sines and cosines of multiple arcs; which reasoning 
imputes actual properties to ideal quantities, instead of deriving them all from 
mere arbitrary convention. 

Given the sine, and consequently the cosine of an arc, to find the sine and 
cosine of n times that arc: 
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Let z the original arc, v the sine, and^ the cosine, x the cosine of the arc n z, 
then as %: — y :: 1: ^ 1 — y 2 v z = ^y T £y t ^ iere f° re 


x y 

V 1 — x 1 W 1 — y* 

No integration can however be effected of these quantities in their actual form; 
but changing the signs of the terms in both denominators. 


= n.- 


and 


a/ x 9 — i ' a /*/ 3 — i 
the nat. log. of (x -f W — T) = n x the nat. log. of (y + *Sy l — 1) 
and x + Vx 2 —1 = (y + Vy 1 — l) tt = jf 1 -f ny n ~ 1 . */y l — 1 


n — 1 n - 2 




- , Tl — 1 ti — 2 t, 

l+n.-z-.-j-.y 


■ \fy L - l &c. 


But since y is taken as the cosine of the original arc, and x is the cosine of 
the multiple arc, and consequently each less than unity, it is obvious that 
the second term on the left of the equation, and that every even term of the 
expansion on the right, can exist only in the potential form of an ideal quantity; 
and a conclusion has thence been drawn (but as it seems to me on no solid 
principle whatever), that since real and imaginary quantities occur on each 
side of the equation, and they are of a nature completely heterogeneous one 
to the other, each must be respectively equal *, but this mode of reasoning 
clearly imputes qualities to mere symbols beyond those originally imparted to 
them. The double equality, on my principles, depends entirely on its being as¬ 
sumed ; as in the solution of cubic equations. 

When a + b have been substituted for x in the equation a? — qx + r=:0 , 
and it becomes changed into a? + & +(dab — q) Xa + £ + r = 0, two un¬ 
known quantities exist with but one relation; another may therefore be 
assumed; and that which obviously reduces the expression to the most simple 
form is obtained by making 3 a b — q = 0. 

In the same manner x and y, the cosines of two arcs, having but one rela¬ 
tion, admit of another being assumed; any relation might be taken, but the 
one clearly indicated is that which makes the real terms on both sides equal: 
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this assumption leaves the ideal quantities in their actual state without any 
change, and when the sign of an imaginary operation has been removed in the 
usual way, they also become truly equal on each side of the equation, and from 
this double equality, series readily present themselves expressing the sine and 
cosine of the multiple arc required. 

On the whole, it appears to me that mystery and paradox are entirely ba¬ 
nished from the science most powerful in eliciting truth, and where they ought 
least to be found,—by considering all quantity as affirmative per se, and admit¬ 
ting plus and minus only as correlative terms j consequently, by extending the 
law of the signs, so as to make the multiplication of like signs give that of the 
scale in which the universal antecedent has been assumed, and the multiplica¬ 
tion of unlike signs the contrary; and, finally, by excluding all actual exist¬ 
ence, and thereby all inherent properties, from the symbols of quantities veiled 
by the mark indicative of an operation incapable of being performed, but ar¬ 
bitrarily endowing them with the properties of real quantities in all expansions 
and formulae, and with the ultimate quality of regaining their actual existence 
whenever the veil is removed, by an operation the inverse of that which had 
originally induced it. 
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VI. On the probable Electric Origin of all the Phenomena of Terrestrial Mag¬ 
netism ; with an illustrative Experiment. Bp Peter Barlow, Esq. F.R.S. Cor. 
Mem . Inst, of France, of the Imperial Academy of St. Petersburgh , 85 c. 8 $c. 

Read January 27, 1831. 

In order to show the incompatibility of the observed laws of terrestrial mag¬ 
netism with the supposition of the earth itself being- a magnet, and at the same 
time their accordance with the laws which appertain to a body whose mag¬ 
netism is induced by electricity, it will be necessary to take a retrospective 
view of the several discoveries which have been made, connected with these 
subjects, since the commencement of the present century, and particularly 
within the last ten or twelve years. Up to the period of the scientific travels 
of M. Humboldt, it must be admitted that all the facts with which we were 
acquainted, relative to terrestrial magnetism, were a mere collection of obser¬ 
vations and phenomena, uncertain in themselves, unconnected with each other, 
and irreducible to any specific laws; but the confidence inspired by the high 
character of this distinguished traveller, his accuracy of observation, and the 
perfection of his instruments, gave a new feature to the inquiry, and laid the 
foundation of our present knowledge in this science. 

M. Biot was the first to undertake the difficult task of reducing these results 
to some principle of calculation. Considering the earth as a magnet, he 
assumed an indeterminate distance to represent the distance of its two poles ; 
and then, supposing their power to vary inversely as the square of their distance 
from the point on which they acted, (a law which had been already established,) 
he obtained a general expression for the direction of a magnetic needle. He 
then made his indeterminate distance vary; and comparing at every step his 
results with those observed, it was found that the nearer the poles were made 
to approach, the nearer the computed and observed results corresponded; and 
finally, that the errors were reduced to a minimum when the two poles were 
coincident, or indefinitely near to each other. 

o 2 
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This is a highly important determination as it relates to the present inquiry; 
for here we have at once a demonstration that the earth is not a magnet, or at 
least that it does not act according to the laws of a permanent magnetic body, 
the distinguishing characteristic of which is, the existence of two poles, distinct 
and distant from each other; whereas it is shown by this investigation, that in 
the earth these two poles are indefinitely near to each other and to the earth’s 
centre. 

M. Biot’s results, however, in consequence of the generality he had given to 
his first assumption, were involved in a very intricate formula; but in the 
mean time a similar task had been undertaken by M. Kraft, of St. Petersburgh, 
on different principles. This philosopher contented himself with attempting to 
determine empyrically some mathematical formula to connect the different dip 
observations with each other; and he discovered this very simple relation, viz. 
“ That the tangent of the dip of the needle in any place is equal to double the 
tangent of the magnetic latitude of that place.” M. Biot, in consequence of 
this deduction, re-examined his former investigation, and found that his for¬ 
mula after certain reductions, of which he was not before aware it was suscep¬ 
tible, became identical with that of M. Kraft ; and thus the fundamental law 
of terrestrial magnetism was confirmed by two philosophers acting apart and 
independently of each other, and on principles entirely different. It followed 
also from M. Biot’s formulae, that the intensity of the dipping needle ought to 
vary inversely as the square root of 4 minus 3 times the square of the sine of 
the dip; and that of the horizontal needle inversely as the square root of 3 plus 
the square of the secant of the dip: conditions which have since been verified, 
at least approximative^, by observations, extending even to within one or two 
degrees of the pole itself. And these laws, I beg again to repeat, are entirely in¬ 
consistent with those which appertain to a permanent magnetic body, while 
they will be shown, in what follows, to be the fundamental laws of a body 
which receives its transient magnetism by induction. We see thus how it hap¬ 
pened, that those philosophers of the last century, who endeavoured to illus¬ 
trate the laws of terrestrial magnetism by what they called terrellae, or round 
natural magnets, with distinct poles, failed in all their attempts on this sub¬ 
ject to establish any mathematical principle of calculation. 

It has been seen that up to the year 1809, the phenomena of terrestrial mag- 
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netism had resisted every prior attempt to reduce them to the power of ana¬ 
lysis. It will now be necessary to refer to those which relate to the reciprocal 
action of iron bodies and a magnetic needle on each other, which were still 
more uncertain, and apparently more anomalous, than the former. 

In 1819 I undertook this investigation, and, after an extensive series of ex¬ 
periments, I succeeded in reducing this reciprocal action likewise to very 
simple laws, derived empyrically from the results I had obtained, but which 
were obviously only approximative, although the approximation was very close: 
in the course of these experiments also a very remarkable fact was discovered ; 
namely, that all the magnetic power of an iron sphere resides on its surface. 
These first experiments, with the exception of the fact last mentioned, which I 
had not then discovered, were presented to the Royal Society in 1819. I after¬ 
wards extended my first researches, and published the whole in a small tract, 
entitled, “ An Essay on Magnetic Attraction.” 

The simplicity of these results, and particularly the circumstance of the 
magnetic power residing on the surface only of the sphere, led Mr. Charles 
Bonnycastle, (at present mathematical professor in the University of Virginia,) 
to undertake au investigation of the laws which an iron sphere ought to ex¬ 
hibit according to a certain hypothesis relative to induced magnetism ; and he 
succeeded in eliciting most of the formulae I had obtained empyrically from my 
experiments. In the second edition of my Essay, I also examined the subject 
analytically, making a slight alteration in the hypothesis employed by Pro¬ 
fessor Bonnycastle ; and by this means have been enabled to deduce all my 
experimental laws without exception, and to supply the small corrective part 
which was obviously wanted in the several formulae as they were first obtained. 
Since that time, M. Poisson has employed his powerful analysis to investigate 
the subject in all its generality; and I have had the satisfaction of seeing con¬ 
firmed by 'so distinguished a mathematician all my original propositions; and 
an action considered till that time anomalous, reduced to laws nearly as 
general and certain as those which govern the planetary motions. 

The application of these deductions to the present inquiry is important. It 
follows from these laws, that if an iron sphere, such as we have supposed in a 
transient state of magnetic induction, be made to act upon a magnetic needle, 
isolated from the terrestrial magnetism, it will produce in that needle all the 
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phenomena which M. Humboldt observed, and which MM. Biot and Kraft 
reduced to determinate laws of action *; the two poles in this case* as in that, 
being indefinitely near to each other, and to the centre of the sphere. Hence 
then it follows, 

1. That the laws of terrestrial magnetism are inconsistent with those winch 
belong to a permanent magnetic body. 

2. That they are perfectly coincident with those which appertain to a body 
in a transient state of magnetic induction. 

These results were incontrovertible; but an insuperable obstacle seemed 
still to oppose itself to any rational hypothesis relative to the cause of the 
earth’s magnetic power. Up to this period we knew of only one means of in¬ 
ducing magnetism, which was by the approximation of a permanent magnet to 
a ball or mass of simple iron, and one or two other metals: but what body 
could be imagined capable of inducing this power in the earth; particularly as 
the earth preserved its magnetic energy constantly in nearly the same direction, 
whereas its position with regard to any exterior body was hourly changing ? 
Its magnetism could not therefore be induced by any foreign body; and as no 


* The formula indicating the position of a magnetic needle freely suspended from the combined 
action of the earth and an iron sphere upon it, is 

A S cos fl. sin A 

where A is the deflection from the axis of the sphere, <p the complement of the magnetic latitude, 
M the magnetic power of the earth, r the radius of the iron sphere, d the distance of the needle from 
its centre, and C a constant coefficient dependent on the magnetic power of the iron. In this expres¬ 
sion making M vanish according to the above supposition, and substituting £ + V for A> so that 
becomes the complement of the dip, we have 

, , 3 cos p sin ^ 

«»"(»+ 0 = 355 ^— 
which after an easy reduction becomes 

2 tan S f = tan <p, or tan 8 = 2 tan A 

where 8 is the dip, and A the magnetic latitude. By a similar process, calling I and V the intensity of 
the dipping and horizontal needle, we find 


I = 2A and I' = 2 A ^^3 


which are precisely M. Biot’s formulae.—See Essay on Magnetic Attractions, page 195. 
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power in itself could be conceived capable of producing tins effect, the de¬ 
ductions above made, although they would have stood incontrovertible, yet 
the causes of them would have remained inexplicable, but for the important 
discovery of Mr. Oersted, which threw a new light upon magnetic investi¬ 
gations. 

This philosopher discovered that a wire conducting an electric current was, 
during the interval of transmission, in a state of magnetic induction. Such a 
discovery, at such a time, was most fortunate; and not on this point only, but 
on various others, it excited the attention of all the most distinguished philo¬ 
sophers of Europe. The number of interesting facts which were thus elicited 
will always form a prominent feature in the scientific history of the nineteenth 
century, but the greater part of them are unconnected with the present inquiry; 
I shall therefore only refer to one or two, which have an important bearing 
upon the question under investigation. As soon as I was informed of this 
interesting discovery, I was anxious, by experiments as nearly similar, as cir¬ 
cumstances would admit, to those I had adopted with the iron ball, to elicit in 
this case also the laws which govern the reciprocal action of the wire and the 
needle; and after a pretty long series of experiments I arrived at this conclu¬ 
sion, viz.— 

“ That the force of each particle in the wire on each particle of the needle 
varies inversely as the square of the distance, and that the nature of the force 
is tangential, that is, such as would place a needle, neutralized from the earth’s 
magnetism, always at right angles to the direction of the wire, and to the 
direction of the line joining the needle with the centre of action of the wire.” 
This law, with an account of the experiments from which it was derived, was 
read to the Royal Society, May 22nd, 1822, and was afterwards published in 
the second edition of my Essay above referred to. 

While I was thus engaged in endeavouring to elicit the law of action be¬ 
tween the wire and the needle, M. Ampere had entered upon a much more ex¬ 
tensive investigation; that is, not only of the reciprocal action between the wire 
and the needle, but also between different wires and galvanic currents on each 
other. Galvanic needles, both dipping and horizontal, were constructed, which 
possessed all the properties of the usual magnetic needles. The law of action 
of galvanic currents on each other was reduced to that of attraction; and by 
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assuming the magnetism of the needle to be due to an infinite number of gal¬ 
vanic currents parallel to each other and at right angles to the axis, the action 
of needles on each other, of these on galvanic currents, these currents on each 
other, and of the earth itself on each, were all reduced to one general principle, 
admitting of accurate and determinate calculation. 

The view which I had taken of the subject was more limited. Having ob¬ 
tained a law which expressed a particular class of these phenomena, I pro¬ 
ceeded no further; but it was satisfactory to me to find, that as far as these 
extended, the expressions were identical, and that all the observed phenomena 
due to every variety of experiment were equally explicable on the one or the 
other hypothesis. It will not be necessary to enter further into the many beau¬ 
tiful effects which were obtained by the various arrangements of different gal¬ 
vanic conductors. I shall therefore proceed at once to describe the Experi¬ 
ment alluded to in the head of this article, which is intended, if not to prove, 
at least to show the high degree of probability, that all terrestrial magnetic 
phenomena are due only to electricity, and that magnetism, as a distinct 
quality, has no real existence. 

Having, as stated in the preceding part of this paper, discovered that the 
magnetic power of an iron sphere resides only on its surface; having also 
shown that when we suppose the earth’s magnetism to vanish, the fundamental 
laws of terrestrial magnetism are exhibited by this superficial action,—the re¬ 
sulting expressions being identical with those obtained by M. Biot for the 
earth; it occurred to me, by a very natural induction, that if I could distri¬ 
bute over the surface of an artificial globe a series of galvanic currents, in such 
a way that their tangential power should every where give a corresponding 
direction to the needle,—such a globe ought to exhibit, while under electrical 
induction, all the magnetic phenomena of the earth upon a needle freely sus¬ 
pended above it, the needle itself being neutralized from the earth’s mag¬ 
netism, so as to leave it wholly under the influence of this superficial action. 
This idea was put to the test of experiment as follows. 

I procured a wooden globe sixteen inches in diameter, which was made 
hollow for the purpose of reducing its weight; and while still in the lathe, 
grooves were cut to represent an equator, and parallels of latitudes at every 
4|° each way from the equator to the poles; these grooves were about one 
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eighth of an inch deep and broad: and lastly, a groove of the same breadth, 
but of double the depth, was cut like a meridian, from pole to pole, half round. 
These grooves were for the purpose of laying in the wire, which was effected 
thus. The middle of a copper wire, nearly ninety feet long and one-tenth of 
an inch in diameter, was applied to the equatorial groove, so as to meet in the 
transverse meridian; it was then turned down that groove, one end towards 
one pole, the other towards the other pole, as far as the first parallel; it was 
then made to pass round this parallel, returned again along the meridian to 
the next parallel, then passed round this again, and so on till the wire was 
thus led in continuation from pole to pole. 

The length of wire still remaining at each pole was bound with varnished 
silk, to prevent contact, and then returned from each pole along the meridian 
groove to the equator: at this point, each wire being fastened down with 
small staples, the two wires for the remaining five feet were bound together 
to near their common extremity, where they opened, to form two points for 
connecting the poles of a powerful galvanic battery. When this connection 
was made, the wire became of course an electric conductor, and the whole 
surface of the globe was put into a state of transient magnetic induction; and 
consequently, agreeably to the laws of action above described, a neutralized 
needle freely suspended above such a globe, would arrange itself in a plane 
passing from pole to pole through the centre, and take different angles of in¬ 
clination according to its situation between the equator and either pole. 

In order to render the experiment more strongly representative of the actual 
state of the earth, the globe in the state above described was covered by the 
gores of a common globe, which were laid on so as to bring the poles of this 
wire arrangement into the situation of the earth’s magnetic poles, according 
to the best observations we have for this determination. I therefore placed 
them according to the mean results of Sir Edward Parry and Captain Foster 
in latitude 72° N. and 72° S., and on the meridian corresponding with longi¬ 
tude 76° W., by which means the magnetic and true equators cut one another 
in about 14° E. and 166° W. longitude. 

The globe being thus completed*, a delicate needle must be suspended above 

* This glohe was constructed in 1824, and exhibited by Dr. Birkbeck, March 26th of that year, 
at the London Institution. 
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it, neutralized from the effect of the earth’s magnetism, according to the prin¬ 
ciple I employed in my observations on the daily variation, and described in 
the Philosophical Transactions for 1823; by which means it will become en¬ 
tirely under the superficial galvanic arrangement just described. Conceive 
now the globe to be placed so as to bring London into the zenith; then, the two 
ends of the conducting wire being connected with the poles of a powerful bat¬ 
tery*, it will be seen immediately that the needle, which was before indifferent 
to any direction, will have its north end depressed about 70°, as nearly as the 
eye can judge, which is the actual dip in London; it will also be directed 
towards the magnetic poles of this globe, thereby also showing a variation of 
about 24° or 25° to W., as is also the case in London. If now we turn the 
globe about on its support, so as to bring to the zenith places equally distant 
with England from the magnetic pole, we shall find the dip remains the same; 
but the variation will continually change, becoming first zero, and then gra¬ 
dually increasing to the eastward as happens on the earth. If again we turn 
the globe so as to make the pole approach the zenith, the dip will increase, till 
at the pole itself the needle will become perfectly vertical. Making now this 
pole recede, the dip will decrease, till at the equator it vanishes, the needle 
becoming horizontal. Continuing the motion, and approaching the south 
pole, the south end of the needle will be found to dip, increasing continually 
from the equator to the pole. Where it becomes again vertical, but reversed as 
regards its verticality at the north pole. 

Nothing can be expected nor desired to represent more exactly on so small 
a scale all the phenomena of terrestrial magnetism, than does this artificial 
globe: besides, we know from the mathematical laws of action which have 
been referred to, that it is not merely an exhibition of effects, but that if we 
could increase our currents indefinitely, every circumstance of dip and direc¬ 
tion would admit of actual and accurate computation. 

I may therefore, I trust, be allowed to say, that I have proved the existence 
of a force competent to produce all the phenomena of terrestrial magnetism, 
without the aid of any body usually called magnetic, except perhaps it may be 

* My battery consisted of twenty zinc and twenty copper plates, ten inches square; but the expe¬ 
riment may be shown satisfactorily by Sturgxon’s circular battery with about two feet of copper 
and one of zinc. 
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said the small needle employed for exhibiting the effects; and even this, but for 
its necessary minuteness, might be replaced by a galvanic needle on M. Am¬ 
pere’s construction. At the same time, I must beg again to observe, that it 
follows from the laws obtained by M. Biot, that no position of a single magnet, 
nor the arrangement of any numbers of such bodies within the globe, could by 
possibility exhibit the same phenomena, particularly as relates to the intensity 
of the needle. 

I am quite aware that, after all, this does not amount to a demonstration 
that the magnetic phenomena of the earth are produced only by electricity; 
yet seeing as we do, in every operation of natural effects with which we are 
acquainted, that the agents employed are not more numerous than necessary, 
it will perhaps be admitted that I have at least shown the high probability that 
all terrestrial magnetic phenomena are due to some particular modification of 
electricity, and that magnetism, as a distinct quality, has no real existence in 
nature. 

It is true, that as far as the discovery of Mr. Oersted goes, we have no idea 
how such a system of currents can have existence on the earth, because, to 
produce them, we have been obliged to employ a particular arrangement of 
metals, acids, and conductors; but, fortunately, a subsequent step, not less im¬ 
portant than the former, was made by Professor Seebeck of Berlin, who dis¬ 
covered that the mere application of heat to a circuit composed of two metals, 
was competent to produce the same development of galvanic and magnetic 
effects as those above described; and there can be no doubt, that if the con¬ 
ducting wire of the globe I have described, were removed, and each parallel 
made complete in two metals, that all the phenomena it now exhibits by aid 
of the galvanic battery might be represented by the application of heat only. 

The effect of heat is so obvious in the production of magnetic developments, 
that I have seen a rectangular circuit on Professor Seebeck’s principle, con¬ 
structed by Messrs. Watkins and Hill, which, by the momentary application 
of a spirit lamp, became sufficiently magnetic to deflect the needle several de¬ 
grees, and even the minute change of temperature that could be produced by 
contact with the hand, exhibited a sensible effect: this circuit, however, was 
formed of two metals as proposed by Professor Seebeck ; but Mr. Sturgeon of 

p 2 



108 MR. BARLOW ON THE ELECTRIC ORIGIN OF TERRESTRIAL MAGNETISM. 

Woolwich has been enabled to produce a similar effect with a rectangle of 
bismuth only. 

This important discovery of M. Seebeck brings us therefore, as it were, a 
step nearer to our object, by referring us to the sun as the great agent of all 
these phenomena; indeed but one link seems wanted to connect together a 
chain of highly interesting phenomena, and thereby to reduce to simple and 
intelligent principles what has hitherto been considered amongst the most 
mysterious laws of nature. 

P.S. I have not in the above article made any reference to the irregularity 
of the magnetic lines on the earth. I have spoken of the law as deduced by 
M. Biot, as if it answered accurately all the conditions required: it is however 
very well known that there are irregularities which it will not reach, and much 
credit is due to Professor Hansteen for the talent and industry he has ap¬ 
plied in the collection of results, and the reduction of them to principles of cal¬ 
culation. These discrepancies however are by no means opposed to the fore¬ 
going view of the subject, but are, on the contrary, rather favourable fo it; 
for if, as is implied in the preceding remark, the development of terrestrial 
magnetic phenomena be due to the transmission of caloric and inequality of 
temperature, we ought to expect the same kind of irregularities in this action 
as we know to exist in the temperature and climate of places situated geogra¬ 
phically the same. 
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VII, On the Equilibrium of Fluids, and the Figure of a Homogeneous Planet in 
a Fluid State . By James Ivory, A.M. F.R.S. Ins tit. Reg . Sc. Paris. Corresp. 
et Reg. Sc. Got tin. Corresp. 

Read January 13 and 20 , 1831. 


I. Equilibrium of Fluids. 

1. THE nature of the ultimate particles of a fluid, and the peculiar manner 
of their mutual connection, are entirely unknown to us. We conceive that 
they obey the same mechanical laws to which all matter is subject. Experience 
shows that the particles of a fluid move freely among one another, yielding to 
the least pressure in any direction ; and this is the most general property of 
such bodies that has yet been discovered. The perfect mobility of their par¬ 
ticles must therefore, in the present state of our knowledge, be considered as 
constituting the definition of fluid bodies, and as the foundation of all our rea¬ 
soning concerning them. We here confine our attention to a fluid in equili¬ 
brium, or at rest, in which state every particle is pressed equally on all sides. 
It is evident that the mobility of the particles among one another, and their 
readiness to obey any new impulse, is nowise impeded by the magnitude of 
their mutual pressure, since this acts at every point with the same intensity in 
all directions. 

If we set aside the effect of gravity, and of all accelerating forces, it follows, 
from the definition, that the pressure will be equal in all parts of a continuous 
fluid at rest. In this state we must conceive that the particles are equally 
distant, and arranged similarly about every interior point. Their mutual 
distance, it is natural to think, must be connected with the magnitude of 
pressure ; so that when they are more pressed, they will approach one another, 
and the volume will be diminished; and, when they are less pressed, they will 
recede from one another, and the volume will be enlarged. Accordingly it is 
found that no fluid is perfectly incompressible. But in some, such as water 
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and other liquids* a very great external force must be applied to produce an 
almost imperceptible variation of bulk ; while in others, such as air and the 
gases, very notable changes of volume are caused by moderate compression. 
In the investigation of the properties of the first sort of fluids, to which our 
attention is here exclusively directed, we shall throw out of view the very small 
degree of compressibility they possess, and shall suppose them to retain the 
same bulk whatever changes of figure or pressure they may undergo. 

In a fluid in equilibrium, the action of the accelerating forces that urge the 
particles must be counterbalanced by the pressure propagated through the 
mass: to find the relation between these opposite forces must therefore be the 
first object of research. 

2. Assuming three planes intersecting at right angles which, by the co-ordi¬ 
nates drawn to them, ascertain the position of the particles of the fluid, we 
shall suppose two points or particles (x, y , s) and (x -f- & x, y + hy, z -j- hz) 
at the infinitely small distance & s from one another; and we shall put <y for 
the small base of an upright cylinder or prism of the fluid placed between 
the two points, and having & s for its length: then the density of the fluid being 
invariable and represented by unit, and the quantity of matter of the cylinder 
or prism being denoted by dm , we shall have 

dm = a X 

Let all the accelerating forces which act upon the particle {x,y } z) be 
reduced to the directions of the coordinates ; and put X, Y, Z for the sums of 

the reduced forces respectively parallel to x,y,z ; then because ^ are 

the cosines of the angles which the line & s makes with x , ?/, z, the partial forces 

urging the particle in the direction of 5 s, will be X , Y Z and, if 
we put 

/= x K + y !? + z ^ 

the whole accelerating force urging the particle (x, y, z) in the direction of 5 s, 
will be equal to/. Multiply now by the equal quantities dm and »ls, and 
the result will be 


fdm = <y (X £ £ + Ytiy + Zlz)* 
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As the quantities 4 x, ly, 1%, Is, a may be assumed as small as we please, the 
force f may be considered as retaining the same value for all the particles of 
the cylinder or prism; and therefore f dm is the motive force of the cylinder 
or prism, or the effort it makes to move in the direction of 4 s from the point 
(x, y , s) to the point {x + lx,y + ly, % + lz). 

Let p represent the hydrostatic pressure of the fluid at the point (x,y, z). 
This term is used to denote the pressure relatively to the surface pressed: it is 
the whole pressure any surface sustains divided by the extent of surface; or it 
is the actual pressure reduced to the unit of surface. The hydrostatic pressure 
is obviously variable in the different parts of a fluid, the particles of which are 
urged by accelerating forces; and as it can vary only when its point of action 
is changed, it must be a function of the coordinates of that point. The whole 
pressure upon the end of the cylinder or prism at the point (x, y, z) will be 
equal to p X & \ for we may suppose that p undergoes no change in the small 
extent of the surface a : and, in like manner, the whole pressure upon the 
opposite end will be equal to (p + 4p) X <». As the pressures upon the two 
ends act against one another, their effect to move the cylinder or prism in the 
direction of 4 s from the point (x + 4 a?, y + ly, z + l z) to the point {x, y , z) 
will be equal to tip X <u ; and this force, on the supposition that the particles 
of the fluid are at rest, must be equal to /dm, the directly opposite effect 
caused by the accelerating forces. We therefore have this equation for ex¬ 
pressing the non-effect of the equal and opposite forces, viz. 

Ip X a + f d m = 0 : 

and, if we substitute the value of f dm found before, we shall get 

Ip + -}- Yly + Zlz = 0. (1) 

This equation must take place at every point of the mass of fluid without any 
relation being supposed between the variations lx, ly, bz; which condition 
will not be fulfilled unless p be a function of the three independent variables 
x, y, z. We therefore have 
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and, if we substitute this value of hp in the formula (1), the independence of 
the variations will require these three separate equations, 
dp __ v 
dx — ~ A 




From this it appears that the algebraic expressions of the forces are not en¬ 
tirely arbitrary; for they must be equal to the partial differential coefficients 
of a function of three independent variables. By differentiating we shall 
readily obtain the following equations which do not contain the function p> 


dX_d Y rfX __ rfZ <TY dZ 

dy ““ dx y dz dz 9 dz dy’ 


Unless the forces possess these properties, which are the well-known conditions 
of integrability, the equation (1) will not hold in all parts of the mass of fluid, 
and the equilibrium will be impossible. But in the physical questions that 
actually occur, the forces of nature being either attractions or repulsions di¬ 
rected to fixt centres, and proportional to certain functions of the distances 
from those centres, they necessarily fulfil the conditions of integrability. 

The whole of what has been said is succinctly expressed by the two follow¬ 
ing equations, 

<p =y^(X d x -j- Y dy + Z d z), 
p —c - <P, 

Here (p represents a function of three independent variables x, y, z without any 
arbitrary quantity; the constant C required by the integration is necessary 
only in the expression of p. 

3. The hydrostatic pressure at every point of the mass of fluid in equili¬ 
brium, is expressed by the second of the equations (2), viz. 
p = c — <p. 

But at all those parts of the outer surface of the fluid which are unconfined 
and entirely at liberty, there is no pressure ; wherefore we have, for the equa¬ 
tion of all such surfaces, 

9 = C. 
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It may be proper to remark, that although this equation is universally true, 
yet it is no new or independent condition of the equilibrium; it is merely an 
inference from the general expression of the hydrostatic pressure. 

If we assume two points (#, y , z) and (jo + d jo, y + dy , z + d z) indefi¬ 
nitely near one another in a part of the outer surface at liberty, we shall have, 
in consequence of the foregoing equation, 

^ dx + ^ d y + Tz dzz=0 ' 


or, which is the same thing, 

X dx *4“ Y dy -4- JZ d z ~ 0; 

and if ds represent the distance of the two points, we obtain 

x Ts+ y it +z^=o. 


Now y s > j j are the cosines of the angles which the directions of the 

forces make with the line ds; wherefore the expression on the left side of the 
foregoing formula is the sum of the partial forces which act in the direction of 
ds; and as this sum is equal to zero in all positions of the line ds round the 
point (or, y, z), the resultant of the forces produces no effect in the plane touch¬ 
ing the surface, and consequently its whole action is perpendicular to that 
plane. The nature of the case requires further, that the same resultant be 
directed towards the surface of the fluid. 

What has been deduced from the algebraic expressions is evident in another 
view. For, could we suppose that the resultant of the forces is not at every 
point perpendicular to the surface at liberty, it might be resolved into two 
partial forces, one acting in the tangent plane, and the other perpendicular to 
that plane; and as the first force is opposed by no obstacle, it would cause the 
particles to move, which is contrary to the equilibrium. 

If we suppose that p is constant in the general formula of the hydrostatic 
pressure, we shall have an equation, 

<pz=C-p, 

which is exactly similar to that of the surface at liberty, and which will deter¬ 
mine an interior surface at every point of which there is the same intensity of 

Q 
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pressure. By differentiating the equation of the interior surface, we obtain 
Hdx + Ydy + Zdz = 0; 


from which we deduce, by the like reasoning as before, that such surfaces are 
perpendicular to the resultant of the accelerating forces urging the particles 
contained in them. The interior surfaces in question were named level sur¬ 
faces by Clairaut ; and they are distinguished by the two properties of being 
equally pressed at all their points, and of cutting the resultant of the forces at 
right angles. They spread through the mass, and ultimately coincide with 
those parts of the outer surface which are at liberty. It may be observed, that 
what essentially constitutes a level surface is its equation, which must differ 
from the equation of the outer surface at liberty in no respect, except that the 
constant C — p takes the place of the constant C ; for we shall afterwards find 
that, in some cases of the equilibrium of a fluid, the two properties of being 
equally pressed, and of cutting the resultant of the forces at right angles, belong 
to more sets of interior surfaces than one. 

4. In what goes before, we have supposed that the density is constant, but 
it is easy to extend the investigation to heterogeneous fluids. Let § be put for 
the function of the co-ordinates which expresses the variable density; then 
admitting that f has the same value at every point of the small elementary 
cylinder or prism, we shall have 
dm = £ eohs ; 


but,/being the whole accelerating force, urging every particle of dm in the 
direction of l s, we have 


/= x n+ Y i 


!+Zni 


wherefore, 

f dm = f hj (Xfc# + Yly + Zhz). 

The equation expressing that the action of the accelerating forces is equal 
and opposite to the variation of pressure, is the same as before, viz. 


f dm = 0 ; 


and by substituting the value off dm, we deduce 


£p + ?(X&#4-Y&3/ + Z£ aJ )=0. 


(3) 
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This equation must hold at every point of the mass of fluid without any rela¬ 
tion being supposed between the variations, wherefore p must be a function of 
three independent variables; and in consequence the foregoing equation im¬ 
plies the three separate equations following, viz. 

It now appears that the conditions of integrability must be fulfilled, viz. 

d.Q X _ d.gY d.gX d.g Z d.gY _ d.g Z 

dy dx ’ dz dx 9 dz dy * 

and unless the forces possess the properties expressed by these equations, the 
equilibrium will be impossible. 

Without pursuing the investigation in all its generality, we shall confine our 
attention to the case in which 

Xdx -\-Ydy Zdz, 

is an exact differential; a supposition that comprehends all the applications of 
the theory. If we represent the integral of the differential by <p, so that 

d<p = Xdx + Y dy Z dz ; 

and convert the variations of equation (3) into differentials, we shall obtain 
dp + g d p = 0 ; 

and hence 

p = C —f?d<p. (4) 

From this we deduce the equation of those parts of the outer surface which are 
at liberty, by making p = 0; and that of a level surface, by assigning to p 
some constant value. And if we differentiate the same equation (4) on the 
supposition that p is invariable, we shall get 

gd<p =. g(Xdx -\-Ydy + Zdz) 

which differential equation is common to the outer surface at liberty, and to 
ail the interior level surfaces; and from which we deduce by the like reason¬ 
ing as before, that all such surfaces are perpendicular to the resultant of the 
accelerating forces urging the particles contained in them. 

The quantity under the sign of integration in the formula, 

P — C -f 'g dtp. 
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must be an exact differential, for p must be a function of the co-ordinates; 
which condition will not be fulfilled unless § be a function of p. Thus both 
the pressure p and the density § are functions of the same quantity p, and they 
are both invariable where p is constant. The density is therefore the same at 
all the points of any level surface. If we conceive a heterogeneous fluid in 
equilibrium to be divided into thin strata by level surfaces infinitely near one 
another, the density will be the same throughout every stratum, but it will 
vary from one stratum to another. 

5. We have now placed before the reader the general points of the theory of 
the equilibrium of fluids. What has been said comprehends all that can be 
determined when a fluid is conceived to extend indefinitely; but in applying 
the theory to limited masses, it is necessary besides, that the pressures propa¬ 
gated through the interior parts either be supported or mutually balance one 
another. 

In treating of the equilibrium of fluids, another mode of investigation is 
sometimes employed, which it would be improper to pass by without notice, 
as it is useful on many occasions to fix the imagination, although it leads to no 
new results. We allude to the narrow canals supposed to traverse the mass 
in various ways, of which so much use has been made by Clairaut and other 
authors. 

Let two points (o?°, y° , s°) and (pc', jj, z') be assumed in the interior of a 
mass of fluid in equilibrium, and conceive an infinitely narrow canal of any 
figure to pass between them; we may suppose that the whole fluid, except the 
portion within the canal, becomes solid without any change taking place in 
the position of the particles, or in their mutual action upon one another; for, 
as this supposition makes no alteration of the forces urging the particles con¬ 
tained within the canal, these particles will remain at rest after the solidifica¬ 
tion as they were at first. Suppose that the canal is divided into infinitely 
small parts by sections perpendicular to its sides; at any point (x, y, z) let a 
be the section; Is the infinitely small part of the length of the canal; dm the 
quantity of matter in the length h s, that is, the product of the volume and the 
density, or £ X & X and f the sum of all the partial forces that urge the 

particles of dm in the direction of the canal; then, the motive force of dm, or 
its effort to move, will be equal to fUm. Further, p being the hydrostatic 
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pressure at the point (x i y, %), the like pressure at the distance of §s will be 
p + £/?; therefore the opposing pressures which act upon the two ends of the 
part of the canal in the length & s, will be p x &> and (p + $p) x and 
&/? X of will be the effective pressure which pushes dm towards the point 
(r, y, z). Because every part of the canal is supposed at rest, the tendencies 
of dm to move in opposite directions must be equal, and we shall have this 
equation, 

hp X u + f dm = 0 ; 

consequently, 





and by taking the sum of the similar quantities in all the parts of the canal, we 
obtain 




Rut /? being a function of three independent variables, the sum of its variations, 
supposing the flowing quantities to follow any arbitrary law of increase or de¬ 
crease, is equal to the difference of p 1 and p°, the final and initial values of the 
function; wherefore we have 

X'-/ + /^ = o. 

Now f dm, that is the quantity of matter multiplied by the accelerating force, 
is the impulse or pressure in the direction of the canal caused by all the forces 

fd 7U 

urging d m; and as this pressure is exerted on the surface a, is the same 

pressure reduced to the unit of surface. Therefore, whatever be the figure of 
the canal, it follows from the foregoing investigation, that the difference of the 
pressures at its two extremities is equal to the sum of the impulses of all the 
contained molecules of fluid, every impulse being reduced to the direction of 
the canal and to the unit of surface. 

If the extremities of the canal be both in the parts of the outer surface which 
are at liberty, the pressures p ! and p° will be both evanescent, and there will 
be no effort of the fluid either way, and no tendency to run out at one end. 
Further, if a canal be continued through the fluid till it return into itself, the 
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initial and final pressures being the same, the impulses of the molecules in the 
whole circuit will balance one another. But in this case, the reasoning we 
have employed will not be exact, unless />, the algebraic expression of the 
pressure, be such a function as admits of only one value for any three given 
co-ordinates; a restriction however, which, in every point of view, seems in¬ 
dispensable. 

6. The whole theory, it will readily appear from the foregoing investigations, 
is built on the assumption. That the hydrostatic pressure at every point of the 
fluid is the same function of the co-ordinates of the point. The accelerating 
forces are represented by the partial differential coefficients of the ^pressure; 
and therefore they are likewise the same functions of the co-ordinates of their 
point of action in every part of the mass. The whole reasoning rests on these 
fundamental points; and if the state of a fluid were such that they are not 
verified, the equations for determining the required figure could not be formed, 
and the equilibrium would be impossible. As the hydrostatic pressure is known 
only by means of the given accelerating forces, it seems most suitable to em¬ 
ploy the properties of the latter in laying down what is required for the equi¬ 
librium of a mass of fluid. It is necessaiy, and it is sufficient for the equili¬ 
brium of a homogeneous fluid, first, that the accelerating forces acting in the 
directions of the co-ordinates be, in every part of the mass, the same functions 
of the co-ordinates; and, secondly, that these functions possess the conditions 
of integrability. When these two conditions are both fulfilled, the determina¬ 
tion of the figure of equilibrium is reduced to a question purely mathematical. 
For we can form the equation (1) which makes the accelerating forces balance 
the variation of pressure; and, by integrating this equation, we obtain the hy¬ 
drostatic pressure, from which is deduced the equation of all those points at 
which there is no pressure, or in other words, the equation of all those parts 
of the outer surface which are at liberty. Nothing more is required for se¬ 
curing the permanence of the figure of the fluid, except that the pressures pro¬ 
pagated through the mass be either supported or mutually balance one another. 

The conditions for the equilibrium of a homogeneous fluid, as they are here 
laid down, do not enable us in all eases to form immediately the equation of 
the figure of equilibrium. If the particles attract or repel one another, the 
accelerating forces will, for the most part, vary as the fluid changes its form. 
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and they may not be at every point the same functions of the co-ordinates in 
all the figures, of which it is susceptible; but, notwithstanding the equilibrium 
may still be possible, because this indispensable condition may be fulfilled when 
figures of a certain class are induced on the mass. In such cases, the deter¬ 
mination of the equilibrium necessarily requires two distinct researches; of 
which one is to find out what are the particular figures into which the mass 
must be moulded, so as to make the accelerating forces at every point the same 
functions of the co-ordinates. After these figures have been found, we can 
apply to them the equations expressing the conditions of equilibrium, and ac¬ 
complish the mathematical solution of the problem. But if it shall appear that 
no figure whatever capable of fulfilling both the conditions laid down above 
can be induced on the fluid, the equilibrium will be absolutely impossible. 

In the usual exposition of this theory, the equilibrium is made to depend on 
conditions that do not exactly coincide with those at which we have arrived. 
According to Clairaut and all other authors who have written on this sub¬ 
ject, it is necessary, and it is sufficient, for the equilibrium of a homogeneous 
fluid, first, that the expressions of the accelerating forces possess the criterion 
of integrability; secondly, that the resultant of the forces in action at all the 
parts of the outer surface which are at liberty, be directed perpendicularly to¬ 
wards these surfaces. We may throw out of view what regards the criterion 
of integrability, about which there is no difference of opinion, and which in 
reality is always fulfilled by the forces that occur in physical researches. The 
perpendicularity of the forces to the outer surface is a property of the differen¬ 
tial equation of that surface, and will necessarily take place whenever it is pos¬ 
sible to form that equation. Nothing more is required for forming the equa¬ 
tion mentioned, than that the accelerating forces at every point of it be ex¬ 
pressed by the same functions of the co-ordinates of the point.* It follows 

* The forces are perpendicular to every surface in which the pressure is constant. The outer sur¬ 
faces are those at every point of which there is no pressure. In all the questions that have occurred, 
the forces at the outer surface of the fluid are the same functions of the co-ordinates of the point, what¬ 
ever geometrical figure the fluid is supposed to assume j and on this account the equation of the outer 
surface can be formed without reference to any particular class of figures. But this is not sufficient, 
for, according to the fundamental assumption laid down by Clairaut himself, the theory of equilibrium 
cannot be applied, unless the forces be the same functions of the co-ordinates of their point of action 
m every part of the mass. 
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therefore, that the difference between the conditions of equilibrium hitherto 
universally adopted, and those laid down above, amounts to this: according 
to the former it is required that the expressions of the accelerating forces be 
the same functions of the co-ordinates at every point of the outer surface, this 
being all that is necessary for forming the differential equation of that surface; 
according to the latter, the forces will not balance the pressure, and the laws 
of equilibrium will not be fulfilled unless the forces be the same functions of 
the co-ordinates at every point whether situated in the outer surface, or in the 
interior part of the mass. 

If a homogeneous fluid, of which the particles are urged by accelerating 
forces be in equilibrium, ail that is required by Clairaut’s theoiy will un¬ 
doubtedly be fulfilled; but the converse of this cannot be affirmed. It is no 
where proved generally by unexceptionable arguments, and indeed no proof 
can possibly be given, that the forces in the interior parts of the fluid will 
balance the pressure, merely because the resultant of the forces in action at 
the outer surface is perpendicular to that surface. All the attempts that have 
been made to demonstrate this point, tacitly assume that the expression of the 
forces is the same at the surface and in all the interior parts; which is not uni¬ 
versally true. 

In a very extensive class of problems the difference between the two ways 
of laying down the conditions of equilibrium disappears. This will happen 
when the accelerating forces are independent of the figure of the fluid, as will 
be the case if the particles exert no action on one another by attraction or 
repulsion. In such problems the forces impressed upon every particle, what¬ 
ever be its situation, and whatever be the figure of the fluid, are by the hypo¬ 
thesis, the same given functions of the co-ordinates. The figure of equilibrium 
will be the same whether, following Clairaut, we obtain the equation of the 
outer surface by means of the forces in action at that surface, or, making use 
of the property that the pressure vanishes at all the points where the fluid is at 
liberty, we deduce the same equation from the pressure that prevails generally 
throughout the mass. 

But Clairaut’s theory cannot be extended to the solution of other problems 
than those of which we have been speaking. In no other cases is it evident 
without inquiry that the proposed accelerating forces urging a particle, are, in 
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every part of the mass,, the same functions of the coordinates of the particle; 
ami unless this be verified, the theory of equilibrium cannot be applied. In a 
homogeneous planet in a fluid state, there are forces which prevail in the in¬ 
terior parts and vanish at the surface; and, as C'lairaut’s theory notices no 
forces except those in action at the surface, it leaves out some of the causes 
tending to change the figure of the fluid, and therefore it cannot lead to an 
exact determination of the equilibrium. 

II. Application of the foregoing Theory to the Question of the Figure of the 

Planets . 

7- Having now explained the general theory of the equilibrium of fluids at 
sufficient length, I proceed to apply it to the question of the figure of the 
planets, in which it is required to determine the equilibrium of a fluid entirely 
at liberty, and unconfined by any obstacle or support. The problem is one of 
considerable difficulty. It is necessary to distribute the investigation under 
distinct heads. It would otherwise be impossible to preserve perspicuity and 
precision of ideas in an inquiry essentially different in different hypotheses. 
The equilibrium of a homogeneous fluid must occupy our attention before that 
of one having its density variable. For although it may at first appear that 
the latter problem is the more general, and includes the former, yet it will be 
found that the equilibrium of a fluid of variable density, depends upon that of 
a homogeneous fluid, and is deducible from it. And even with regard to 
homogeneous fluids, distinctions must be made, because what is required for 
the equilibrium varies with the nature of the accelerating forces. In this 
respect we distinguish these two general cases, of which we shall treat in two 
separate problems ; First, when the accelerating forces depend only on the co¬ 
ordinates of their point of action, and are explicitly known when the coordi¬ 
nates are given; Secondly, when the accelerating forces depend not only upon 
the coordinates of the particle on which they act, but likewise upon the figure 
of the whole mass of fluid; as happens for the most part when the particles 
attract or repel one another. 
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Problem 1st.—To determine the equilibrium of a homogeneous mass of fluid 
which is entirely at liberty, when the accelerating forces are known func¬ 
tions of the coordinates of their point of action. 

The equilibrium of a mass of fluid which is entirely at liberty, can depend 
only upon the action of such forces as tend to change the relative position of 
the particles with respect to one another. It is not affected by any motion 
common to all the particles, nor by any force which acts upon them all with 
the same intensity in the same direction; the effect of such motion, or of such 
force, being to displace the centre of gravity of the whole mass without altering 
the relative situation of the particles. In estimating the accelerating forces 
upon which the figure of equilibrium will depend, we must therefore begin 
with reducing the centre of gravity, if it be in motion or urged by any force, 
to a state of relative rest; which is accomplished by applying to every particle 
a force that would cause it to move with the same velocity as the centre of 
gravity, but in a contrary direction. In the investigation of this problem we 
may therefore suppose that the centre of gravity is at rest and undisturbed by 
the action of any accelerating force. 

Suppose now that a mass of homogeneous fluid entirely at liberty, is in equi¬ 
librium, and conceive three planes intersecting at right angles in the centre of 
gravity of the mass, to which planes the particles of the fluid are to be referred 
by rectangular coordinates. Let x, y, z, represent the coordinates of a particle, 
and having resolved the accelerating forces acting upon it into other forces 
that have their directions parallel to the coordinates, put X, Y, Z, for the sums 
of the resolved parts respectively parallel to x, y, z, and tending to shorten 
these lines. According to the hypothesis of this problem, the forces X, Y, Z, 
depend only upon the coordinates of their point of action; and they are at 
every point the same functions of those coordinates. The equilibrium will 
therefore be impossible unless 

Xdx + Y dy + Zdz 

be an exact differential, this being necessary in order that the hydrostatic 
pressure be a function of three independent variables as the fundamental 
assumption of the theory demands. Let <p denote the integral, and p the 
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hydrostatic pressure at the point (#, y, z,) : the equations that determine the 
equilibrium will be these two *, 

<p = J* (Kdx + Y dy + Zdz), 
p = C — <p. J 

If we make p = 0, we shall obtain the equation of the outer surface of the 
fluid* viz. 

<p = a 

The differential equation, 

g<** + g<*y + s*** = o, 

or which is the same* 

X d x -j" Y dy -f- Z d z — 0* 

is common to the outer surface and to all the interior level surfaces at every 
point of which there is the same intensity of pressure; and it shows that the 
resultant of the accelerating forces is perpendicular to all such surfaces -f\ 

The figure of the fluid being determined* it remains to inquire whether the 
equilibrium is secured. By varying the coordinates in the formula for p * we 
obtain 

+ = ° : 

which equation proves that, if a particle be moved from its place a very little 
in any direction, the variation of the intensity of pressure is equal and opposite 
to the action of the accelerating forces. A particle has therefore no tendency 
to move from inequality of pressure. But we must not from this hastily con¬ 
clude that there is no cause tending to change the figure of the fluid. For, as 
in the simple case of a fluid contained in a vessel, the equilibrium requires not 
only that the accelerating forces balance the inequality of pressure, but like¬ 
wise that the total pressures tending outward at the boundaries of the mass, be 
supported by the sides of the vessel; so in the problem under consideration* 
there being no external support, the figure of the fluid will not be permanent 

* Equation (2) § 2. f Equation (2) § 3. 

R 2 
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unless the pressures propagated inward, which increase as any point sinks 
deeper below the surface, mutually compensate and destroy one another. 
Some further discussion is therefore necessary in order to prove that the equi¬ 
librium is completely established. 

The function p , in which we may suppose there is no constant quantity, can 
contain no term having the coordinates for divisors; for, were this the case, 
the pressure would be infinite at all those points where such coordinates are 
equal to zero. Let the terms of p be arranged in homogeneous expressions of 
one, two, three, &c. dimensions; then 


P — (Ai x + + A 3 2) 

+ (Bi'i 2 + B 2 y 2 + B 3 z 2 + B t xt/ + B s i* + Bj#z) 
+ (Dj a? + + D 3 z 3 + D 4 x 2 y + &c.) 

+ &c. 


Differentiate this expression, and after the operations put x = 0, y — 0, 
z = 0: then 


dp 
d x 


A * 1 — A — _A 

A l> dy~ A dz~ A 3- 


But the differentials of p are no other than the expressions of the accelerating 
forces acting on a particle; consequently A 1? A 2 , A 3 are the forces in action at 
the origin of the coordinates, that is, at the centre of gravity of the mass. 
Wherefore, according to what was observed, we shall have 

A l =0, A 2 = 0, A 3 = 0, 

P = (Bj^ + B 2 y* + B 3 z 2 + B^xy+ B 5 xz + B b yz) 

+ (D, a? + D 2 j / 3 + D 3 z 3 + D 4 x*y + &c.) 

+ &c. 

That the expression of p must be of this form is required by the nature of the 
problem: for p must be always positive, and it must increase continually from 
the centre of gravity to the surface of the fluid. 

Let us now put 

x — r cos 0 = r f, 
y = r sin & cos 4 = r v, 
z = r sin Q sin ^ = r 
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then r will be the line drawn from the centre to the point (x, y, z); and the 
arcs 0 and %p determine the direction of r, 0 being the angle between r and the 
axis of the coordinates parallel to x, and -p the angle which the plane containing 
r and the same axis makes with the plane of x, y. By substituting, we get 

9 = r* (BjP + B 2 „’ + B 3 ^ + B 4 ^ + B 5 ?? + B 6 »0 
+ rS(D!? + D 2 ^ + D 3 ^ + DPn + &c.) 

4* &c. 

The symbols ?, rj, represent three rectangular coordinates of a point in the 
surface of a sphere having unit for its radius ; and, in order to simplify, I shall 
write Q 2 , Q 3 , and generally Q„, for homogeneous functions of g, rj, of two, 
three, and n dimensions: then, 

p = r 2 Q 2 + r 3 Q 3 + r 4 Q n + &c. 

For the sake of distinction, let R represent a line drawn from the centre of 
gravity to the surface of the fluid; and r a line drawn from the same centre 
to any interior point at which the pressure is j 0 , the directions in which R and 
r are drawn being determined by the arcs 0 and • the equation of the fluid’s 
surface, and the expression of p, will be as follows, 

C = R 2 Q 2 + R 3 Q 3 + R 4 Q* + &c, 

p- C~ (r 2 Q 2 ■+■ r 3 Q 3 + t 4 Qn + &c.) 

By means of these equations a radius, R or r, will be known when the arcs 0 
and ip which determine its direction are assumed ; and in this manner we may 
find all the points of the outer surface, and of any interior level surface in 
which p has any assigned value less than €. All these surfaces will return into 
themselves and inclose a space: because in whatever direction we proceed 
from the centre of gravity to the surface, the function <p passes through every 
gradation of magnitude between zero and the maximum. 

It is now easy to complete the demonstration of the equilibrium, A stratum 
of the fluid between the outer surface and any interior level surface will evi¬ 
dently be in equilibrium, if we suppose that the level surface maintains its 
figure, or rather, that there are no forces urging the particles contained within 
that surface: for, the upper part of the stratum cuts the resultant of the forces 
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at right angles, and the fluid presses perpendicularly and with the same inten¬ 
sity at every point of the lower surface which supports the stratum. What is 
here affirmed is true, however near the level surface be to the centre of gravity; 
and as the accelerating forces urging the particles within the surface decrease 
without limit in approaching that centre, they may finally be regarded as eva¬ 
nescent when the internal body of fluid is no more than a drop occupying the 
centre of gravity. Wherefore, by taking the radius of the level surface small 
enough, the inclosed fluid may be considered free from any accelerating forces, 
and subject only to the external pressures; and, these being perpendicular to 
the surface, and acting with the same intensity, the whole mass of fluid will 
be in equilibrium by the known laws of hydrostatics. 

It may be proper to add that the mass of fluid has no tendency to turn upon 
an axis. For no motion of this kind can be produced by the pressures propa¬ 
gated inward from the surface, the directions of which pass through the centre 
of gravity. Neither can the accelerating forces urging the particles, cause 
any such motion, these being wholly employed in counteracting the inequality 
of pressure. 

For the sake of illustrating the problem we have solved, we shall add one 
example, which is besides intimately connected with the principal subject of 
our research. 

Example .—To determine the figure of equilibrium of a homogeneous mass 
of fluid entirely at liberty, the particles being supposed to attract one another 
with a force directly proportional to the distance at the same time that they 
are urged by a centrifugal force caused by rotation about an axis. 

At first view the proposed problem may seem one in which the accelerating 
forces depend upon the figure of the fluid, since it is supposed that every par¬ 
ticle is attracted by every other. But, in the particular law of attraction 
assumed, the force which urges any particle is directed to the centre of gravity 
of the whole mass of matter, and is proportional to the distance from that 
point *. The hypothesis of the problem is therefore equivalent to the suppo¬ 
sition that the particles of the fluid are attracted to a fixt centre with a force 
proportional to the distance; so that the accelerating forces are independent 
of the figure of the fluid. 


Prin, Math. Lib. i. Prop. 88. 
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As the centre of gravity of a mass of fluid in equilibrium must be free from 
the action of any force, except what is common to all the particles; and as the 
attractions of the particles balance one another at that point; the centrifugal 
force must likewise be evanescent at the same point, and consequently the 
axis of rotation must pass through it. Let three planes intersecting at right 
angles, one being perpendicular to the axis of rotation, pass through the centre 
of gravity; and assuming any particle of the fluid, let r denote its distance 
from the same centre, and x, y, z its coordinates, z being parallel to the axis of 
rotation: further, let g represent the attractive force of the whole mass of fluid 
at the distance equal to unit from the centre of gravity; and /the centrifugal 
force (that is, its proportion to g) at the distance equal to unit from the axis 
of rotation: then g r will be the central attraction urging the particle, and g x, 
gy, g z, will be the resolved parts of the same force in the directions of the 
coordinates : also, >Jx 2 -f y 2 will be the distance of the particle from the axis 
of rotation ; — / Jx 2 + y 2 , the whole centrifugal force estimated as tending 
to shorten the coordinates ; and — fx, — f y, the resolved parts of the same 
force, parallel to x and y : collecting, now, the partial forces which urge the 
particle in the respective directions of the coordinates, we shall find, 

x = fe -/) Y = (g-f)y, Z =gz. 

The equations of equilibrium will, therefore, be 

$ =J'(Xdx + Ydy + Zdz) — ${(g— f) (a? +y 2 ) + gz 1 }, 

P = C- %{{g-/){&+f) + g*?} 

The equation of the surface of the fluid will be found by making p = 0, viz. 

c = i ig -f) (a* +y 2 ) + ig * 2 . 


f 

And, if we put e 2 = the same equation may be thus written. 




zr 


which belongs to an elliptical spheroid of revolution having the equatorial 
semidiameter equal to a 3 and the polar semi-axis to a /l - e 2 . 

8. The order of discussion that has been laid down now brings us to the 
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more difficult part of this research, when the accelerating forces urging the 
particles of the fluid, depend upon the very figure of equilibrium which is to 
be investigated. This must happen in fluids consisting of particles that 
mutually attract one another, if the attractive force acting upon a particle vary 
with the figure of the attracting matter. In this division of our subject, the 
law of attraction that prevails in nature being in reality the only one which it 
is of much importance to consider, will chiefly engage attention. 

Problem 2nd.—To determine the equilibrium of a homogeneous fluid entirely 
at liberty, the particles attracting one another with a force inversely 
proportional to the square of the distance, at the same time that they are 
urged by a centrifugal force caused by rotation about an axis. 

The fluid being supposed in equilibrium, the axis of rotation must pass 
through the centre of gravity of the mass. For, abstracting from any motion 
or force common to all the particles, that centre may be considered at rest 
and free from the action of any accelerating force; and, as the attractive forces 
balance one another at that point, the centrifugal force must likewise vanish 
at the same point. 

Conceive three planes intersecting at right angles in the centre of gravity of 
the mass, one of them being perpendicular to the axis of rotation: let x, y , z 
represent the coordinates of a particle in the surface of the fluid, x being 
parallel to the same axis; and put V for the sum of the quotients of all the 
molecules of the mass divided by their respective distances from the particle: 
then the attractive forces urging the particle inward in the directions of x 3 y 3 z 3 
will be respectively equal to 

_dV _ rfV _ dV 
dx 9 dy 9 dz‘ 

Further, if/ denote the centrifugal force at the distance unit from the axis of 
rotation, the action of the same force at the distance ,Jy l + z 2 from the same 
axis will be / Jy l + z 1 ; and the resolved parts of this force urging the par¬ 
ticle to move in the prolongations of y and z, will be fy and f z. Wherefore 
the total forces parallel to x, y, z, and tending to shorten these lines, are 
respectively, 
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-(?+/»> -(S+A): 

and the condition that the resultant of these forces is perpendicular to the 
surface of the fluid is expressed by this differential equation, 

dx+j^dy + ^dz+f(ydy+zdz) = Q-, 

and the integral, viz. 

C=V+£(^+ Z 3), 

is the equation of the surface of the fluid in equilibrium. This is incontestably 
the true equation of the surface in equilibrium, since all the forces in action at 
that surface have been taken into account. 

Using x, ?/, % to represent generally the co-ordinates of any particle of the 
mass, and the symbol V, to denote the function of x, z, which is equal to 
the sum of the quotients of all the molecules of the mass of fluid divided by 
their respective distances from the particle, it will be convenient to have some 
means of pointing out whether V belongs to a point in the surface, or to one 
differently situated. For this purpose we shall put r = Jx 2 + y 2 + z 2 for the 
distance from the centre of gravity, and shall write V (r) for the value of V 
relatively to a point within the mass; and we shall suppose that r becomes R 
at the upper surface, so that V (R) will denote the value of V for a point in that 
surface. According to this notation, the foregoing equation of the surface of 
the fluid in equilibrium, will be thus written, 

C = V (R) + y (y 2 + a 2 ). (1) 

The attraction of the whole mass and the centrifugal force, which are the 
only forces that urge a particle in the upper surface, likewise act upon every 
particle in the interior parts of the fluid. It will contribute to perspicuity if 
to these forces we give the name of the principal forces , in order to distinguish 
them from any other forces which an attentive examination may enable us to 
detect. Assuming any molecule in the interior parts, r being its distance from 
the centre of gravity, and x, y 9 z its coordinates, we have only to proceed as 
before, writing V (r) for V, in order to find the resolved parts of the principal 
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forces which urge the molecule inward in the respective directions of x, y, %, 
viz. 



and if these forces be multiplied, each by the variation of its direction, the sum 
of the products will be the variation of the intensity of pressure, which is equal 
and opposite to their action, according to equation (1) of the general theory; 
thus, we have, 

v d.V(r) v d.Vfr). d.V(r) v * , * , „ 

— jt~ lx — d]r l y — (y*y+ ***) = °; ( 2 ) 

and, as this equation is true at every point of the mass, we further obtain 

j>=V(r) + 4(y 2 + * 2 )-C, (3) 

the constant being the same as in the equation (1) of the upper surface, be¬ 
cause the two equations must coincide when the interior molecule ascends to 
the surface. It must be observed that p represents the intensity of pressure 
caused by the principal forces alone, and not the whole pressure upon the 
molecule, if besides these forces there exist other causes of pressure in the in¬ 
terior parts. 

From the nature of the function V or V (r), it has its maximum at the centre 
of gravity of the mass, or when r = 0; for at that point we have the equations 


d.V(r) 

dx 


= 0 , 


d.V(r) 

dy 


= 0 , 


rf.V(r) 
d z 


0 , 


because the attractive forces balance one another. While r, without any 
change in its direction, increases to be equal to R, V (r) continually decreases. 
In whatever direction the radius R be drawn to the surface, there is always a 
point in it, the coordinates of which will satisfy equation (3), supposing that 
p has any assigned value less than the maximum which takes place at the 
centre of gravity. All the points in which p has the same given value will 
form an interior surface, returning into itself and pressed with equal intensity 
by the action of the principal forces upon the exterior fluid. Such interior 
surfaces are likewise perpendicular to the resultant of the principal forces 
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urging the particles contained in them, as will readily be proved by differen¬ 
tiating equation (3), making p constant. 

In order to place what has been said in the clearest light, let AB C repre¬ 
sent the mass of fluid, the surface being determined by the equation, 

c = v (R) + y Cy 2 + * 2 ); 

and suppose that a b c is an interior surface, obtained by making p constant in 
the equation, 

P — V (r) + Y (y 2 + **) - C: 

then, if the narrow canal A a m M 
stand upon the molecule am of the 
interior surface, and extend to the 
upper surface of the fluid, the in¬ 
tensity of pressure upon a m , or the 
given quantity p, will be equal to 
the sum of all the impulses caused 
by the action of the principal forces 
upon the molecules contained in 
the canal, every impulse being re¬ 
duced to the direction of the canal 
and to the unit of surface. The 
same thing is true of any other mo¬ 
lecule in the same surface upon which there stands a similar canal B bn N. 

If we attend to the conditions of equilibrium required by the general theory, 
it will readily appear that the equilibrium of the mass ABC will be impossi¬ 
ble, if at any point, as a m, of the interior surface a be, any other pressure exist 
besides that represented by p, or any other forces be in action besides those 
expressed by the coefficients of the variations in equation (2). For, at the 
upper surface, there are no forces in action but the principal forces, and the 
equilibrium will be impossible if other forces prevail in the interior parts be¬ 
sides the principal forces. On the other hand, the matter contained in the 
stratum between the two surfaces will attract every particle, as a m, situated 
in the interior surface. The attraction of the stratum is an indelible force not 
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to be destroyed, which will produce its full effect according to the figure and 
quantity of the attracting matter and the situation of the attracted point. The 
equilibrium will therefore be absolutely impossible, unless such a figure can be 
induced on the mass of fluid as will set free every particle in the surface abc 
from the attraction of the stratum. If such a figure can be found, every mole¬ 
cule of the mass will be urged by the principal forces only; because a surface 
such as a b c, at every point of which these forces alone will be in action, may 
be described through any interior molecule a m arbitrarily assumed. We must 
therefore turn our attention to investigate such figures, if there be any, as will 
make the irregular attraction in the interior parts disappear, so as to leave the 
principal forces alone in action ; for, unless this can be effected, the fluid can¬ 
not maintain a permanent form. 

According to the notation we have used, if r denote the distance of am from 
G, V (r) will represent the sum of the quotients of all the molecules of the 
whole mass divided by their respective distances from a m ; let V' (r) denote 
the same thing, relatively to the interior mass a b c, that V (r) does, relatively 
to the whole mass ABC; then V (r) — V' (r) will denote the sum of the quo¬ 
tients of all the molecules of the stratum divided by their respective distances 
from am. Take a point (x + dx, y -f- dy , z + dz) in the surface abc infi¬ 
nitely near a m ; and, differentiating in the surface, the expressions, 

d ■ (V(r) — V'(r)) d. (V(r) - V'(r)) d.(V(r) - V'(r)) 

7x ’ dy ’ dz ’ 

will be equal to the attractive forces of the stratum upon the particles of a m , 
in the respective directions of x,y, but, as we have shown, the equilibrium 
indispensably requires that these attractions be evanescent, so that we have 
these equations, 

d.(V(r)-V'(r)) ^ <*.(V(r)-V'(r)) d.(V{r)~ V'(>))* 

~di ~ °> dy = °’ Tz — °’ 


* The perpendicularity to the surface abc, of the attraction of the stratum upon a m, is expressed by 
this equation, 

«•(▼(-)-V'(r)) dj , ■MVM-V-M) , “■(V(’-)- Y/ (’-)) J ._ 


dy 


dy + - 


= Oj 


and it is a consequence of the differential equations in the text. The neglect of this consideration, and 
the assumption that the level surfaces depend solely upon the outer surface in every case, is the great 
blemish of Claikaut’s theory. 
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which are no other than the partial differentials of the equation, 

V (r) — V' (r) = constant. (4) 

This equation must hold at every point of every interior surface, such as a b c ; 
and, as its differentials are separately equal to zero, it must not contain the 
coordinates of the surface. If such a figure can be induced on the mass of 
fluid as will possess the property expressed by equation (4), every particle of 
the mass will be urged by the principal forces alone, the equilibrium will be 
possible, and it will be determined in the very same manner as in the first 
problem. 

We have now obtained a mathematical property that distinguishes the figures 
with which the equilibrium is possible from all others. We have also, in an¬ 
other place*, investigated the figures that alone possess this property; and it 
appears from what is there shown, that ABC can be no other but an ellipsoid, 
and that every interior surface, as a b c, is similar to the outer surface, and simi¬ 
larly posited about G. 

Having demonstrated that the fluid in equilibrium must be an ellipsoid, it 
readily follows that the axis of rotation must be one of the three axes of the 
geometrical figure. For, as the axis of rotation passes through G, the centre 
of gravity, it is a diameter of the ellipsoid; and the centrifugal force being 
evanescent at the extremities of this diameter in the surface of the fluid, the 
only force in action at those points is the attraction of the mass of matter. 
But the whole force urging every particle in the outer surface of the mass in 
equilibrium, is perpendicular to that surface; wherefore, the attractive force 
of the ellipsoid is perpendicular to its surface at the extremities of the diameter 
about which the fluid revolves; and as there are no points on the surface of 
that geometrical figure at which the attraction of its mass is perpendicular to 
its surface, except the extremities of its three axes, it follows that with one or 
other of these, the axis of rotation of the fluid in equilibrium must coincide. 

Let us now determine the relations between the axes of the ellipsoid and the 
centrifugal force. Of the three planes of the coordinates, one, which is per¬ 
pendicular to the axis of rotation, is a principal section of the ellipsoid; and 
we may suppose that the other two coincide with the two remaining principal 
sections. We may therefore compute V (R) for a point in the surface; and 
by substituting this value in the equation, 

* Phil. Trans, for 1824. 
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0 = V(R)+4(^ + s 2 )-C, 


and making the result coincide with the geometrical equation of the figure, we 
shall obtain the expressions of the axes in terms of the centrifugal force. But 
it will be more simple to use the differential equation. 


■‘-IP**- (H ®+/(^+/.)'•-o. 


which expresses the perpendicularity of the forces to the outer surface, 
quantities. 


The 


tf.V(R) 

dx 3 


d. V(R) 

■ dy 3 


d. V(R) 

dz 3 


are the attractive forces of the ellipsoid, urging a particle of the surface in di¬ 
rections parallel to the axes ; and these forces, by the nature of the ellipsoid, 
are proportional to the coordinates of the point on which they act, and may be 
represented by A! x, B' y , C' z 9 the coefficients AB', C' being known quan¬ 
tities depending upon the ratios of the axes of the ellipsoid; wherefore, these 
values being substituted in the differential equation, we shall have, 

A' xdx + (B' — f)y dy + (C' — /) 2 dz = 0 ; 
and by integrating, 

B ' — f c ' —f 

x 2 H— aT^ y 2 H— ~KT’ x 2 == constant. 


Now, if h 9 h ,f represent the axes of the ellipsoid, h being that about which 
the fluid revolves, the equation of the surface of the figure will be, 

*+jjS**+JS* = **! 


and with this equation the foregoing one must be made to coincide. On ac¬ 
count of the arbitrary constant, we have only to equate the coefficients of y 2 
and z 2 , and the resulting formulas may be thus written, 

/= B'-jjU 1 , f=C'-~A’. 

But, on examining the functions that A ! , B', C' stand for, it will readily appear 
that the expressions on the right side of the two formulas will not be positive, 
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and consequently they cannot be equal to f, unless p and ^ be both less than 

unit: and supposing that h is the least of the three axes, the two values of/ 
will not be equal, unless B' = C, and h! = A", in which case both the formulas 
coincide in one, viz. 

/= 

In conclusion, it follows that the figure of the fluid in equilibrium is an oblate 
elliptical spheroid of revolution, of which the equation is 

+ Y% (y* + **) h 2 , 

the mass turning about A the less axis, and the relation between the centrifugal 
h 

force and -j, the ratio of the axes, being determined by the equation 
/= B'-JU'. 

The complete solution of the problem is now brought to the discussion of this 
last equation; and as this is a question purely mathematical, but slightly con¬ 
nected with the physical conditions of the equilibrium, which we have under¬ 
taken to investigate, we shall refer to the Mecanique Celeste of Laplace and 
to the Theorie Analytique du Syst&me du Monde of M. de Pontecoulant, in 
which works this point is amply treated. 

The foregoing solution, being perfectly general, proves that the equilibrium 
is possible only when the elliptical spheroid is oblate at the poles. When the 
spheroid is oblong, and the axis of rotation A greater than the other axis A', the 
expression that must be equal to the centrifugal force is negative; and as that 
force is essentially positive, the equilibrium becomes impossible. 

It will not be necessary to retrace the steps of the foregoing analytical pro¬ 
cess of reasoning, in order to show synthetically that the equilibrium will be 
secured if the conditions deduced be fulfilled. For, as soon as such a figure is 
found as will make the forces that actually urge every particle of the mass the 
same functions of the coordinates of their point of action, this problem comes 
under the hypothesis of t^e first one, and may be demonstrated in the very 
same manner. 
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The method of solution we have here followed may be applied to all pro¬ 
blems concerning the equilibrium of a mass of fluid, when it is possible to form 
the equation of the outer surface; that is, when the forces in action at all the 
points of the outer surface are the same functions of the coordinates of those 
points, whatever geometrical figure the mass may be supposed to assume. This 
in reality comprehends every question that has hitherto occurred ; and, as the 
conditions which we have laid down are necessary and sufficient for the equili¬ 
brium in every hypothesis of the forces that can be imagined, we shall not 
enter into any further discussion of this point. 

9. The preceding analysis, by which we have investigated the figure of equi¬ 
librium of a homogeneous planet is direct and unexceptionable in point of 
rigour. It seems hardly possible to express simply in algebraic language, all 
the forces that urge the interior particles of the fluid; and this makes it neces¬ 
sary to have recourse to peculiar modes of reasoning for determining the figure 
of equilibrium. The problem, being one of great importance and difficulty, 
which has much engaged the attention of geometers, and which requires for its 
solution principles different from those that have so long passed current with¬ 
out suspicion of their accuracy, it may not be improper to add another investi¬ 
gation of it by a process of reasoning very different from the foregoing. 

Second investigation. 

We shall begin with laying down the following lemma. If a mass of homo¬ 
geneous fluid, consisting of particles which attract one another inversely as the 
square of the distance, be in equilibrium when it revolves with a certain angu¬ 
lar velocity about an axis; any other mass of the same fluid, the particles at¬ 
tracting by the same law, will be in equilibrium, if it have a similar figure, and 
revolve with the same rotatory motion about an axis similarly placed. 

Take any two particles similarly placed in the two bodies, and having the 
same proportion to one another as the whole masses; it is proved in the Prin- 
cipia of Newton, and in the works of other authors, that the resultants of the 
attractive forces acting upon the particles, have similar directions, and are pro¬ 
portional to the linear dimensions of the two bodies. Further, the centrifugal 
forces urging the two bodies to recede from the axes of rotation, are propor¬ 
tional to the respective distances from the axes, that is, to the linear dimen- 
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sions of the two bodies. Wherefore the joint action of all the forces is to urge 
the two particles in similar directions with intensities proportional to the linear 
dimensions of the bodies. And as the same thing is true of all particles simi¬ 
larly situated in the two bodies* if there be an equilibrium in one case, there 
will be an equilibrium in the other; for the forces which urge the particles of 
one body are in no respect different from the forces which urge the particles of 
the other, except in being all increased or all diminished in the same given 
proportion. 

This lemma being premised, let ABC repre¬ 
sent a mass of homogeneous fluid in equilibrium, 
by the attraction of its particles in the inverse pro¬ 
portion of the square of the distance, and a cen¬ 
trifugal force caused by revolving about the axis 
PQ. The axis PQ will pass through G, the cen¬ 
tre of gravity of the mass. For, abstracting from 
any motion or force common to all the particles, 
that centre may be considered at rest; and, as 
the attractive forces of the particles balance one 
another at that point, the centrifugal force must likewise vanish at the same 
point. 

Let any radius G B, drawn from the centre of gravity to the surface of the 
fluid, be divided in a given proportion at b ; and supposing it to turn round 
G so as to be directed successively to all the points in the outer surface of the 
fluid, the radius G b , being always the same part of G B, will describe an in¬ 
terior surface similar to the outer one, and similarly posited about G. And be¬ 
cause the whole mass A B C is in equilibrium, it follows from the lemma that 
the interior mass a be, which is similar to the whole mass, and revolves with 
it about the common axis P Q, will be separately in equilibrium, supposing the 
exterior stratum of matter were taken away or annihilated. 

In the interior surface abc assume any molecule am : the forces that act 
upon am are; first, the resultant of the centrifugal force and the attraction of 
the mass abc ; secondly, the attraction of the stratum of fluid between the 
two surfaces. Because the interior body of fluid abc is separately in equili- 
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Mum, the first of these forces, namely, the resultant of the centrifugal force 
and the attraction of the mass abc, is perpendicular to the surface abc, and 
destroyed by the resistance of the fluid within that surface; and from this it 
follows that the attraction of the stratum upon a m, must likewise be perpen¬ 
dicular to the same surface. For, if it acted obliquely to the surface abc, it 
might be resolved into two partial forces, one perpendicular, and the other 
parallel, to the plane touching the surface; and as there is no obstacle to op¬ 
pose the latter force, it would cause the molecule am to move, which is con¬ 
trary to the equilibrium of the whole mass ABC. It appears therefore that 
two distinct and independent conditions are required for the equilibrium of 
the fluid mass : for all the particles situated in any interior surface abc simi¬ 
lar to the outer surface, and similarly posited about the centre of gravity G, 
must be urged perpendicularly to the surface in which they are contained, not 
only by the resultant of the centrifugal force and the attraction of the interior 
mass, but likewise by the attraction of the exterior stratum of fluid. 

Conceive three planes intersecting at right angles in the centre of gravity 
of the mass, one of them being perpendicular to the axis of rotation P Q: let 
x, y , z represent the coordinates of the molecule a m, and r = *Jx l + y 2 + z 2 , 
its distance from G, x being parallel to P Q; and put V (r) for the sum of the 
quotients of all the molecules of the whole mass A B C, divided by their re¬ 
spective distances from am: further, let V' (r) denote the same thing relatively 
to the interior mass abc , that V(r) does relatively to the whole mass ABC: 
then V (r) — V r (r) will be the sum of the quotients of all the molecules of 
fluid contained in the stratum between the two surfaces, divided by the re¬ 
spective distances of the molecules from a m. According to the known pro¬ 
perties of this function, the partial attractions of the stratum upon a m , in the 
directions of x, y, z, and tending to lengthen these lines, will be respectively 
equal to 

d.(V(r)-V'(r)) d. (V (r) — V'(r)) <*.(V(r) - V'(r)) 

div 9 dy 3 dz 

Take any point (x + dx, y + dy, % + dz) in the surface abc, at the infinitely 
small distance ds from a m : then the resultant of the foregoing attracting 
forces in the direction of d s will be equal to 
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d.(V(r)~~V(r)) dx d.(V(r)-V'<r)> dy d .( V (r) - V'(r)) rf* 

dx ' d$ dy * rfs •" iIjs * ds * 

and this resultant must be equal to zero in whatever direction d s is drawn, if 
the attraction of the stratum upon am be perpendicular to the surface a be. 
Wherefore we have, 

d • (V (r) — V' (r)) d. (V (r) - V' (r) ) d. (V(r) - V (r)) ^ _ 

— -IF"- / -dx + —^ -^+ —- Tz -^z=0: (5) 

and, by integrating, 

V (r) - V (r) = Constant, (6) 

which equation must be true at every point in the surface a be. 

Again, the attractive forces of the interior mass urging the molecule am 
inwards in the direction of x , y, z, are respectively equal to 

__ d.V' ( r) _ d.Y' (r) ___ d. Y (r) 

dx 9 dy 9 dz 

Let f denote the centrifugal force at the distance unit from the axis of rota¬ 
tion ; and, the distance of am from the same axis being *Jy l -4- z 2 , the centri¬ 
fugal force of the particles of am will be f*Jy 2 + z 2 ; and the resolved parts 
of this force acting in the prolongations of y and z, will be fy and fz. Where¬ 
fore the total accelerating forces urging am in the directions of x, y, z, and 
tending to shorten these lines, are respectively, 

-HP*/*). (^P+z*)- 

and, the condition that the resultant of these forces is perpendicular to the sur¬ 
face a b c, is expressed by this differential equation, 

- d ~L ' r) dx - +fy) d y- +/*) d% = 0 ( 7 ) 

In the equations (5) and (7) the forces expressed by the co-efficients of the 
differentials, act on the same particles and have opposite directions in the 
same lines; wherefore by subtracting the former from the latter, we have, 

t 2 
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= ( 8 ) 

in which the co-efficients of the differentials express the whole forces urging 
the molecule in the directions of oc,y,z. 

It is obvious that the equations (7) and (8) must be identical; for they are 
both true at every point of the same surface a b c. But if the co-efficients of 
the differentials of these two equations be identical, the like co-efficients in the 
equation (5) must be separately equal to zero; and this proves that the co¬ 
ordinates of the surface a b c do not enter into the equation (6), which there¬ 
fore contains such quantities only as remain invariably the same at all the 
points of that surface. 

The equations (7) and (8) being identical, the latter will belong indifferently 
to all the similar surfaces in the interior parts, and to the outer surface which is 
their limit. Wherefore, if for the sake of distinction we suppose that.r becomes 
R at the upper surface, we shall obtain the equation of that surface by inte¬ 
grating, viz. 

C = V(R) + =f (y 2 + z 2 ). (9) 

The integral of (8) will likewise give the equation of any of the interior sur¬ 
faces, as ab c, viz. 

P = v (r) + J (y 2 + z 2 ) — C, (10) 

the quantity C being absolutely constant in all circumstances, and the same as 
in the equation of the upper surface, and p being a new quantity which is con¬ 
stant when the co-ordinates are taken in the surface ab c, but varies when 
the co-ordinates belong to any point of the mass not contained in that surface. 
At the upper surface p vanishes ; it changes its value in passing from one of 
the interior surfaces to another; and it is evidently the hydrostatic pressure at 

dx) d j) d X) 

every point of the mass, because — are equal to the co-effi¬ 

cients of the differentials in equation (8) and to the accelerating forces which 
oppose and destroy the variation of pressure. The equations (6) and (9) mid 
(10) at which we have arrived by this new train of reasoning are the very same 
with the equations (4) and (1) and (3) of the first investigation; and as the 
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remainder of the solution is deduced entirely from these equations, it would 
be superfluous to repeat here what has already been fully explained. The same 
procedure as in the first investigation will prove, that the figure of the fluid in 
equilibrium is exclusively an oblate elliptical spheroid of revolution turning 

about the less axis h, and that the ratio -j, of the two axes is derived from the 
centrifugal force by means of the equation 

/= B'-pA' 

10. The level surfaces of the mass in equilibrium are properly the interior 
surfaces similar to the outer surface, and similarly posited about the common 
centre. Such surfaces agree with Clairaut’s definition; for they are perpen¬ 
dicular to the resultant of the forces urging the particles contained in them, as 
appears from the differential equation (8), which is common to them all. But 
as every particle within the mass is acted upon by several forces, it may be¬ 
come a question whether there are not other interior surfaces besides those 
similar to the outer one, which possess the properties of being equably pressed, 
and of being perpendicular to the resultant of the forces in action. It is this 
point that we are now to investigate. 

Suppose that ABC represents an oblate elliptical 
spheroid of homogeneous fluid in equilibrium by re¬ 
volving about the axis P Q; and let a b c be an oblate 
elliptical spheroid within ABC, the centres, the less 
axes, and the equators of the two figures coinciding: 
taking any particle (x, y, z) of the interior mass a b c, 
the attractions of the whole mass ABC urging the 
particle in the respective directions of the co-ordinates, 
may, as before, be represented by 

A'*, B ’y, Bz: 

and in like manner the attractions of the interior mass abc upon the particle, 
may be denoted by 

A"*, 



B "y, B n z: 
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and the attractions of the matter between the two surfaces upon the particle, 
will be 

(A'~ A")*, (B'-B'Oy, B'~-B")a. 

As these forces act upon every particle of the mass a be, they will cause an in¬ 
ternal pressure; let p 1 denote the hydrostatic pressure at the point (x, y, z) 
caused by the attraction of the external matter; then, by the general theory, 
we shall have 

dp' + (A 1 — A") x d x (B' — B ff ) (y dy + % d z) = 0; 
and, by integrating, 

p' = c- (A- - A") | - (B' - B") . (11) 

Further, the joint effect of the centrifugal force and the attraction of the 
whole mass ABC upon the particle (x,y, z) in the respective directions of 
the coordinates, is expressed by these forces, 

A'*, (B r —f) y, O' ~ f) z '■ 
and if p be the pressure thence arising, we shall have 

dp + A! xdx (B* — f)(ydy + zdz)=:0; 

and consequently, 

p = C- A'-f- (12) 

which is equivalent to the equation (10), and expresses the whole hydrostatic 
pressure at every point (x, y, z) within the mass ABC. 

In order to form a just notion of the pressures p and p 1 , we shall suppose 
that the point (x,y, z) is in the interior surface, at am: conduct a narrow 
canal from G to am, and continue it outward to the upper surface of the fluid, 
at A M. Now p is the effort of all the molecules in the canal A a m M pro¬ 
duced by all the forces that urge them along the canal; and p is the effort of 
the canal aGm caused by the attraction of the matter between the two sur¬ 
faces upon the particles contained in the canal. The pressure p is always 
directed inward; but the direction in which p f acts will depend upon the na- 
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tare of the interior spheroid. If it be more oblate than the exterior spheroid 
ABC, A" will be greater than A!, and the attraction (A' — A") sc tending from 
the equator, the pressure of the canal aGm will be outward and opposed to 
that of the canal A a m M. On this supposition, therefore, the whole action 
of the matter exterior to the spheroid abe will cause a pressure upon the mole¬ 
cule am, equal to p — p l . By subtracting the equations (11) and (12) we get 

P~P = (13) 

and we have now to inquire whether a spheroid can be found that will satisfy 
this equation, on the supposition that p — p 1 is the same at all the points of 
the surface of the spheroid. 

The equation (13) evidently comprehends the level surfaces, which are similar 
and similarly situated to the upper surface ABC: for, on the supposition that 
the figures are similar, we have A 1 = A", B' = B", p’ = C’, and the equation 
(13) is identical to the equation (12) which, by giving different values to p, de¬ 
termines all the level surfaces. The equation (13) is similar in its form to the 
equation (12), A" and B ,? being the same functions of the excentricity of the 
spheroid a be, that A' and B' are, of the excentricity of the spheroid ABC; 
and the centrifugal force / enters alike into both equations. It is therefore 
evident that the solution of the latter, supposing p constant, and the solution 
of the former supposing p — p 1 constant are both contained in the equation, 

/= 

h* 

and, as from this two values of ^ are in general obtained, one of these results 

determines the spheroid ABC and its level surfaces, and the other determines 
the interior spheroid a be, the surface of which sustains the same pressure at 
every point by the action of the exterior fluid, and which is therefore sepa¬ 
rately in equilibrium. 

There is this difference between the level surfaces and the other surfaces of 
equable pressure, that the former spread through the whole mass and ultimately 
coincide with the Upper surface, whereas the latter, on account of the dissi¬ 
milarity of figure, are confined to a part of the mass. Of the two spheroids 
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answering to the same centrifugal force, when the exterior one is the less 
oblate, the greatest interior surface of equable pressure, which is not a level 
surface, stands upon the equator ; and the rest arc within this, similar and con¬ 
centric to it, as in this figure 



When the exterior spheroid is the more oblate of the two, the greatest inte¬ 
rior surface is described on the less axis, and the rest are similar and concen¬ 
tric to it, as thus, 



When the centrifugal force f has a certain relation to the attractive force, 
the two dissimilar spheroids ABC and a b c coincide in one; and in this case 
there are no interior surfaces of equable pressure except the level surfaces. 

It has now been demonstrated that, in every oblate spheroid in equilibrium 
by a rotatoiy motion, there are two sets of interior surfaces equably pressed by 
the action of the exterior fluid; and, in consequence, that there are two dif¬ 
ferent figures of equilibrium, and only two answering to the same velocity of 
rotation. But in the hypothesis of the first problem of this paper, and accord¬ 
ing to the theory of Clairaut, which as far as regards a fluid entirely at liberty, 
is equivalent to that problem, there is in every case of equilibrium, only one set 
of interior surfaces equably pressed by the exterior fluid; and this is an incon¬ 
trovertible proof that the theory of the French geometer is insufficient for de¬ 
termining the figure of equilibrium of a homogeneous planet in a fluid state. 
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Maclaurin first demonstrated synthetically the equilibrium of an oblate 
elliptical spheroid when it revolves about the less axis with a certain angular 
velocity. In examining the equation of the surface of the fluid, D'Alembert 
discovered that it admitted of being solved more than one way, that is, he 
found that there are spheroids of different oblateness which will be in equili¬ 
brium with the same velocity of rotation ; and Laplace proved that there are 
two such spheroids and no more. Of this truth, first made known merely as 
a mathematical deduction from an algebraic equation, we have here attempted 
to give the physical explanation. 

Having now fully treated of the equilibrium of a homogeneous fluid, the 
order of discussion laid down would lead us to investigate that of one of vari¬ 
able density; but the length of this paper makes it advisable to reserve this 
part of our subject for another occasion. 
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VIII. On a simple Electro-chemical Method of Ascertaining the Presence of 
different Metals ; applied to detect minute quantities of Metallic Poisons. By 
Edmund Davy, F.R.S. M.R.LA. 8$c. Professor to the Royal Dublin Society . 

Read November 25, 1830. 

1. Introduction. 

It is now nearly a quarter of a century since the late Sir Humphry Davy, by 
a train of masterly researches, developed the general principles of electro¬ 
chemical action, which subsequently led him to many fine discoveries and 
important practical applications. Some years since, I repeated most of the 
interesting experiments noticed in his excellent Bakerian Lecture “ On the 
chemical agencies of Electricity On the decomposition of metallic salts by 
the Voltaic battery, Sir Humphry is very brief. He clearly ascertained, how¬ 
ever, that “ when metallic solutions were placed in the circuit, metallic crystals 
or depositions were formed on the negative surface -f-and that “ the metals 
passed towards the* negative surface, like the alkalies, and collected round it-J'.” 
In the course of my experiments on this subject, phenomena occurred which 
led me to think that some novel results might be obtained by instituting a 
series of experiments on metallic salts, using as a Voltaic arrangement the 
feeble power produced by the contact of small slips of different metals, with 
solutions of the common metallic salts. Operating in this manner, I could 
readily detect very minute quantities of different metals, coat platina with 
gold, silver, copper, &c., or cover gold with a surface of these metals, and tin, 
copper, brass, iron, &c. Several of those facts I have been in the habit of 
bringing forward and illustrating in my annual courses of lectures delivered 
both in the Royal Cork Institution, and in the Royal Dublin Society. Circum¬ 
stances which it is unnecessary to mention, have hitherto prevented me from 

* Philosophical Transactions of the Royal Society, 1807. 
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giving greater publicity to tbose facts. In the course of the present summer 
my attention has been directed to apply similar means to the detection of 
metallic poisons, a subject of acknowledged and increasing importance; and 
the results I have obtained, and now beg leave to submit to the Society, appear 
to me both novel and interesting, and afford, if I mistake not, means more 
simple, delicate, and effectual, than any at present known for detecting the 
common metallic poisons. 

The fear of trespassing too much on the time of the Society, induces me to 
limit the present paper to one part only of the subject. At no distant period 
I promise myself the pleasure of communicating the remaining part, which 
will embrace the different electro-chemical experiments I have made on the 
other metals and their compounds, together with the application of the facts 
to the processes of gilding, silvering, tinning, &c. 

In the following pages I shall notice the simple electro-chemical apparatus, 
(or electro-chemical method as I shall call it,) employed in my experiments; 
offer proofs of its efficacy to detect different metals, particularly metallic 
poisons ; adduce instances of the extreme delicacy and facility of the method; 
and lastly, show, by similar evidences, that its accuracy is not impaired by the 
presence of organic substances whether vegetable or animal, or mixtures of 
both; and that the method is therefore applicable to the detection of metallic 
poisons in all cases. I shall be under the necessity of making some minute 
(and I fear tedious) details, which I trust will be excused, as they are closely 
connected with the elucidation of the subject. 

It forms no part of my object to examine the numerous known methods of 
detecting metallic poisons. Experience, I may presume, has made me tolerably 
familiar with the details of them. The electro-chemical method here proposed 
appears to me to rival the very best of them in point of accuracy, whilst in 
facility, simplicity and delicacy, it seems superior to them all. 

2. Of the Electro-chemical Apparatus. 

The electro-chemical apparatus I used was of the simplest kind. It con¬ 
sisted of two different metals, generally zinc and platina, which, according to 
Sir H. Davy, form the most efficient combination; the zinc being positive, and 
the platina negative, with regard to all the other metals. The zinc was usually 
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inthe state of foil, or of thin sheet. The platina was in some cases a small 
crucible, or a spatula having a spoon at the end of it, but more frequently 
platina foil was employed. The foil was about two inches long, and two thirds 
of an inch wide. The zinc foil varied from about one third to one eighth of the 
size of the platina foil. The size and thickness of either metal may vary inde¬ 
finitely, without materially altering the results. This simple arrangement is 
most easily applied to the decomposition of a great number of metallic com¬ 
pounds. It is only necessary to mix a drop or two of acid with a little of such 
compounds, whether solid or fluid, and apply the zinc foil, when the platina 
will be soon coated with the reduced metal. Solutions of many metallic salts 
do not require the addition of acid. I may remark that the small slips of 
platina and zinc foil are very convenient for many experiments on metallic 
poisons; as where the object is to ascertain the presence of arsenic or mer¬ 
cury, in a fluid in which it may exist in considerable quantity; or to determine 
whether any powder contain either of those metals in combination. One slip 
of platina will answer for an indefinite number of such experiments; one slip 
of zinc, too, may be employed for many experiments. It is only necessary 
either to dip the end, after being used, into a little water, and wipe it, or to cut 
the mere point off at once. The platina spatula with a spoon at the end of it, 
is well adapted for concentrating, or boiling nearly to dryness, fluids which may 
contain metallic poisons, but in such minute quantity, as to render concen¬ 
tration indispensably necessary to the success of the electro-chemical method 
of detecting them.. The small platina crucible is a necessary appendage to the 
apparatus, in cases, where from previous trials by the platina foil, or spoon, and 
zinc, the existence of a metallic poison has been proved in a fluid or solid, in 
order to collect it in sufficient quantity, and exhibit it in a separate state. 


3. Experimental proofs of the efficacy of the Electro-chemical method to detect 
different metals , and especially metallic poisons. 

Solutions of gold, silver, mercury, copper, tin, lead, &c. are not decomposed, 
as is well known, by platina; but if a drop of each of those metallic salts, con¬ 
taining excess of acid, be severally placed on a surface of platina, and a slip 
of zinc brought in contact with both, each salt will be decomposed, and the 
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respective metal deposited on the platina. These are a few instances of the 
apparent reduction of metallic salts on platina by the agency of Voltaic elec¬ 
tricity. It would be extremely easy to extend the list to an indefinite number 
of other cases, did I not fear to anticipate details which more properly belong 
to the subsequent part of the subject. 

The compounds of arsenic, mercury, lead and copper afford the principal 
metallic poisons; and a knowledge of their properties, and of the best means 
of detecting them, derives interest from many considerations, but is particu¬ 
larly valuable from the paramount importance justly attached to chemical 
evidence in cases of accidental or intentional poisoning. I shall proceed to 
offer proofs of the efficacy of the electro-chemical method to detect the com¬ 
pounds of those metals in the order in which they have been enumerated. 

pGreyish black arsenic, protoxide of Berzelius, or 
fly-powder. 

[White oxide of arsenic, or arsenious acid. 

When half a grain, or less, of either of those solid compounds is placed 
on a slip of platina foil, mixed with a drop or two of muriatic acid *, and 
the zinc applied-}', the arsenic will presently be reduced to the metallic 
state ; one part will be deposited on the platina, and the other part mixed in 
thin filaments with the fluid. The surface of the platina will become iridescent 
or exhibit variegated colours (resembling heated steel), as blue with tints of 
red, yellow &c. Much of the arsenic is thus strongly attached to the platina, 
and cannot be removed by wiping or rubbing it with the finger or a cloth, nor 
by cold strong muriatic or sulphuric acid, nor by hot solutions of caustic 
alkalies; but it instantly disappears on being touched with the smallest drop of 


Compounds of Arsenic. 
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* By “ muriatic acid ” in this paper, the common strong acid of commerce is meant. I hare used it 
in preference to the pure acid, from the facility with which it can be procured. 

f By the words “ zinc applied/’ used here and in other places, is meant bringing the zinc in contact 
both with the platina and the substances to be acted on ; or moving the zinc about on the platina, which 
seems the readiest way of effecting the reduction of many metallic compounds. 

+ Diluted muriatic acid occasions analogous effects, but they are more slowly produced, probably be¬ 
cause the undiluted acid is a better solvent of the arsenical compounds, and a better conductor of elec¬ 
tricity. Like effects occur with strong sulphuric acid, if the zinc be moved about on the platina, but 
they are not produced with strong nitric acid or aquafortis, and only very gradually by these acids when 
diluted. 
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strong nitric acid, or of the aquafortis of commerce. The arsenic is also rea¬ 
dily removed by exposing the foil to the moderate heat of a spirit lamp, when 
it rises in the form of arsenious add; but previous to this effect, the alliaceous, 
or garlick-like odour, so characteristic of this metal, is strongly produced *, 
and the surface of the platina remains unaltered. 

Hie following arsenical compounds, when exposed to similar treatment, 
afford analogous results, viz. 

Arsenious acid in solution. 

Arsenites of potash, lime, &c. 

Arsenic acid. 

Arseniates of potash, lime, &c. 

Chloride of arsenic. 

Sulphurets of arsenic, obtained by passing sulphuretted hydrogen gas through 
solutions of arsenious and arsenic acids. 

In cases where the quantity of any arsenical compound in solution is very 
minute, the fluid should be concentrated, or boiled nearly to dryness, previous 
to the addition of the muriatic acid, and subsequent trial on the platina foil by 
zinc. 

Some arsenical compounds require a treatment somewhat different from those 
already enumerated, in order to exhibit the arsenic in a satisfactory manner. 
This is the case with the native sulphurets of arsenic, which being scarcely 
acted on by muriatic acid, require previous treatment with nitric acid. Thus, 
a little realgar or orpiment, in powder, was mixed with a drop of strong nitric 
acid in the platina spoon, heated, and the excess of acid expelled ; a drop or 
two of muriatic acid being incorporated with the residual substance, the zinc 
was applied, and the arsenic readily reduced on the spoon, exhibiting its cha¬ 
racteristic appearance. Arsenical pyrites, too, requires the previous addition 
of nitric acid. In operating on such arsenical compounds as require the use 
of nitric acid, as little as possible should be employed, and any excess ex- 

* * Dr. Christison, in his valuable work " On Poisons/’ proposes to discard this test altogether, chiefly, 
it would seem, from its being obscured entirely by the presence of a very small portion of vegetable or 
animal matter j but as this objection does not apply to the electro-chemical mode of detecting arsenic, 
the alliaceous odour is regarded, especially in these experiments, as a striking character, exhibited by 
no other metal, as far as my experience extends. 
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pelted, as a minute quantity of this acid retards the reduction of the arsenic, 
or re-dissolves it. 

The metallic arsenites and arseniates, where two metals are present, appear 
also in general to require a modified treatment, according to the object in 
view, and seem to offer proofs of the elegance of this mode of detecting 
metals. To give an instance or two, in the case of the arsenite or arseniate of 
copper. If a little of either of these compounds be dissolved in a few drops of 
muriatic acid, by heat, in the platina spoon, and a few tolerably quick contacts 
be made with zinc foil, the arsenic only will be reduced; part of it will be 
deposited on the spoon, and part will remain in the fluid as a dark grey or 
blackish substance. 

If a little of either of the above compounds be dissolved in a few drops of 
diluted nitric acid, (consisting of one volume strong acid to three of water,) 
in the platina spoon ; boiled nearly to dryness, and water added just enough 
to obtain a solution; if the point of a slip of zinc be now applied to the centre 
of the bulb of the spoon, the copper alone will presently be reduced on the 
platina, exhibiting an unusual metallic lustre, and forming a circle round the 
zinc. If the zinc be now removed, the copper will be re-dissolved by the slight 
excess of acid present. If the contact of the zinc be continued, in a short time 
the arsenic will form a circle on the platina, round the zinc, whilst beyond it 
the copper will make its appearance. 

I found by repeated experiments, that the arsenic precipitated by zinc on 
platina foil from solid arsenious acid, or from arsenical solutions, and muriatic 
acid, could be readily obtained in the form of arsenious acid, by coiling the 
dried foil, and exposing it to the heat of a spirit lamp, in a tube closed at one 
end, or open at both, and stopped with a cork or corks, so as to allow the ex¬ 
panded air to escape. 

With a view to gain some approximation as to the actual quantity of arsenic 
that could be detected by the electro-chemical method, and to ascertain if it 
could be procured from the platina in the metallic state, I placed on a new 
slip of platina weighing 22.14 grains, five drops of an aqueous solution 
of arsenious acid, and three drops of muriatic acid; a slip of zinc being 
applied, the arsenic was soon reduced, and much of it adhered to the pla¬ 
tina, which, after being washed in pure water and dried, acquired an in- 
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crease of ^th part erf a grain *. The platina was put into a small retort, 
which was then exhausted, twice filled with pure carbonic acid gas, and heated 
over a jar of the same gas, until all the arsenic rose and condensed in the upper 
part of the bulb of the retort as an extremely delicate whitish film, exhibiting 
no metallic lustre, even by the aid of a magnifying glass; nor could this be 
expected from the minute quantity of arsenic present, and the extent of surface 
over which it was spread by sublimation. The platina was found perfectly 
clean, and of precisely the same weight as at first. Some pure water was put 
into the retort, and occasionally agitated in contact with the sublimate, but 
after thirty hours a recent solution of sulphuretted hydrogen occasioned no 
change in the water. The actual quantity of arsenic attached to the platina 
in the foregoing experiment, was ascertained to be j^th part of a grain. But 
this is very far from conveying a just idea of the degree to which this mode of 
detection may be carried: for a single drop of the aqueous arsenious acid 
would have afforded ample evidence of the arsenic as it respected colour, inso¬ 
lubility in muriatic and sulphuric acids, alliaceous odour, and volatility; which 
would give the ?jWth part of a grain. Even this very minute quantity gives us 
by no means the extreme limits to which this truly microscopic method of de¬ 
tecting metals may be carried. It is, however, quite unnecessary to pursue 
the subject further. 

In cases when the small platina crucible was used, the results were equally 
delicate, and much more simple and satisfactory. I put a single drop of 
aqueous arsenious acid, with about an equal bulk of muriatic acid, into the 
crucible; the zinc being applied for an instant, the arsenic was reduced on 
the platina. The crucible was then rinsed with pure water, dried, covered 
with a piece of plate glass, and heated with a spirit lamp; arsenious acid rose 
mid condensed on the glass, whilst the surface of the crucible remained un¬ 
changed. The results were precisely similar, when a single drop of arsenic 
acid, of arsenite and of arseniate of potash, were exposed to similar treat¬ 
ment. 

I put Ycuth part of a grain of solid arsenious acid into a very small platina 
crucible, which I coated with gold on the inside, and mixed with it about half 

♦ In my experiments I used a very delicate balance of Robinson’s construction, which turns with 
the -nrWth part of a grain, when loaded with one hundred grabs. 
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a drop of muriatic acid. A small slip of zinc being applied, the spot became 
of a dark steel-grey colour with a tint of green at its edge. Some pure water 
being put into the crucible, some extremely minute films of metallic arsenic 
appeared on the surface of it. The crucible, after being washed and dried, was 
heated, when the arsenic rose, leaving the gold surface unaltered. 

Into the crucible used in the preceding experiment, I put T Vth of a grain of 
solid arsenious acid, and dissolved it in about five drops of muriatic acid. I 
then applied a slip of zinc for about half a minute ; as soon as the contact of 
the zinc was made, the variegated colours from the arsenic were beautifully 
produced at the bottom of the crucible, an effect which was succeeded by a 
violent action, and all the arsenic was reduced. The crucible was now filled 
with pure water, and numerous steel-grey coloured filaments of metallic arsenic 
floated on the surface; some being collected on a slip of platina and heated, the 
alliaceous odour was strongly produced, and they were dissipated in a white 
vapour. The crucible being washed, and a few drops of diluted muriatic 
acid put into it, it was rinsed in pure water and dried, when its gold surface * 
was so completely coated with arsenic of a dark steel-grey colour, that no 
vestige of the gold at the bottom of the crucible could be seen, even with the 
aid of a magnifying glass, though the surface was full of little inequalities. The 
arsenic on the crucible did not sensibly tarnish by exposure to the air for some 
days; a portion of it was then expelled by a heat of nearly 400° Fahr., when 
the gold became partially visible; the remainder of the arsenic continued of a 
steel-grey colour. 

Though it seems unnecessary to bring forward more experiments in proof of 
the efficacy of the electro-chemical method to detect arsenic, it may be proper 
to recur to the evidence that arsenical compounds are by this method reduced 
to the metallic state. The experiments with the platina gilt crucible afford the 
most unequivocal proofs of metallic arsenic; whilst those with the platina foil 
and spoon, though seemingly more ambiguous, will, on examination, I presume, 
be found scarcely less satisfactory. Thus the partial oxidation of the surface 
exhibited in variegated colours; the strong cohesion of the arsenic to the pla¬ 
tina, are characteristics of the metal. The alliaceous odour (in cases where 
no deoxygenating substance can be presumed to exist) is admitted to belong 
only to the metal; insolubility in strong muriatic acid, is a property of no 
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known oxide of arsenic, but of the metal. To which may be added the facts, 
that I have repeatedly coated the arsenic, deposited on platina, with copper, 
and also with mercury; and removed both, Without affecting the arsenic. All 
these circumstances seem to prove the accuracy of the statements made on the 
subject. 

Though zinc and platina were the metals used in the electro-chemical ex¬ 
periments on arsenic already noticed, I have also employed several other 
metals which generally afforded analogous results. Other metals might of 
course be substituted for zinc and platina, but as far as my experiments have 
extended I give these a decided preference. Iron and tin are much slower in 
their operation than zinc. Brass and copper are readily coated with metallic 
arsenic ; but the objections to the use of the common metals as substitutes for 
platina, arise from the facility with which they are acted on by heat, air, acids, 
&c. and the difficulty with which arsenic is separated from them without in¬ 
juring their surfaces. The advantage of colour which gold has over platina, 
when a grey metal, as arsenic, is to be reduced in contact with it, is cheaply 
purchased by simply gilding part of the inside of the platina crucible. 

Compounds of mercury .—The compounds of mercury in general are readily 
reduced by being placed on a slip of platina foil, mixed with a drop of diluted * 
aquafortis or muriatic acid, and the zinc applied, when the mercury is soon 
either partly attached loosely, or amalgamated with the platina, and partly 
combined with the zinc. This is the case with the black and red oxides, white 
precipitate, the acetate, subsulphate, cyanuret, fulminate, &c. The cyanuret, 
however, appears to be reduced more readily, and with greater lustre, when 
muriatic acid, undiluted, is employed, and the acetate and subsulphate best, 
when diluted aquafortis is used. The compounds of mercury soluble in water, 
in general require not the addition of acid. 

From the importance of the compounds of mercury with chlorine, our de¬ 
tails respecting them may be more minute. 

Corrosive sublimate .—If a drop of an aqueous solution of corrosive subli¬ 
mate be put on a bright surface of copper, it will soon, as is well known, ren¬ 
der the copper of a greyish black colour. If a similar experiment be made and 

* By " diluted ” as applied to aquafortis and muriatic acid in this paper, is meant, the strong acids 
of commerce, to which an equal bulk of water has been added. 
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the zinc applied, the mercury mil presently be reduced to the metallic state, 
and the copper will be whitened. The results will be analogous, if similar 
experiments are made with solutions of corrosive sublimate in alcohol and 
ether, provided a little water be employed when the zinc is applied, or if pla~ 
tina be substituted for the copper. 

The following is a beautiful and extremely delicate mode of reducing corro¬ 
sive sublimate, and of obtaining the mercury in a sensible form; and it may 
of course be applied to other compounds of mercury. Put a drop or two of 
an aqueous solution of corrosive sublimate into a small platina crucible, add 
about an equal bulk of muriatic acid, and apply the zinc for a short time, 
when the mercury will be reduced; part of it on the platina, which will appear 
of a brighter white colour, and part of it will amalgamate with the zinc, 
whitening it and making it brittle at the point of contact. Wash the crucible 
with pure water, dry, and cover it with a piece of plate glass, and heat it with 
a spirit lamp: the mercury will rise and be condensed as an extremely fine 
white powder without metallic lustre, and it may be easily collected from the 
glass by the finger, so as to be exhibited in minute globules, visible by a high 
magnifying power, even when a single drop only of the solution has been 
operated on. 

I repeated the preceding experiment in the platina gilt crucible. The instant 
the zinc was applied the surface of the gold was whitened. Afterwards the 
mercury was collected by sublimation on glass. 

The solution of corrosive sublimate may of course be readily reduced on 
platina when the zinc is applied without the addition of any acid, as in the in¬ 
genious mode proposed some time since by Mr. Sylvester, and afterwards sim¬ 
plified by Dr. Paris. I am disposed to prefer the use of platina to that of gold, 
not only on account of the great difference in their commercial value, but be¬ 
cause I found the surface of gold tarnished after the mercury had been sub¬ 
limed from it, which was not the case with the platina. I did not, indeed, 
ascertain if the gold I employed contained any alloy;—it was supposed to be 
pure. 

A very simple mode of detecting corrosive sublimate, whether solid or dis¬ 
solved in water, alcohol or ether, which I have not seen any where noticed, is, 
to put on a bright surface of copper, a bit of the solid compound, or a drop of 
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it® solution, and to add a drop of muriatic acid to it, when the mercury will be 
immediately reduced, and the copper whitened. Similar effects also take place 
when a number of other compounds of mercury are similarly treated, as the 
oxides, eyanuret, the yellow precipitate from corrosive sublimate by the fixed 
alkalies, the white precipitate by ammonia, &c. Acetate of mercury does not 
yield to such treatment, unless heat be applied, when the copper is readily 
whitened; but with diluted aquafortis, the acetate is easily reduced on copper. 

Calomel is slowly decomposed in a platina crucible, when mixed with di¬ 
luted muriatic acid, and the zinc applied; the reduced mercury is deposited 
on the platina and combined with the zinc, or in case gold is present, it is 
whitened. 

The following is a much readier and better mode of treating calomel. Mix 
a little of this compound, with a few drops of diluted aquafortis, and boil for 
an instant or two in a small platina crucible, add a little water, and apply 
the zinc; the mercury will be readily reduced. Break the contact of the zinc 
with the platina, and the bright mercurial surface of the latter will at once be¬ 
come tarnished. Restore the contact, and the lustre of the surface will re¬ 
appear ; and these changes will occur as often as the contact is broken and 
renewed. Add some pure water whilst the zinc is in contact, and the surface 
will remain bright. The mercury may be collected by sublimation, as in the 
case of corrosive sublimate. Operating in this manner, the mercury from a 
very small quantity of calomel may be obtained. Calomel may also be readily 
detected, by placing it on a clean surface of copper, mixing a little muriatic 
or diluted muriatic acid with it, and applying a gentle heat; when the mer¬ 
cury will be instantly reduced, and the copper whitened. 

Compounds of lead ,—The soluble compounds of lead, in general, like those 
of mercury, are readily reduced to the metallic state when placed on a surface 
of platina, and the zinc applied; as the nitrate, acetate, &c. The insoluble 
compounds, as the oxides, patent yellow, the carbonate, sulphate, tartrate, &e. 
require previous mixture with diluted aquafortis or muriatic acid. The lead 
thus reduced is usually of a dark grey colour, and exhibits little lustre, unless 
pressed, as by the blade of a knife, when its metallic lustre becomes quite ap¬ 
parent. It feels quite soft as the zinc is drawn over it. Its cohesion to the 
platina is generally so feeble that most of it may be easily removed by a cloth 
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or the finger. It is also presently dissolved by the aquafortis and muriatic acid 
of commerce, and by strong nitric acid. 

I coated one side of a platina spatula with gold, mixed a drop of acetate of 
lead with one of diluted aquafortis, and applied the zinc; when the lead being 
reduced, the surface was washed, and by slight friction most of the lead was 
removed; but there remained sufficient to show the colour and lustre of the 
metal. It dissolved by diluted aqua regia, leaving the surface of gold appa¬ 
rently unaltered. 

Compounds of copper .—The soluble salts of copper, as the perehloride, per- 
muriate, sulphate, nitrate, &c. when dissolved in water, require only to be 
placed on platina, and the zinc applied, when the copper will be presently re¬ 
duced and cover the platina. The compounds insoluble in water, as the proto¬ 
chloride, proto-muriate, the carbonate, oxides, &c. when previously mixed with 
a little muriatic acid, or diluted aquafortis, are also readily reduced. The last 
acid seems best adapted in the case of different pigments of copper, as Olym¬ 
pian and Scheele’s greens, common verdigris, refiner s verditer, &c. 

The copper reduced on platina, by zinc, usually exhibits the colour and 
lustre of the metal. Its surface is in some cases blackish, and requires gentle 
rubbing to show the metallic appearance. It has, in general, greater lustre, 
in cases when diluted aquafortis is used, and the acid only in slight excess 
when the zinc is applied. It is soluble in muriatic acid, but more readily in 
strong or diluted aquafortis. 

4. Experimental evidences that the accuracy of the Electro-chemical method of 
detecting metals is not impaired by the presence of mixed vegetable and 
animal substances , when applied to the detection of metallic poisons; par¬ 
ticularly to the common compounds of Arsenic, Mercury , Lead, and Copper, 
in such mixtures. 

I have ascertained that tbe electro-chemical method is competent to the 
detection of very minute quantities of the different metals, when their com¬ 
pounds are mixed with vegetable and animal substances. But the object of 
this section is to notice briefly a number of miscellaneous experiments on the 
principal well known poisonous compounds of arsenic, mercury, lead, and 
copper, when mingled with organic fluids and solids, &c. 
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Arsenious amd <—I mixed a small quantity of solid arsenious acid in powder, 
with the following substances, separately, viz. wheaten flour and its paste; 
bread; cake with currants and caraway seeds; starch in powder, and in solu¬ 
tion ; rice in powder, and boiled with water to a pulp *, potatoes boiled, and 
roasted; sugar in powder, and in syrup; vinegar, and raspberry vinegar; port 
and sherry wines; gruel, thick and thin, with sugar and milk, also with sugar 
and wine; milk and cream; white and yolk of egg, both fluid and coagulated; 
gelatine (isinglass) in solution; bile discharged from the stomach, mixed with 
saliva, and watery fluid. 

In a number of those instances, it was only necessary to put a little of the 
mixture into the platina spoon, incorporate a few drops of muriatic acid with 
it, and apply a slip of zinc, when the arsenic was readily precipitated on the pla¬ 
tina. In cases when the arsenious acid existed only in very minute quantity, 
or when the water present was considerable, the fluid was concentrated by 
boiling, or evaporated nearly to dryness, previous to the application of the zinc, 
when the arsenic was in like manner deposited. 

Arsenious acid was also mixed with butter, lard, and oils; some of the re¬ 
spective mixtures being boiled a short time in the platina spoon with muriatic 
acid, or in solution of fixed alkali, then muriatic acid added in excess, and the 
zinc applied, when the arsenic readily appeared. 

A few drops of an aqueous solution of arsenious acid were mixed with some 
sheep’s blood; muriatic acid was added; the whole formed a deep wine yellow 
solution. A drop or two being put on the platina foil, and the zinc applied, 
coagulation took place, and the arsenic precipitated. Ox-bile being treated in 
a similar manner afforded analogous results. 

In one instance, I mixed five grains of solid arsenious acid in about half a 
pint of tea sweetened with sugar and milk. It was kept hot for some minutes, 
and occasionally stirred. A little of the tea being put into the platina spoon, 
and muriatic acid added, the application of the zinc produced no immediate 
effect. But on boiling the spoonful of tea nearly to dryness, then adding two 
or three drops of muriatic acid to the residual brown substance, and agitating, 
a yellow solution was formed. A slip of zinc being now applied, a white coa- 
gulum, which soon changed to brown, appeared, and the arsenic was copiously 
precipitated on the spoon. 
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In another experiment, a small quantity of arsenious acid,, inpowder,was 
mixed with hot tea. Some hours after it had cooled* it was filtered, and on 
being treated as in the preceding experiment, the arsenic appeared hi a similar 
manner. Coffee, on being exposed to like treatment, afforded analogous results. 

I mixed five grains of pulverized arsenious acid in a small basin of warm 
and rather thick pea-soup, having fragments of the fibrous part of beef dif¬ 
fused through it. The platina spoonful of it was boiled nearly to dryness, 
several drops of muriatic acid were added, and by agitation most of the solid 
matter was dissolved, forming a thickish fluid. The zinc being applied, a white 
coagulum changing to brown appeared, and the arsenic soon covered the sur¬ 
face of the spoon. Similar results were obtained when giblet soup was treated 
in like manner. 

Corrosive sublimate .—A few drops of a solution of corrosive sublimate in 
water, were well mixed with a solution of gelatine (isinglass): a drop or two of 
the mixed fluids being placed on the platina spatula, and the zinc applied, the 
mercury presently precipitated; and this effect was more readily produced 
when a little diluted muriatic acid was previously added to the mixture. When 
a solution of nutgalls was added to the mixed gelatine and corrosive subli¬ 
mate, also when corrosive sublimate was added to yolk of egg, the results, by 
similar treatment, were precisely analogous. 

A small quantity of solution of corrosive sublimate was put into fluid albu¬ 
men (white of egg). To some of the precipitate in a platina crucible, a little 
diluted muriatic acid was added, and the zinc applied; the albumen coagu¬ 
lated, and in about a minute some mercury was reduced in the crucible, and by 
continuing the experiment for a few minutes the quantity increased consider* 
ably. A similar experiment being repeated in a platina gilt crucible, in a short 
time the gold partially assumed a dark blueish grey colour. The mercury from 
both experiments was collected by sublimation on glass, as detailed before. 

When solution of corrosive sublimate was mixed with flour into a soft paste, 
put into the platina crucible, and diluted muriatic acid added, in the course 
of a few minutes after the zinc was applied, similar results as in the foregoing 
instances, were obtained. 

Corrosive sublimate in powder was mixed with butter, and diluted muriatic 
acid was incorporated with the mixture; a little of the same being placed on 
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the piatina spatula, and the zinc applied to the fluid, the mercury was pre¬ 
sently reduced. The experiment was successfully repeated with diluted aqua¬ 
fortis, instead of muriatic acid. 

Solution of corrosive sublimate was respectively mixed with saliva, sheep’s 
blood, and ox bile; the zinc being applied to each, on piatina, the mercury 
was soon reduced. 

A few drops of solution of corrosive sublimate were mixed with some human 
bile, and watery fluid discharged from the stomach, and rather more than half 
its bulk of muriatic acid was added; a small teaspoonful of the mixed fluids 
was put into the piatina crucible, and the zinc applied for about two minutes, 
when the surface of the crucible had acquired a dark grey colour; on being 
heated, metallic mercury was obtained. The experiment was repeated, with 
similar results, in a piatina gilt crucible. 

A solution of corrosive sublimate, in small quantity, was mixed with milk; 
muriatic acid, equal to about one half the milk, was added. Some of the mixed 
fluids was put into the piatina crucible, and the zinc being applied a short 
time, a grey surface of mercury appeared on the piatina. A similar experi¬ 
ment was made in the piatina gilt crucible, which soon exhibited a partially 
whitened surface. From both experiments mercury was sublimed. 

A few drops of solution of corrosive sublimate were mixed in a cup of tea 
sweetened with sugar and cream. About a teaspoonful was put into the pia¬ 
tina crucible, with nearly an equal bulk of muriatic acid. A slip of zinc being 
applied for about a minute, a greyish substance was found at the bottom of the 
crucible, which, when washed, dried, and heated, afforded metallic mercury. 
These experiments were repeated with success, both in the piatina crucible and 
in the piatina gilt crucible; and precisely similar results were obtained with 
coffee, under like treatment. 

It is proper to remark, that the experiments noticed in this section, were, in 
general, carried on only for a few minutes, so that the decompositions were 
mostly partial, and probably in no instance complete. This statement is con¬ 
firmed by facts, for I repeatedly found that after a given effect had taken place 
in the piatina crucible in a few minutes, a still further effect was soon pro¬ 
duced, by transferring the same materials to the piatina gilt crucible. 

mdcccxxxi. Y 
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When a solution of corrosive sublimate (in snail quantity) was added to 
some sherry or port wine in a platina crucible, and the zinc applied, a beau¬ 
tiful effect gradually took place. In the course of about a quarter of an hour, 
calomel was formed, and deposited at the bottom of the crucible in successive 
circles, which extended beyond each other, and differed slightly in their shades 
of colour, being alternately lighter and darker. The zinc became brittle at its 
point of contact, from amalgamation. These experiments were repeated in the 
platina gilt crucible with similar results, part of the gold was whitened, and 
calomel and mercury were afterwards sublimed from both crucibles. 

With raspberry vinegar and solution of corrosive sublimate, the results ap¬ 
peared to be similar to those produced with the wines. 

Sugar of lead, acetate of had .—A solution of sugar of lead, in small quan¬ 
tity, was separately mixed with flour into a thin paste, with saliva, port and 
sherry wines, raspberry vinegar, and yolk of egg. A little of each mixture 
was put on the platina spatula, and the zinc applied, when the lead was soon 
reduced on the platina. 

A little of the solid compound of albumen (white of egg) and sugar of lead 
was placed on the spatula, and mixed with a drop or two of diluted aquafortis; 
the zinc being applied, the lead was reduced to a dark grey colour; by gently 
rubbing it with the finger the lustre of the metal became apparent. The re¬ 
sults were analogous when sugar of lead was mixed with sheep’s blood and ox 
bile, and exposed to similar treatment 

A mixture of gelatine (isinglass) and sugar of lead was put on the spatula, 
and the zinc applied; the lead was slowly reduced: the effect was more rapid 
when a drop of diluted aquafortis or muriatic acid was previously added. The 
results were precisely similar when a solution of nutgalls was added to the 
mixed solutions of gelatine and sugar of lead. The yellow soft solid readily 
yielded metallic lead on platina by means of zinc. 

A small quantity of sugar of lead was put into some tea sweetened with 
sugar and cream; some of the yellow matter produced being put on the spa¬ 
tula, and the zinc applied, the lead was slowly deposited. The results were 
similar when sugar of lead was mixed with milk and with coffee. The addi¬ 
tion of a little diluted aquafortis appears, in a number of cases, more readily to 
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reduce the lead, but as a slight excess of add will redissolve the lead (partially 
or wholly), a longer contact of the zinc is necessary to neutralize the add, and 
render the lead permanent. 

Sulphate of copper, blue vitriol .—A small quantity of sulphate of copper in 
solution was added to the following substances, viz* flour forming a soft paste, 
milk, tea and coffee sweetened with sugar and cream, gelatine (isinglass) in 
solution, and with nutgalls, albumen (white of egg) and yolk of egg, saliva, 
sheep’s blood, and ox-bile. On a little of each mixture being placed on the 
platina spatula, and the zinc applied, the copper was presently reduced on the 
platina. In some cases, the surface was of a blackish colour, but its proper 
colour and lustre became apparent on rubbing it. The addition of a little 
diluted aquafortis or muriatic acid to the mixtures, usually facilitated the re¬ 
duction of the copper. 

A little sulphate of copper in powder was mixed with butter and lard, placed 
on the spatula, and a drop of diluted aquafortis incorporated with them. On 
the zinc being applied, the copper was readily reduced. 

5. Some general Remarks , and Conclusion. 

The experiments detailed in this paper seem to prove, that the common com¬ 
pounds of arsenic, mercury, lead, and copper, may be readily reduced to the 
metallic state, on platina, by the electro-chemical method described; and that 
this method is also competent to the detection of those metals, in cases when 
their compounds are mixed in very small quantity with vegetable and animal 
substances. It may, I think, be farther deduced, that the method is applicable 
in cases when those compounds exist in the most complicated mixtures of 
organic substances. For, though I have had no opportunity of applying it to 
the contents and tissues of the stomach in instances of poisoning, yet its 
efficacy in such cases can scarcely be doubted, as no animal or vegetable sub¬ 
stances can, I apprehend, resist the action of the mineral acids, which are 
almost indispensably necessary to the success of the method. In some instances, 
where the common tests will not act at all, and in others, where they only act 
fallaciously, the electro-chemical method will, in general, be found to act with 
certainty. 

The general results appear to be strictly electro-chemical, or to arise from 
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the union of a chemical and an electrical action, and seem to be comprehended 
in the principle developed by Sir Humphry Davy relating to the changes and 
transitions by electricity, viz. that “ the metals are attracted by negatively 
electrified metallic surfaces, and repelled by positively electrified metallic sur¬ 
faces, and these attractive and repulsive forces are sufficiently energetic to 
destroy the usual operation of elective affinity 

If the decompositions which I have noticed were effected by the mere contact 
of the zinc with acid solutions of the metals, there would, indeed, be reductions, 
but no depositions on the platina. The electrical action arising from the con¬ 
tact of the two metals, in cases when small slips of zinc and platina were em¬ 
ployed, was quite sufficient to destroy or suspend the usual operation of che¬ 
mical affinity. Thus, in numerous instances of the decompositions of metallic 
compounds, the platina remained covered with the reduced metal during the 
contact of the zinc; but on removing the zinc, the coating was readily re¬ 
dissolved by the slight excess of acid present. The transition of the reduced 
metal to the surface of the platina, is the effect that gives to the method a 
beauty, simplicity, and delicacy, exceeding, in my opinion, all other modes of 
detecting the metals already referred to, together with a number of others 
which remain to be noticed. 

As this paper has already exceeded the limits at first intended, I shall defer 
noticing a number of useful applications of the facts, until I shall have the 
honour of submitting to the Society the remaining part of the subject. 


* Phil. Trans. 1807. 
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IX. On the Chemical Action of Atmospheric Electricity. By Alexander 
Barry, Esq. F.L.S. Communicated by John George Children, Esq. Sec. 
R.S., 8$c. 8$c. 


Read Feb. 24, 1831. 

The intimate connection existing between the chemical constitution of various 
substances and their condition in regard to electricity, has now been long 
known. So true is this, that the very order of their affinities has also, for a 
considerable period, been acknowledged as greatly within the control of this 
agent. With this object in view, the electrical influence, as exhibited in the 
ordinary way, as well as by the Voltaic battery, has successively confirmed its 
results in the experiments of Nicholson, Cavendish, Sir H. Davy, Chil¬ 
dren, and the French chemists. This being the case, it is not my purpose to 
advert to any new source of electrical accumulation, but to describe what ap¬ 
pears to me as the link connecting the researches of Dr. Franklin with the 
electro-chemical theory of Sir H. Davy. With this view, in August 1824, I 
elevated the kite in an atmosphere favourable to the exhibition of its pheno¬ 
mena. It was raised from an apparatus firmly fixed in the earth, and was in¬ 
sulated by a glass pillar. The usual shocks were felt on touching the string, 
which simple fact I am induced to mention from the circumstance of no elec¬ 
trometer having been employed. The portion of string let out with a double gilt 
thread passed through it, was about five hundred yards. I then made the con¬ 
nection shown in the accompanying sketch, where the straight glass tubes A B, 
having platina wires passed from above half way down their axes, and standing 
in their respective glass cups C D, were filled with a solution of sulphate of 
soda coloured with syrup of violets, connected also with each other by the bent 
glass tube E, likewise filled with the above solution in the usual manner. A 
portion of gilt thread d was then brought from the tube at A and united to the 
kite-string K, whilst a similar thread b was carried from B to the earth. Bub- 



166 MR. BARRY ON THE CHEMICAL ACTION OF ATMOSPHERIC ELECTRICITY. 

bles of hydrogen in A and of oxygen in B, soon appeared. In about ten 
minutes, the blue liquid in A became green from the separation of the soda, 


K 



whilst the sulphuric acid, by passing to the pole in the tube B, changed its 
contents, as usual, red. The experiment was then discontinued. In having 
the honour to communicate the result to the Royal Society, I must remark, 
that it was my intention to have pursued this simple application of electricity, 
in the expectation of arriving at more extended and important conclusions, 
which, however, numerous circumstances have hitherto prevented me from 
accomplishing. 
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X. An J&cemiM if Operations earned on for ascertaining tke Difference of Level 
between tke River Jammed London Bridge and, ike Sea; and aim for deter - 
mining tke Height above the Level of the Sea, 8$c. of intermediate Points passed 
mm* between Sheemess and London Bridge * By John Augustus Lloyd, Esq. 
FJLS. FM.G.8. $ F.S.A. 


Read March S, 1831. 

* 

XN February 1830, at the suggestion of the Royal Society, I had the honour 
to receive directions from the Lords Commissioners of the Admiralty to make 
such observations as I might consider necessary, to ascertain the difference, if 
any, between the level of the waters at certain points on the river Thames, and 
the mean level of the sea near Sheerness, as well as the height of different inter¬ 
mediate points above the sea, such as Gravesend, Greenwich Observatory, &c. 

Having found, while employed in the Isthmus of Darien, how inadequate 
the present levelling instruments were to obtain very accurate results, and 
being desirous of conducting the interesting observations, I now had orders to 
make, with the most scrupulous exactness, I thought it necessary, in the first 
instance, to bestow some attention to the improvement of the instruments 
required to be used, endeavouring to combine superior steadiness and motion 
in azimuth, more delicacy in the level itself, more permanency in its position, 
and greater power in the telescope. 

After several trials, and by the assistance of Mr. Cary, (to whom I am 
indebted for many valuable suggestions,) I determined upon having an instru¬ 
ment made exactly after the accompanying Plate. 

Wig. L is a perspective view of the instrument. It is supported by three 
foot-screws, similar to those used in the best altitude and azimuth circles, 
with thirty *threads to an inch, and serving to place the instrument horizontal. 

The stand is formed by two plates of brass, which are firmly connected 
together by three pillars. To the limb that carries the telescope, in very sub-* 
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stantial Ys, Is fixed the inner conical centre, three inches in diameter and 
eight in length, ground to move perfectly smooth in the hollow conical centre 
fixed to the stand. ' 

This limb projects over the upper part of the frame about one inch, and 
is bevelled at the edge, in order to slide in a groove attached in two pieces to 
a clamp, screwed underneath the upper part of the frame, and which, by 
means of a tangent screw, gives a slow motion in azimuth to the limb. Ibis 
limb, having two solid projections, allows the Ys being at some distance over 
the periphery of the circle, by which means the supports to the telescope 
are nearer its extremities. One of these Ys has a short vertical motion, with 
a pushing screw at the side, which fixes it at any height required. The 
telescope itself is of thirty inches focal length, and magnifies about twenty- 
two times, having two thick gun-metal collars, by which the telescope rests 
on and is turned in the Ys. These were quickly worn by the continued 
friction from the supporting part of the Ys, and would have caused an error in 
using the instrument; I therefore had small thick steel plates, highly polished 
and hardened, dovetailed into each supporting part of the Ys. The fraction on 
the collars was now transferred to the pieces of steel; and although they like¬ 
wise continually wear, it does not affect the correctness of the instrument in 
any other way, than in altering the adjustment of one of the Ys. (See page 20.) 

At the eye end of the telescope is an adjustment with a rack and pinion, 
for distinct vision, and another by the same means to regulate the distance 
of the eye from the wires: this I found to be indispensable, as the eye occa¬ 
sionally becomes fatigued, and requires a different focus to view the wires 
distinctly. 

The wires themselves are adjusted as usual, by a sliding piece for azimuth, 
and two pushing screws for vertical motion. 

In the centre of the telescope there are two orifices opposite one another; 
the one to receive a small lamp, and the other admitting a spindle and specu¬ 
lum at the end, ground to an angle of 45°, which, by reflection, illuminates the 
wires for night observation. The speculum being made to turn, the quantity 
of reflected light may be regulated at pleasure. 

As ike glass would not admit of distinct vision for objects at a less distance 
than one hundred feet, and it being necessary to use the instrument, at times, 
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not more ton three feet distance from the station-staff, several lenses were 
made of different fbeai distances, as sixty, thirty, fifteen, eight tot, and thirty 
inches % which, being applied to to object end of to telescope, converts it, in 
fact, to a microscope. 5 '*'•*. ; v 

To the lower part of the telescope, within to collars, are affixed to cocks, 
into which fits the tube protecting to level - one of these cocks gives a ver¬ 
tical, and the other a horizontal motion to to tube. In order to place to level 
parallel to to axis of to telescope. 

When to instrument was first made, these motions were effected % means 
of endless screws; but I found it so difficult (almost impossible) to keep a 
delicate level in adjustment by this mode, that I substituted the old fashion of 
capstan-headed pushing screws. 

To to upper part of the telescope are attached (outside eitor points of sup¬ 
port) cocks* or braces, carrying a swinging level, having, as well as to cocks, 
separate adjustments. 

This additional level was intended as a check to the lower level, and to 
detect any occasional variation in the figure of the tube itself. 

The glass bubbles themselves were placed in the tubes at first with paper, 
and wedged at eitor end with small pieces of wood; but to wedges are 
liable to distort the bubble itself, mid after some time get loose in to tube; 
and the level alters in its position, and is never to be depended on. I found it 
better to push to level into its proper place in to tube, not tightly, and with 
paper underneath, taking care that the paper touches the middle part, and 
then filling up the two ends with plaster of Paris. 

To to upper part of the telescope, near the eye-piece, is fixed a small level, 
adjusted to the horizontal wire of the telescope^ and by the assistance of which 
the same surface of the large level is used at each observation. There is also 
another small level at the other end of the telescope, to adjust to vertical 
wire by, but of less use than the former. 

On the upper limb, near one of the Ys, is fixed a small thermometer, with 
to bubble inclining downwards, at an angle of about 10°, to use of which 
will be explained hereafter. 

The large stand of this instrument is made with a solid top of African oak. 

* These cocks are not shown in the Plate. 
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The irs, which ace very strong* aad Ibracedat the lK)ttom,Rbc«it 

six inches from the shoeing, with three thick ironrods, rendering the whole 
steady, and affording the men a purchase to pressdown with their feet, and 
rough level the stand ready for the reception of the instrument. , ? ^ 

Adjustment 

The above instrument requires several adjustments, which 1 shall endeavour 
to describe in the order they are made. 

First, To make the lower level parallel to the axis of the telescope : 

Place the telescope directly over one of the foot-screws, and clamp it; then 
bring the bubble of the level, by means of the foot-screw, to the same division 
on either side the graduated scale affixed to and over the level, taking care 
that the bubble of the little level at the eye end of the tube (and at right 
angles to the large level) is in the centre; then reverse the telescope in its 
collars, observing if the bubble reaches to the same division, and correct one 
half of that number by the pushing screws on the level itself, and the other 
half by the foot-screw: this must be repeated until the bubble remains in the 
same spot. 

Second, To place the large level in the same vertical as the axis of the 
telescope: 

Move the telescope in its collars until the level is brought considerably to 
one side, and observe if the bubble still remains at the same division; if not, 
move the side pushing screws on the level,'until the bubble has returned to its 
proper place; move the telescope again as much to the, other side, and observe 
if the bubble comes to the same division if not, it must be xe^adjusted, until 
it is as near as the accuracy of the grinding of the level will allow. 

These two adjustments are naturally dependent on one another, therefore 
they must be both examined, until no alteration in the bubble can be per¬ 
ceived. 

Note.^—As the collars may wear a little hollow in time, care must be taken 
that one particular shoulder of the two collars rests against the Y when reversed, 
in order to use the same point of support, , . 

. Third, To place the axis of the telescope parallel to the plane of tfae instru- 
ment: 
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HbMtt settle clamp which co&Shes the telescope over the and 

to bring the telescope and limb half 

round on Its conical centre, and observe the bubble; half toe number of divi¬ 
sions, la erroren toe scale, must be corrected by toe foot-screw, and the other 
half by the vertical motion to the Y, securing it, when it m sufficiently adjusted, 
by the little side screw. 

Fourth, To place toe vertical and horizontal wires at right angles, and to 
connect them with the little levels on the telescope: 

Place one of the station-staves about five feet from the ground in a horizontal 
position (by means of a small hand level and two nails) ; from the centre thereof, 
suspend a white plumb-line; adjust the vertical wire to the horizontal one, by 
loosening the two screws, which admit of its moving diagonally, and making 
them coincide with the surface of the staff and the plumb-line; then by loosen¬ 
ing the screws of the small level at the eye end, move it until the bubble rests 
in the centre, reverse the position of the wires, making the vertical horizontal, 
and adjust in the same manner the other little level. 

Fifth, To make the hanging level parallel to the plane of the instrument: 

Adj ust by the foot-screw, until the bubble of the lower level is in its position; 
then observe toe variation of the riding level, and alter it one half the error by 
the vertical screw on the cock, and the other half by the pushing screws on 
the riding level itself. 

Or, By the foot-screw, bring the bubble of the hanging level in the centre ; 
then reverse it on the cocks; one half the difference is to be altered by means 
of the adjustment on the level itself, and one half by the foot-screw; now place 
the lower level perfectly horizontal, and by the vertical screw on the cock, 
bring the bubble of the hanging level to correspond. 

The usual adjustment for collimation is here purposely omitted. The eye 
tube of the telescope altering continually in its position, renders it most diffi¬ 
cult to make this adjustment correctly; for although it may be found in per¬ 
fect [adjustment for a distant object, when directed to a near one there will be 
a considerable error, which would affect the results in levelling, if the station- 
staves were not equidistant from the instrument. 

To avoid this inconvenience therefore, as well as to avert the difficulty of 
placing the extra lenses for short distances, so as not to alter the line of colli- 

z 2 
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mation, 1 permitted the wires to be some distance from the axis of the telescope; 
and, in levelling, a mean of four or six observations were taken, with the tele-, 
scope turned half round in Its collars at each observation. 

Note .—I take this opportunity of mentioning a substitute I have occasionally 
used for wire or cobweb with success, viz. asbestus; very fine fibres of which 
can be obtained by being thrown into hot water, when it easily divides. These 
fibres are tough enough to be placed with ease on the diaphragm, and have the 
advantage of being opaque. 

Being now in possession of an instrument equal to perform the most delicate 
observations, my next object was to make some improvement in the station- 
staves, so that they might point out as minute a quantity as the instrument 
could detect a difference of. This was something difficult, without encroaching 
on the portability and quick application of the staff to its use,—The following 
is a description of the staves I used, a Plate of which is given. 

The staff itself is a rod of six feet six inches in length, of solid seasoned maho¬ 
gany on the face of which is let-in a slip of brass, riveted at intervals from end to 
end ; by the side of this is also a slip of holly, fixed in the same manner. The 
divisions are laid down in feet and tenths, on the holly; and in feet, tenths and 
hundredths, on the brass. The lower part of the staff is fitted into a square 
tube of brass about eight inches long, four inches of which are occupied by the 
staff, and the remainder filled up with lead. 

The vane is a plane of seasoned holly, with two semicircles of stained ivory 
let into the face of it (see Plate). It is fixed by screws to a brass box with 
tightening springs on the staff itself: there is another small slide on the staff, 
having two clamping screws, and a long tangent screw, which is attached to 
the box of the vane by a female screw; the last gives a slow vertical motion to 
the vane. 

On the top of this vane, and at right angles to one another, are two small 
spirit-levels, mounted in brass; affixed to the vane, in a square hole in the 
centre, mid levelled on one side, is a small brass vernier, the edge of which 
slides on the divisions of the staff reading to the lOOOdth, and, by practice, to 
the 10,0G0dth of a foot. 

Hie station-staff thus described is in itself complete; but for accurate ob¬ 
servation it requires to be immoveable on the picket: a three-legged support 
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is therefore added,, having a box and ring with double compass gimbles, and a 
horizontal motion; into this the staff slides. 

There is also a small brass tripod with iron legs, having a hole in the centre 
plate, over which another small plate slides, fixing to the tripod by two clamping 
screws; this is used to confine the bottom of the station-staff over the picket. 

*3 - 

: - Adjustment. 

The only adjustment required to this instrument, is to enable it to be placed 
vertically over the picket. 

Slide the staff into the piece carrying the gimbles; suspend it with the 
gimbles as nearly as possible at right angles, and as distant as conveniently 
may be from the ground. When the staff does not oscillate, observe if the two 
bubbles on the vane are correct; if not, by means of the small screws at either 
end raise or depress them, until the bubble remains in the centre. 

Having now the means of placing the staff immoveably and vertically over 
a spot, it is to be accomplished as follows: Fix the support that carries the 
staff, as nearly as possible over the required spot; pushing the legs into the 
ground, place the small tripod as shown in the Plate, unclamp the milled 
heads, and pass the staff through the gimbles of the support into the plate of 
the tripod. As this plate will move in any direction horizontally, the staff is 
to be adjusted, until perfectly upright, by means of the levels on the vane; 
then clamp the plate firmly, and push the staff down to the head of the picket, 
and turn it until it is directly in front of the level. 

In March 1830, having every thing prepared, I departed for Sheerness, de¬ 
termining to commence my observations at that point. 

As part of the main object of my commission was to ascertain the height of 
different places above the level of the sea, it was necessary to endeavour to de¬ 
termine that point with accuracy. From the observations made from time to 
time, at the caisson at Sheerness Dock Yard, of high and low water, I could 
only obtain this point within a certain degree of accuracy. I therefore deter¬ 
mined to take advantage of the permission granted me by the Admiralty, to 
commence the erection of a tide-gauge at the Dock Yard. Accordingly, after 
having a model made on a principle that I hoped would be the most simple 
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Description of the Tide-Gauge. % ' ^ 

Themodel is on a scale of three quarters of an inch to a foot.* The flat board 
on which the house stands, represents the Wharf at Sheemess 5 it is made long 
at the back, and balanced so as to be placed on a table,to show the trunk in 
the actual position of the gauge. The top or cap to the covering of the staff 
is left unfixed, in order to be taken off, and allow the house to he lifted over 


The slide tods ip theiqodelare ofironwire, and out of proportion; but no 
smaller was at that time to be found in the Dock Yard; in the original they 
arefcppper bolts: **• * * > • 5 * •• h, * ' , 

The slides or pointers have springs totighten them to the rods, but they are 
too. minute to act in the model. The lower end of the tube in the model is 
nearly filled tip with wood, inorder to secureit to the trunk, leaving only a 
part for the gauge-rod to pass ; but in the original the tube is left open below, 
there being sufficient strength in the timber to allow of its being bolted to the 
platform. ItatiNtre three small frictionr-wheds at the upper end of 
the rod, to steady it J|p > k.i* . v • ' l .. 

if There is a distance ofrften feet between the top tmtdh m point on the 
wl|it brings the slidodowh to indicate low weU^ aiadttepilnt on Ifie middle 
of flke rodwhieh takes the other slide up to indicate high water. Therefore 
lifting an eighteen-feet tide, the top eatch will bring flhe slide down to four 
t tie middle catch on the rod will raise the sMe toseven m 
the other index, the difference iff which, three added to fifteen (the length be- 
tween the points), gives eighteen. Therefore it wM be observed thatthe 
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fereheebetween theslides m s to P added or subtracted, to" or from the 
<m the rod, 1 on either Ms are con¬ 

tinued from t ieet to II feet, to allow for any extraordinary tides. The little 
brass standard in front of the tkJe^gaiige,and about six or eight feet from it, 
has been connected with It; therefore the height of any particular tide above 
the standard is easily found, knowing the exact distance from the middle catch 
to the Has of immersion (which is registered). For example: &et, the distance 
from the centre catch or point, to the line of immersion be 12.444, and the face 
of the brass standard on a level with 0*747 of the indices; and that high 
water carries the pointer to 6*546 on the index, then 12.444*<-(6.546—*0.747) 
= 5.151, the height of that particular tide below the standard. Again, as¬ 
suming 4.328, as pointed on the index by the upper catch for low water, then 
15+12.444-(4.328-0.747) ca 23.863, the height of standard above item of 
low water. The difference between the two, gives 18.712 for the rise and fall 
of the tide. „ \ 

Many interesSng observations may also be made by the same instrument 
on the irregular rise and fall of the tides, as there is an excellent dock within 
the house, and I believe an index connected with a weathercock on the out¬ 
side. 

The trunk of the gauge is substantially fixed between large piles, driven in 
for the purpose, and the whole partitioned off to low-water mark, to render the 
gauge secure from boats or vessels*. 

My next object was to select a standard mark, from whence to commence 
my levelling, and to form a zero point. 

I made examinations of the Dock Yard in different parts, particularly that 
part lacing the Medway. I at first fixed on the northern part of the Dock 
Yard wall adjoining the garrison; but upon due inquiry I found that part was 
not considered so good a foundation, being built on piles driven in at some 
distance from one another, and to no great depth. Wishing, however, to 
shorten the distance between my zero point mid the long level I should have 
to take across the Medway to the Isle of Grain, and desirous of having the 

* This tide-gauge is on the same principle as that mentioned by Mr. Lubbock in the Companion to 
the British Almanac. 
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standard in the vicinity of the tide-gauge, so that future observations might 
be easily connected with the standard, I selected a large block of granite in 
the southern pier of the entrance to the boat basin, the position of which is 
shown in the plan of the Yard. I caused a block of gun-metal (cast for the 
purpose), two inches and a half square and eight inches long, to be sunk in the 
centre of the granite, about an inch below the surface, thereby allowing a brass 
box and cover to be placed over the standard, to protect it from injury. 

In order that there should be a sufficient number of checks to the stability 
of this standard mark, I caused three more to be placed in the Yard; viz. one 
near the southern extremity on the wall of the Dock Yard, one at the eastern 
side of the greaf basin, and one in a large block of stone resting on the brick¬ 
work of the navy well 330 feet deep. 

But however satisfied I might be that these standards were sufficiently firm, 
I thought it advisable to seek some spot more unquestionable in its foundation 
than Sheemess Dock Yard. I found a place that possessed this advantage ; it 
was a slight eminence about two miles and a half to the southward of, the Dock 
Yard, and surrounded by a moat. 

On this eminence formerly stood the old castle of Queenborough, within a 
short distance of the present town of Queenborough. The castle, which was 
in the form of a pentagon, was some years ago pulled down, but a very small 
part of the foundation was left. On this foundation, which is rubble and chalk, 
some feet under the surface a very large block of granite was placed for me, 
by order of the commanding officer of engineers, and into which was let one 
of the brass standards. The place is now covered over, but marked by a small 
mound of earth near it, and reference can be easily made to it if required. 

Having now standard marks enough to ensure, by comparison, the know¬ 
ledge of any alteration (if any should occur) in the zero point, I commenced 
levelling. 

My first business was to ascertain the difference of the several standards in 
the Dock Yard above the level of the sea. 

From a series of observations made at the caisson at the entrance to the 
great basin, in the years 1827? 1828, 1829, the mean of the tides was as 
follows: 
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Mean high water spring tide for 1827, 26.475 Low water 8.700 Mean 17.587 


Do. . . . do. . . . 

1828, 26.50 . 

do, . 

8.61 

do. 

17*55 

Do. . . . do. . . . 

1829, 26.09 . 

do. . 

8.93 

do. 

17.51 

Means 

. . 26.355 . 

do. . 

8.74 

do. 

17.549 

High water neap tides . . . 

1827, 22.56 . 

do. . 

11.12 

do. 

16.84 

Do. . . . do. . . . 

1828, 22.69 . 

do. . 

11.44 

do. 

17*06 

Do. . . . do. . . . 

1829, 22.72 . 

do. . 

11.45 

do. 

17.08 

Means 

* * 22656 * 

do. . 

11.336 

do. 

16.993 

Mean 

for the three years. 

• 



Spring tide high water, 26.355 

Spring low 

, 8.74 

Mean level 17*549 

Neap tide do. . . 22.656 

Neap low 

, 11.336 

« do. . 

16.993 

Means . . 24.50 


10.03 



17*27 


As there are many blanks in the three years’ observations that these were 
taken from, I have also selected the most perfect year (1827), and taken the 
mean of all the tides for each month in the year. 

The following is the 


January, Mean high water 

4 * 

CD 

Mean low 

10.20 

Mean level 

17*49 

February 

. . do. . . 

24.08 

. do. . 

10.00 

. do. . 

17*04 

March . 

. . do. . . 

24.70 

. do. . 

9.60 

. do. . 

17*15 

April. . 

. . do. . . 

24.25 

. do. . 

9.90 

. do. . 

17*07 

May . . 

. . do. . . 

24.35 

. do. . 

10.35 

. do. . 

17*35 

June . . 

. . do. . . 

24.31 

. do. . 

10.29 

. do. . 

17*20 

July . . 

. . do. . . 

24.39 

. do. . 

10.16 

. do. . 

17.27 

August . 

. . do. . . 

24.39 

. do. . 

10.26 

. do. . 

17*32 

September 

. . do. . . 

24.29 

. do. . 

10.00 

. do. . 

17.14 

October 

. . do. . . 

24.79 

. do. . 

9.66 

. do. . 

17*22 

November 

. . do. . . 

24.65 

. do. . 

9.90 

. do. . 

17*27 

December 

. . do. . . 

24.53 

. do. . 

9.62 

. do. . 

17.27 


Means . . 

24.46 


9.995 


17.23 


2 a 
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These results agree so very nearly, that they may be safely taken as correct. 
I have given them at length, to afford the data for finding.the true level of the 
sea. It will be seen that the mean level taken from spring tides differs 0.556 
from the mean level deduced from neap tides. I shall, however, assume the 
mean level as 17-27, differing only 0.04 from the same of the whole year’s ob¬ 
servations of 1827. 

At the north-western end of the caisson I caused a small cross (~b) to be 
cut in the granite, which corresponded exactly with the xxxi feet of the indices 
cut in the masonry at the side of the caisson. This cross is situated as follows, 
with regard to the standard marks in the yard. (See page 3 of Levelling 
Book.) * 

The northern standard, which is my zero point, is 0.5789 below the cross. 
The southern standard at the other end of the Dock Yard wall is 0.0259 above 
the cross ; therefore 0.0259 + 0.5789 = 0.6048 gives the height of the south 
standard above the northern one, although they are set equally beneath the 
surface of the granite. 

The standard at the eastern edge of the great basin is 0.6735 above the 
northern, and 0.6735 — 0.6048=0.0687 above the southern standard, and 
0.6735-0.5789=0.0946 above the -f. 

The standard at the navy well is 6.0656 below eastern standard. 

5.9968 below south standard. 

5.3920 below north standard, 
and *5.9710 below the cross. 

Now, the mean level of the sea being 17.27 feet, the -f or xxxi feet of the 
indices is 13.73 above the mean level of the sea, and 4.645 above the mean 
spring tide high-water mark. And 

N °o“ arf } *3.73-0.5789=13.1511 above the level of the sea, and 4.0561 


South do . 13.73+0.0259=13.7559 ... do. 4.6709 . . do. 

East do . 13.73+0.0946=13.8246 . .do. .... . 4.7396 . do. 

Navy well . 13.73-5.9710= 7.7590 ... do. 4.3260 below do. 

^standard . } 13.73-0.0946=13.6354 ... do. 4.5504 above do. 


* In page 4 of Levellings there will be observed a difference of 0.0001 in the two sets of levels, the 
first set taken in March, the last in June. 
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Having now completed this part of my observations, I levelled from the 
Dock Yard to Queenborough:—the result of the operation will be seen in pages 
1 and 2 of the Levelling Book. And it will be there observed, that between 
the levels and proofs there is a difference (in a distance of nearly three miles) 
of 0.0269 about §ths of an inch. In the commencement of my commission I 
had a new instrument, and many little difficulties to overcome. In part of the 
Queenborough observations, I made use of another level which I had from 
Troughton, on a different principle to the one by Carey ; and in page 3 of the 
rough Levelling Book, an observation is there made on the difficulty I had in 
getting the level to adjust, from the fault I have mentioned in my remarks, of 
the bubble having been placed in its tube with only a little paper, and be¬ 
coming loose. 

I used also my large instrument with a level adapted to it, made by Riechen- 
bach, which was lent me by Captain Sabine. It was of a large diameter, and 
ground most accurately, but not hermetically sealed, having two plates of glass 
ground in to the ends. It was exceedingly delicate, but at any considerable 
motion, the bubble would break into many globules, requiring a long time to 
collect again. The second day I used it in the marshes the day was hot, and 
I had not at that time the means of shading it from the sun; the bubble, while 
observing, suddenly contracted, and almost immediately disappeared. I threw 
some water on the instrument, and the bubble gradually appeared again, but 
much lengthened. The next day I placed the level in the sun with a thermo¬ 
meter; when at 68° the end was forced out, and I found it contained ether, 
which appears to be quite unfit for a level in a high temperature. For future 
observations I replaced it by one of Cary’s make. 

The mean of the observations give as follows;—Queenborough standard is 
higher than southern standard 9.9981, and 10.6029 higher than northern stand¬ 
ard; and 14.6690 above spring tide high-water mark, and 23.7540 above the 
mean level of the sea. 

Having driven a large picket into the embankment at the Isle of Grain, at 
a point the shortest distance I could obtain from the north standard (viz. 
about 5000 feet), across the Medway, I now commenced the observations 
necessary to ascertain the difference of level between the zero or north stand¬ 
ard, and the picket at the Isle of Grain. One instrument was placed near 

2 a 2 
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the standard mark, and the other on the Isle of Grain, about fifty feet from 
the picket. 

Between the high-water mark at the Isle of Grain and the standard at Sheer¬ 
ness, there is a long ledge or bank of mud, extending nearly half a mile, mid 
quite dry at low water. At these times I found it very difficult to make ob¬ 
servations, and together with the wind occasionally interfering, and the inter¬ 
ruption from the sun’s rays, which caused a great vibration in the atmosphere, 
I spent day after day uselessly waiting at the instrument. I was, however, 
more successful afterwards, by taking advantage of the first hour or two of 
day-light, which was more favourable for observation, as the wind had gene¬ 
rally lulled, and the air was in a quiescent state. 

After the instruments were in perfect adjustment, an observation was made 
at each side of the river alternately; first by myself at Sheemess, and then by 
my assistant at Grain. A mean of a considerable number was taken, the differ¬ 
ence of which, after the curvature was subtracted from each, would give the 
refraction, provided the instruments were in good adjustment, and the obser¬ 
vations correctly taken. (See page 5 of Levellings.) 

Not being satisfied with the observations made at my first visit to Sheerness, 
I returned at a subsequent period, and made a great number most satisfactorily, 
from which the best were selected, and a mean taken. 

As there was not a fit place for a standard mark near the margin of the river 
Medway, I caused a block of granite, about 900lbs. weight, to be placed on 
the foundation of the old church wall (the church was once much larger) of 
St. James, near the porch-door, into which block was sunk one of the brass 
standards. (See page 6 and 8.) 

The face of this standard is 28.7454 feet above the north standard mark ; 
32.8115 above spring tide high-water mark, and 41.8965 above the mean level 
of the sea. 

From St. James I almost immediately came into the marshes, levelling in a 
direct line towards Yantlet Creek. In consulting the Ordnance map of Kent, 
there appear but two or three ditches in the marshes; but in a distance of less 
than three miles I passed thirty-three dykes and ditches, from fifteen to twenty- 
five feet broad, and four or five deep, over which there is no mode of passing, 
but a bridge perhaps a mile distant. 
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It was desirable therefore to find some means of conveying my instruments, 
men mid apparatus over, without losing so much time by going round. The 
men first used leaping-poles; and a case for the instrument was constructed 
water-tight, so as to swim over the ditches. But from the sides of the ditches 
being steep, the instrument was constantly subject to heavy blows in being 
taken out of the water; I therefore adopted another mode. On our arrival at 
a broad ditch, two leaping-poles, about eighteen feet in length, with cross pieces 
at the bottom to prevent their sliding too far in the mud, were connected to¬ 
gether at the top by passing the eye of a rope just over the ends of them, where 
it was confined by two thumb-cleets; to this rope was attached, at any height 
that the depth of the ditch might require, a hook having four tails, and like¬ 
wise hooks to them; these fixed into the four arms of the box, through which 
slid the poles for carrying it. The ends of the two leaping-poles were merely 
placed in the centre of the ditch, forming a pair of sheers, the apex of which 
was inclined on one side or the other by guys. The instrument was in this 
manner taken from one bank and landed on the other with the greatest gentle¬ 
ness; it was quickly unhooked, and men and apparatus passed over in the same 
manner. In this mode 263 ditches were passed between Sheemess and 
Greenwich. 

On my arrival at the marshes, I found, from the nature of the soil, the great¬ 
est difficulty in adjusting the instruments ; the movement of any of the men at 
a considerable distance caused a motion in the bubble, and the least alteration 
in my position whilst standing at the instrument shifted the bubble. In order 
to avoid moving, which heretofore was necessary to examine the level, I 
caused a square mirror, about eight inches by five, to be mounted on a maho¬ 
gany frame, which permitted it to stand on the upper limb with the face placed 
at an angle of about 60° from the telescope, by which I could, without moving 
my head from the eye end of the telescope, read off the length of the bubble. 
This precaution was not however sufficient in some parts of the marshes, where 
the ground was of hardly more consistence than a bog, but invariably most 
unsubstantial where the most dry. 

At these places, large pickets, from four to six feet in length, were driven in, 
having a groove on the iron head of each. On three of these, the iron-shod 
points of the stand rested ; and after the observations were made, the pickets 
were drawn. 
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The pickets used for the stations were also of a larger class than those used 
in other parts; but the ground was occasionally so spongy, that it was with 
much difficulty that a picket could be driven, and frequently the iron heads 
of several would break off, before we could succeed in getting one down. 

It will be seen by the Observation-book, that from a mean of pickets (page 
5 to 11), the Qneenborough and Sheerness marshes are in some parts 6.3652 
below the northern standard; but these marshes are unlike the rest passed over, 
being particularly rugged and undulating. 

In the commencement of the marshes between St. James and Yantlet Creek, 
it appears by a mean from picket 11 to 1 7 , that the surface of the marshes is 
5.8524 below the standard, or 1.7863 below mean spring tide high-water mark; 
and opposite Allhallows, by a mean from picket 35 to 44, the marshes are 
3.7247 below the north standard, rising there 5.8524—3.7247=2.1277* 

About half a mile past the Decoy in St. Mary’s marshes, nine miles distant 
from Sheerness, the marshes again fall: the mean from picket 75 to 86 gives 
5.9916 below the north standard at Sheemess, and 5.9916—4.0661 = 1.9255 
below mean spring tide high-water mark. 

Some distance past Cliff Canal, and between that and the Gravesend Canal, 
in Higham marshes, by a mean from 120 to 124, the surface is 6.6356 below 
the north standard, which —4.0661 gives 2.5695 below spring tide high-water 
mark, having fallen in a distance of seven miles and a half 2.9109, and in a 
distance of five miles 0.6440; the marshes between Northfleet and Green- 
hithe, by a mean from picket 208 to 211, are 7-4889 below the north stand¬ 
ard, and —4.0661 =3.4228 below spring tide high-water mark. 

On the eastern side of Dartford Creek, the marshes, by a mean from picket 
247 to 252, are 8.8676 below the north standard, therefore 8.8676 — 4.0661 
=4.8015 below spring tide high-water mark. 

On the western side of the marshes, as far as the mean from picket 256 to 
259 will show, the marshes are 9.7207 below the north standard, and 5.6546 
below spring tide high-water mark, and lower by 0.8531 than the marshes 
on the eastern side of Dartford Creek. 

The marshes to the eastward, and in the immediate vicinity of the arsenal at 
Woolwich, are (from a mean of pickets 305 to 312) 10.1404 below north 
standard, and 6.0743 below spring tide high-water mark, and only 3.0107 
above the mean level of the sea. 
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The only remaining pickets that were directly in the marshes,are from 347 
to 352, the mean of which gives 9.6321 below north standard, and 5.5660 be¬ 
low spring tide high-water mark. 

The following therefore is a statement of the depression of the marshes, from 
Sheerness towards the source of the Thames. 

The Yantlet Creek marshes are 0.5128 higher than the Sheerness marshes. 

The Allhallows marshes, in a distance of three miles, are 2.1277 higher than 
the Yantlet Creek, and 2.6405 higher than the Sheemess marshes. 

The St. Mary’s marshes are 0.1392 lower than the Yantlet Creek marshes, 
and 2.2669 below the Allhallows marshes, having fallen that quantity in a 
distance of three miles. 

The Higham marshes are lower than those of Yantlet Creek by 0.7832, than 
those of Allhallows by 2.9109, and than those of St. Mary’s by 0.6440, having 
fallen the last quantity in five miles. 

The marshes between Northfleet and Greenhithe are lower than Yantlet 
Creek 1.6365, than Allhallows 3.7642, than St, Mary’s 1.4973, than Higham 
0.8533, being a fall of this last quantity in 6J miles. 

On the eastern side of Dartford Creek, the marshes are 3.0152 below those 
of Yantlet Creek, 5.1429 of Allhallows, 2.8760 of St. Mary’s, 2.2320 of Higham, 
and 1.3787 below the marshes between Northfleet and Gravesend; being a fall 
of the last quantity in 4| miles. 

The marshes near Woolwich Arsenal to the eastward of the practising ground 
are 4.2880 below those of Yantlet Creek, 6.4157 of Allhallows, 4.1488 of St. 
Mary’s, 3.5048 of Higham, 2.6515 of the marshes between Northfleet and 
Gravesend, and 1.2728 below the eastern Dartford Creek marshes, being a fall 
of 1.2728 in six miles. 

The marshes at Greenwich, as far as the few observations I had the oppor¬ 
tunity of making, are 0.5083 higher than those of Woolwich, therefore less 
that sum than the comparison of the Woolwich marshes. 

At picket 131 (page 14), I intersected the Thames and Medway Canal, three 
miles from its mouth at the Thames. 

The above picket was driven into the water’s edge, another was at the same 
minute driven to the water’s edge in the basin close to Gravesend. I then 
levelled along the banks, imagining that from a mean of simultaneous observa- 
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tions made at the two pickets at the water’s edge, I should obtain the best 
proof to my levellings; the remits (page 6 of Proof Levels) will show how little 
confidence is to be placed on water, as a true level, under such circumstances. 

At the Lock Gate of the canal, close to the Thames (see page 15), I made 
some observations of the tides, and found, June 7th, that high-water mark at 
Gravesend was 1.1018 higher than at Sheerness, and June 8th, was 0.836/ 
higher; but these two observations are not to be depended on as giving a 
mean difference between the two places, as the height of the tides at Gravesend 
are much affected by any winds. 

On the new pier at Gravesend, I caused one of the brass standards to he sunk 
in the granite on the eastern side, the face of which is 0.1828 below the north 
standard mark,and3.8833 above mean spring tide high-water mark at Sheerness. 

On my arrival at Greenwich Hospital, I commenced a set of branch levels, 
from thence to the Royal Observatory at Greenwich, in order to determine 
the height of that place above the level of the sea. From the abruptness of 
the ascent, the operation was very tedious; and I here found the advantage of 
the extra lens to the telescope, as there was seldom a distance of more than 
twelve or twenty feet between the pickets. 

I levelled up to a small brass standard already placed for me by the direction 
of the Astronomer Royal in the block of stone immediately under the eye-end 
of the transit instrument pointing southward. 

This standard (page 31 of Levels) is 

140.6806 above the north standard at Sheerness. 

153.8317 above the mean level of the sea. 

144.7467 above the mean spring tide high-water mark. 

162.3611 above the mean spring tide low-water mark. 

These observations being completed, it occurred to the Astronomer Royal, 
after minutely examining my instrument, that it might be used as a proof in 
ascertaining the correctness of the horizontal point of the two mural circles. 

By his directions I placed my level upon the high window-frame in front of 
and about eight feet from the object-end of the mural circle, pointed towards 
the north, and at such a height that (from a known principle in optics that all 
rays are parallel *,) I could intercept some of the rays from the object-glass. 

* If any object be placed at the focus of a lens (viz. the wires), the emergent rays are parallel. 
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Having adjusted my level most exactly, I directed my telescope into tbe 
tube of tbe great telescope of the mural circle; and adjusting as for infinite 
distance, by placing a disc of white paper about an inch from tbe eye-end of 
the great telescope, I observed all the wires most distinctly. I then adjusted 
my horizontal wire for collimation. 

The mean horizontal point was then taken, and the circle adjusted to that 
by the micrometer; and after again observing my instrument to be in perfect 
adjustment, I sought for the horizontal wire of the circle, and I was astonished 
and delighted to see so perfect a coincidence of the horizontal wires of the two 
instruments, that, until I slightly depressed the eye-end of my telescope, I 
could not see the horizontal wire of the circle separate from my own. The 
circle was then altered, and the wires were again made to coincide; the quan¬ 
tity was then read off, and found to agree within a very few hundredths of a 
second to the horizontal point. 

The Astronomer Royal was present at these experiments, and expressed 
himself much pleased at the proof given of the coincidence of the two instru¬ 
ments. 

From the stairs of Greenwich Hospital I crossed the river in order to level 
up to the different places where tide-registers had been kept. 

After crossing the Isle of Dogs, I arrived at a spot on the south side of the 
lock of the City Canal at Limehouse Reach (see No. 381, page 26), which was 
1.9008 above the north standard at Sheerness; and this spot was 3.8446 above 
TRINITY 

the HW marked on the face of the masonry. Therefore 3.8446 — 1.9008 
1800 
A 

= 1.9438 is the height of Trinity mark at the canal below northern standard 
at Sheemess, and 4.0661 (height of north standard above mean springtide 
high-water mark) — 1.9438 = 2.1223, the height of Trinity mark above mean 
spring tide high-water mark at Sheerness. 

This spot (picket No. 381) is also 0.5202 above a particularly high tide 21/ft. 
11 in., 1827, marked on the masonry; but upon referring to the tide-register at 
Sheerness, of the 20th and 22nd of November 1827, uo particular rise in the 
tide is to be remarked. It must therefore have been caused by land floods, 
which are the occasion of most of the extraordinary tides near London. 

2 B 
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im 

I next levelled to a standard placed at the West India Bocks on the S.S.E. 
side* close to the entrance. This standard is 1.3018 above the northern stan¬ 
dard, and 2.3367 above the index mark xxm. Therefore 2.3367 — 1.3018 = 
1.0349, the index mark below the north standard at Sheerness, and 4.0661 — 
1.0349 = 3.0312 is the height of xxm above mean spring tide high-water mark 
at Sheemess. 

Not having succeeded in procuring a copy of the observations on the tides 
at the West India Docks, I cannot make any other comparison. 

At the Regent’s Canal Dock, in a very large stone near the office of the canal 
works (see page 26), I placed another standard mark. This standard is 2.4418 
above the northern standard at Sheerness, and 2.2308 above the index mark 
xxi; therefore the index is 0.2110 above the north standard at Sheemess. 

From two years’ observations on the tides (1828—1829), the following are 
the results. 


Mean Spring Tide High-Water Mark for 



1828. 

1829. 


Spring Tide, 
High Water. 

High Water, 
Neap. 

Spring Tide, 
High Water. 

High Water, 
Neap. 


Ft. In. 

Ft. In. 

Ft. In. 

Ft. In. 

January. 

19.8J 

15. 

19.1 

14.8 

February . 

18.11 

14.3 

19.1 s 

13.11 

March . 

19-9 

14.3 

19.5 

14.8 

April. 

19.9 8 

14.3 

19-6 

13.7 

May. 

18.9 

15.5 

19. 

14.9 

June.... 

18.10 

15.7 

18.9 s 

15.2 

July . 

19.2 6 

15.9 

18.9 6 

15.7 

August. 

19.3 

15.4* 

19.3 

14.7 6 

September. 

19.9 

14.6 

19.7 

14.7 

October. 

19.7 

14.5 



November. 

19.1* 

143 

19.3 

14.3 

December. 

19.2 5 

13.9 

18.7 

14.9 

Means ...... 

19.325 

14.733 

19.141 

14.592 


Spring 1829. 19-141 

- 1828 . 19.325 

Mean Spring Tide for two years 19.233 

Mean Spring Tide 
Mean Neap Tide 


Neap 1829 . 14.592 

- 3828 . 14.733 

Mean Neap Tide for two years 14.662 


19.233 

14.662 


Mean High Water .. 16.947 
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The mean high-water mark, taking every high water through the months, is 


as follows: 

1828. 

1829. 

January . 

17-342 

. . 16.904 

February .... 

16.904 

. . 16.804 

March ..... 

17-070 

. . 17.208 

April ...... 

16.925 

. . 17.270 

May. 

17-352 

. 17-175 

June. 

17-258 

17-091 

July ...... 

17.595 

. . 17-350 

August. 

17.466 

. . 17-100 

September .... 

17.345 

. . 17-591 

October. 

17-000 

* * » 

November .... 

17.001 

. . 17-412 

December .... 

16.691 

. . 16.787 

Means . . 

17.1624 

. . 17-1531 


t,_ 

v 

1 1 C.Q 1 


17.1581 


The difference therefore between the mean of spring and neap tide and the 
means of the months, as above, is (17.1581 —16.947) 0.2111. 

The index mark xxi at the canal is 0.2110 -j- 4.0661 = 4.2771 above spring 
tide high-water mark at Sheemess ; and the spring tide high-water mark at 
the Regent’s Canal being 19.233, xxi — 19.233 = 1.767, and 4.2771 — 1-707 
= 2.5101, the height of mean spring tide high-water mark at the Regent’s 
Canal above the same at Sheerness. 

The index mark xxi is also 6.1321 above mean high-water mark at Sheemess. 

And the mean high-water mark at Regent’s Canal being 

16.947, xxi — 16.947 = 4.053 and 6.1321 — 4.053 = 2.0791 
or 17-1381, xxi — 17-1581 = 3.8419 and 6.1321 — 3.8419 = 2.2902 the 
height of mean high-water mark at the canal above the same at Sheemess. 

And the mark xxi is 7-9761 above mean neap tide high-water mark at 
Sheemess. The mean neap tide mark at the canal being 14.662, xxi — 14.662 
= 6.338 and 7.9761 — 6.338= 1.6381, the height of mean neap tide high 
water at the canal above the same at Sheemess. Therefore the water of spring 
tides at the canal above spring tides at Sheerness is higher by 0.8720 than it 
is at neap tides at both places. 


2 b 2 
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Having no observations of low-water mark at the canal, 1 have not the 
means of ascertaining the difference at the two places. 

The next place where a comparison of the tides was made was at the London 
Docks, at No. 418 of the Levels (see page 27), being on an iron on the south¬ 
west pier of the main entrance close to the first lock. This iron was 3.7570 
above the northern standard, and 5.7682 above the index mark by the side of 
the gates xxml, which mark answers to the 18-feet Trinity 

A 

Therefore 3.7570 -f 4.0661 — 5.7682 = 2.0549 the height of xxm above 
springtide high-watermark at Sheerness. And 2.0549 + 1-855 (the difference 
between spring tide and mean tide high-water mark at Sheerness) = 3.9099, 
the height of xxm above mean high-water mark at Sheemess. 

And 2.0549 + 3.699 (difference between spring and neap tides at Sheer¬ 
ness), = 5.7539, the height of xxm above neap tide at Sheerness. 

And 2.0549 + 9.085 (the difference between mean level and spring tide at 
Sheemess), = 11.1399, the height of xxm above the mean level of the sea at 
Sheerness. 

And 2.0549 -j- 17-615 (difference between spring high and low water at 
Sheerness), = 19.6699, the height of xxm above spring tide low-water mark at 
Sheerness. 

By the kindness of Mr. Lubbock I have received the following results of 
twenty-six years’ observations on the tides at the London Docks : 



Mean High Water. 

Spring High Water. 

Neap High Watei 


ft. in. 

ft. in. 

ft. in. 

January . . 

. . 21.275 . 

. . 22.729 . 

. . 19.750 

February . . 

. . 21.275 . 

. . 23.002 . 

. . 19.145 

March . . . 

. . 21.291 . 

. . 23.541 . 

. . 19.125 

April . . . 

. . 21.395 . 

. . 22.854 . 

. . 19.375 

May . . . 

. . 21.475 . 

. . 22.708 . 

. . 20.125 

June . . . 

. . 21.395 . 

. . 22.50 . 

. . 20.250 

July . . . 

. . 21.291 . 

. . 22.604 . 

. . 19.687 

August . . 

. . 21.250 . 

. . 22.708 . 

. . 19.562 

September 

. . 21.291 . 

. . 23.979 . 

. . 19.292 

October . . 

. . 21.291 . 

. . 22.937 • 

. . 19.229 

November 

. . 21.395 . 

, . 22.687 . 

. . 19.833 

December 

. . 21.312 . 

. . 22.458 . 

. . 19.870 

Mean 

. . 21.333 . 

. . 22.812 . 

. . 19.604 
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*> 

Therefore xxm — 21.333 — 1.667. 

And 3.9099 — 1.667 = 2.2429, the height of mean high-water mark at the 
London Bocks above the same at Sheemess. 

And xxm ~ 22.812 = 0.188, therefore 2.0549 — 0.188 = 2.0361, the height 
of spring tide high-water mark at London Docks, above spring tide high-water 
mark at Sheerness. 

And xxm - 19.604 = 3.396, and 5.7539 — 3.396 = 2.3579, the height of 
neap tide high water at London Docks above the same at Sheemess. 

No observations have been made on low-water mark ; but from the Trinity 
mark it appears the spring tide low-water mark is considered to be 17*833 
below Trinity mark, or rather below the high-water mark. 

Therefore 22.812 — 17.833 = 4.979, and xxm — 4.979 = 18.021, the height 
of xxm above spring tide low-water mark. 

And 19.6699 — 18.021 = 1.6679, the height of spring tide low water at 
London Docks, above spring tide low water at Sheemess. 

Taking 22.812 and 4.979, the mean level of the sea is 13.896. 

Therefore xxm — 13.896 = 9.104, the height of xxm above the mean level. 

Then 11.1399 — 9.104 = 2.0359 gives the mean level at London Docks 
above the mean level of the sea. 


The following is a Summary of the different heights. 


Spring tide H. W. at London Docks, above the same at Sheemess 2.0361 

Mean H. W. mark 

ditto 

ditto 

ditto 

V.AVVO 

2.2429 „ 

0.1150 

Neap tide Ditto 

ditto 

ditto 

ditto 

2.3579 

0.6900 

1.6679 

0.3680 

2.0359 

Spring tide low water 

ditto 

ditto 

ditto 

Mean level of the tides 

ditto 

ditto 

ditto 


Or taking more correctly the J difference between spring - ') 
high and low water at Sheemess, the mean spring level . . 1.7249 

is 10.8289 below xxxiii, therefore 10.8289 — 9.104 = J 


Note .—It seems by the above summary that as the water decreases in height, 
so the height of the water’s surface at London Docks, above the same at Sheer¬ 
ness also decreases, with the exception of spring tide at London Docks and 
the neap tide; these are means, not of the highest tides, but of tides at a par¬ 
ticular time of the moon’s southing. 
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The next spot levelled to where any tidal observations were made, was St. 
Catherine’s Docks, where a brass standard was placed close to the south-west 
side of the Dock-gates at the entrance. 

This standard is 4.3143 above the north standard at Sheemess, and 6.2563 
above the index mark xxviii, upon a level with which is a —I— denoting Tri- 
HW 
nitv 1300 

A 

Therefore 4.3143 + 4.0661 — 6.2563 = 2.1241, the height of this index or 
Trinity mark above mean spring tide high-water mark at Sheerness. 

After passing along the Tower Wharf, and placing a standard mark in one of 
the large blocks of granite lately put down near the Traitor’s Arch (see Level¬ 
lings, page 28), I arrived (not without much vexatious interruption and annoy¬ 
ance in passing along Thames-street and Billingsgate) at the starlings of Old 
London Bridge, where I had some difficulty in making observations, owing to 
the tremor caused by the vehicles above. I levelled up to the Trinity mark on 
the western side of the bridge, and found as follows (see page 29): 

No. 443 was 4.1047 below the north standard mark at Sheerness, and the 
HW 

Trinity 1800 was 1.9426 above No. 443. 

Therefore 4.1047 — 1.9426 = 2.1621, the height of Trinity mark below north 
standard mark at Sheemess. 

And 4.0661 — 2.1621 = 1.9040 gives the height of Trinity mark above the 
mean spring tide high-water mark at Sheerness. 

Having now made all the observations that time and means afforded me, I 
concluded my levellings at a standard mark sunk in the large plinth of the 
landing-place (near the wall) of the stairs on the north-east side of the New 
London Bridge. 

This standard was (page 29) 2.3967 below the north standard mark at 
Sheemess. 

I have subjoined a list of the different Trinity marks I have observed, and 
their respective heights, and also of the brass standards placed by me, as well 
as various substantial points passed over in the levellings. 
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Below North Stand. 


1.9420 


Trinity high-water mark near the dock-gates of the City Canal. 1.9438 

Ditto, answering to xxhi of the indices marked on the south-west 1 2 0112 
side of the entrance to London Docks ........ 

Ditto, at the west side of the lock-gate at the entrance to St. 1 
Catherine’s Docks, answering to the index mark xxvm . . J 

Ditto, on the west side of London Bridge.2.1621 

Finding so great a difference between the marks at the City Canal, London 
Docks, &c. and that at London Bridge, I levelled again in October last from 
St. Catherine’s Docks to London Bridge, but found the same results. (See 
page 33.) 


List of Standard Marks and other Points of Reference between Sheerness and 


London Bridge. 


North standard at Sheerness. 

South ditto ditto. 

Eastern ditto ditto. 

Navy Well ditto ditto. 

Little ditto near tide-gauge at Sheerness .... 

Queenborough standard. 

St. James ditto. 

The boundary post of Hoo, on a little eminence in 1 
the marshes, &e. (See page 10.).j 

The 3 mile stone at the bank of canal. (See page 14) 

2 mile ditto.. . . 

1 mile ditto. 

An iron clamp at second gate of Gravesend Canal. 1 
(See page 15).J 

Brass standard mark on the pier at Gravesend . . 

The boundary stone of Swanscomb. (Page 18) . . 

Erith Church. (Page 20). 

Standard in Woolwich Arsenal. 

A ^ in a comer-stone near the officers’ guard-room 
The top of the mile post in the river (n) . . . 

n on a stone at the west end of the dock-yard . . 


higher 

ditto 

lower 

higher 

ditto 

ditto 

below 

above 

ditto 

ditto 

ditto 

below 

ditto 

ditto 

above 

ditto 

ditto 

ditto 


Feet. 

0.0000 

0.6048 

0.6735 

5.3921 

0.4843 

10.6029 

28.7454 

2.6317 

2.4204 

2.0038 

1.1448 

0.5564 

0.1828 

4.7578 

1.5669 

1.2019 

1.5576 

1.7182 

1.9975 
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Brass standard in the dock-yard on the eastern 1 , , J* et ; „ 

point of mast slip . . ..) above 1.6546 

A 4^ in small north-east gateway of Greenwich 
College, from the main road. 

Small brass standard underneath the transit at 1 

Greenwich Observatory.t d,tt0 140 6897 

Little brass standard on the plinth of the statue of 
George II. in Greenwich Hospital ..... 

n on one of the iron plates near the south side of 
the lock of the City Canal ....... 

Brass standard at the West India Docks .... ditto 1.301S 

Brass standard at Regent’s Canal ...... ditto 2.4418 

A n on the top of a granite post close outside the"} 

entrance from Ratcliffe Highway to the London y ditto 16.0915 
Docks.J 

On the top of a gun in the Docks near the bridge 1 T 

of the eastern basin.j 10 * b4 

Brass standard St. Catherine’s Docks.ditto 4.3143 

Brass standard near the Traitor’s Arch in the Tower ditto 1.2854 

Brass standard at landing-place of New London 1 ^ e j ow 2 3957 
Bridge .J ' * 

As it may be expected that I should state the manner in which I made the 
preceding observations, in order that a judgement may be formed of the con¬ 
fidence to be placed in them, I shall give a concise description of the field 
operations, and of the calculations necessary to complete the observations, and 
place them as they are in the book *. 

After examining the ground, the particular line for carrying on the levellings 
was selected and marked out, when pickets were driven in at proper distances, 
according to the range of the instrument over the ground. 

In the first part of the work the levelling was carried on as follows, the in¬ 
strument being perfectly adjusted, and the station staves placed on their re¬ 
spective pickets. I made four observations, the telescope being in a different 

* The field-book and all the other papers connected with the preceding operations are preserod at 
the hoyal Society’s Apartments. 


| ditto 5.1157 
]• ditto 1.9008 


| ditto 9.9975 
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position at each observation, and making a complete revolution in its collars: 
my assistant read off each, and noted it down in a book. I then went to the 
staff and examined its position on the picket, and read off the last observation 
myself; my assistant then read from his book the last observation; the two, 
of course, when correct, would correspond. 

The telescope of the instrument was then reversed in its collars (which is a 
good check to the adjustment at each observation), and by the motion in 
azimuth directed to the next station staff, when the same mode was used in 
observing: the spot was marked, and the instrument moved to the next station, 
and the station staff turned half round in its collars, and gimbles ready for the 
next level. At the end of the days work an additional picket was driven in 
about twelve or fifteen feet from that just used, and compared with it; this was 
to ensure the detection of any alteration in the pickets during the intervening 
time, either from mischief or accident, being compared before the commence¬ 
ment of the day’s work. After a few days the ground was gone over again, 
generally from the opposite end, and two observations taken at each picket, 
which were sometimes more and sometimes less in number than in the former 
levellings; these were the proof-levels. The distances were then measured, 
and the necessary angles taken to lay down the work. In this manner proof 
levels were taken up to picket No. Ill; but finding in this method that I was 
liable to great inconvenience and loss of time from many circumstances, and 
amongst others by the pickets being mischievously drawn or moved; and if a 
trivial mistake occurred in the levellings (of several days back perhaps), it 
was only detected at the summary of the levels. I determined to endeavour 
to adopt some method of proof, not liable to the inconveniences of the former. 

I accordingly made use of the following mode, which I have found, after 
repeated trial, to be a most correct proof. 

After having finished the four observations at one picket, I threw the instru¬ 
ment out of adjustment by the foot-screws ; and after adjusting it again most 
correctly, I took a pair of observations; but instead of reading off the staff 
from the picket, it was now read from above, the staff being imaginarily con¬ 
tinued to the length of ten feet. The mean of these observations, therefore, 
gave the complement to 10,000 of the true observation : by this mode much 
time was saved, and an error, if any, was immediately detected of a tenth of a 
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foot, or a foot (which are the errors most likely to occur), without the trouble 
of bringing the instrument and adjusting it two distinct times at the same 
spot. The mean of the four and the mean of the two observations ought of 
course to make 10,000 *. In the detail of the proof-levels, the correction for 
curvature is additive instead of subtractive; and in fact the whole operation 
is reversed, + standing for —. 

In the course of my levellings, having instruments not generally used, I 
made some few notes, which I take leave here to transcribe. 

In adjusting the station-staff, it is difficult to know when the zero on the 
vane is made to coincide with the horizontal wire of the telescope. I have 
found the most convenient and correct mode to be, to observe 
with the wire forming a diagonal to the lines on the vane, by 
which, when the staff is near, the two small black lines at 
each end of the vane could be seen; and when the vane was 
adjusted to the proper height, one of these lines was above and 
the other below the horizontal wire at equal distances, thus : 

—At a greater distance, the two little white right-angled triangles, formed by 
the edges of the vane and bounded by the black semicircle, are very distinctly 
seen, the one above and the other below the (now-placed) horizontal wire, and 
can be compared in size with great nicety. 

But in observing with the wire diagonally, great care must be taken that, 
by the vertical wire (the error of which, if any, will by practice be accurately 
known), the axis of the telescope shall bisect the centre of the staff. 

In an instrument with a very sensitive level, there is usually some difficulty 
in adjusting the level. It arises from no fault in the level itself, but from a 



* In the proof-levels it will be found, that generally, upon adding them to the mean of the four 
observations, there will be a quantity of from .0010 to .0060 to make up tbe 10,000. I could not 
discover the cause for some time. 

The wires being at right angles to each other, of course have been at different distances from the 
eye-glass; but the difference not being much more than the thickness of a hair, I did not alter the 
eye-tube: however, upon examination, I found that at the usual distance I took levels, when I 
altered from extreme distinct vision of the horizontal wire to extreme distinct vision of the vertical 
wire (which was the one I used for proofs), it made a difference of from .0020 to .0050, the distinct 
vision of the vertical wire being that quantity lower than when observed with the same adjustment as 
for the horizontal wire. 
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difference in weight of those parts of the telescope outside the collar. 1 found 
this difficulty in ray instrument: to remedy it, I measured off from one of the 
resting points half the distance between the two Ys on the collars, and sus¬ 
pended the telescope by a fine wire from this point, which was die proper 
centre of the telescope. I found the eye-end with the tube close in to be more 
than four ounces heavier than the object-end. To remedy this, I caused a 
thick ring of lead of the above weight to be placed inside the tube near the 
object-end, by which the telescope was balanced; mid I found it, when ad¬ 
justed, to reverse without differing a quarter of a degree. 

Distinct vision is certainly desirable, but not so absolutely requisite as that 
there shall be no parallax of the wires. The best way to avoid this, is, after 
adjusting for distinct vision, to move the eye as far as the hole in the eye-piece 
will admit of, and observe if the wires have any motion over the object or 
vane: if so, it must be remedied by sliding the eye-tube in or out, until the 
objects appear motionless. 

Mirage. 

I have found that the tremulous motion or jumping in the air, termed as 
above, appears not to be caused so much by evaporation as probably by some 
oscillation in the particles of light: for I have remarked, when the sun shines 
brightly and is occasionally obscured by clouds, that while the sun is out, the 
tremor is so great as to prevent the possibility of making a correct observa¬ 
tion ; yet the moment the sun is obscured, the intermediate space between the 
instrument and object (provided the sun is obscured so as to cast a shadow 
the whole distance) will be immediately perfectly tranquil; and again, at the 
instant of the sun’s appearance, the same tremor will be observed. 

I have found this motion to be exactly equal above and below any object; 
for upon placing the wire of the telescope one half the distance between the 
extreme oscillations, whenever the sun is obscured, the wire will be found to 
bisect the object. 

Description of the Observation-Book. 

Each page of the book will be found to contain sixteen columns: the first 
and ninth contain the numbers of each staff or picket; the second and eleventh 
the mean from the rough book of the four observations at each staff; the third 

2 c 2 
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and eleventh the distance in feet from staff to instrument and instrument to 
staff; the fourth and twelfth the correction for the curvature of the earth; the 
fifth and thirteenth the mean observations minus the curvature; the sixth and 
eighth are the length of the bubble and the thermometer attached to the 
instrument. This last is useful as a check to the bubble, which, when the 
instrument is moved suddenly, shakes into several small globules, that some* 
times do not immediately unite again : this is detected by the length of the 
bubble, which ought to correspond to a certain degree of the thermometer. 
Column fourteen is the difference between columns five and thirteen ; column 
fifteen is that difference + or — ; and column sixteen is the amount of that 
difference added or subtracted, according to the sign, from the former quan¬ 
tity. These quantities are a continuation of heights above or below the first 
picket, or the northern standard in the dock-yard at Sheerncss. 

In order to prove the correctness of the different columns, they are summed 
up at the bottom, when the gross sum for curvature, being deducted from the 
gross sum of columns two and eleven, show" the correctness of columns five 
and thirteen; and the difference between the sums of columns five and thirteen 
+ or —, added to or subtracted from the little figures above the top line in 
column fifteen, ought to give the last true level in column sixteen at the bottom 
of the page. 

The whole is further proved by taking the sums of columns five and thirteen 
of each page, and the difference of the whole amount of each gives a proof of 
the correctness of the whole work, by giving the difference at once between 
picket 1 and 445. 

The same method is pursued in the proof-levels up to No. 112 : after that, 
all the corrections become reversed, the curvature being additive (as the com¬ 
plement to 10,000 is read off on the staff). The difference between the proof- 
levels continue from standard at Sheerness to New London Bridge, and will 
be found to be 0.0110, and varying at different distances from Sheerncss, but 
never more than 0.0300. 

As there is not, in any work that I have seen, a correct table of curvatures 
of the earth for small distances, I have added one for every five feet from 60 
to 1000. 



HUKSTYS IMK'KI 
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A Table of the Curvature of the Earth, the mean diameter being 41,807,803 feet. 


Dirt. 

Curvature. 

Dirt. 

Curvature. 

Dirt. 

Curvature. 

Dirt. 

Curvature. 

| Diet. 

Curvature. 

Diet 

Curvature. 

Feet. 


Feet. 


Fuel, 


Feet. 


Feet. 


l Feet. 


60 

000086 

220 

001157 

380 

003453 

540 

006975 

700 

011721 

860 

017691 

65 

000101 

225 

001216 

385 

003544 

545 

007104 

705 

011888 

865 

017897 

70 

000117 

230 

001265 

390 

003637 

550 

007235 

710 

012057 

870 

018104 

7 h 

000134 

235 

001321 

395 

003730 

555 

007368 

715 

012228 

875 

018313 

SO 

000153 

240 

001378 

400 

003827 

560 

007501 

720 

012399 

880 

018523 

85 

000173 

245 

001435 

405 

003923 

565 

007636 

725 

012572 

885 

018734 

oo 

000194 

250 

001495 

410 

004021 

570 

007771 

730 

012746 

890 

018946 

95 

000216 

255 

001555 

415 

004119 

575 

007908 

735 

012921 

895 

019159 

100 

000239 

260 

001617 

420 

004219 

580 

008046 

740 

013098 

900 

019379 

105 

000264 

265 

001680 

425 

004321 

585 

008186 

745 

013275 

905 

019591 

no 

000290 

270 

001744 

430 

004422 

590 

008326 

750 

013454 

910 

019807 

IHH 

000316 

275 

001809 

435 

004526 

595 

008468 

755 

013634 

915 

020025 

Fl20 

000344 

980 

001875 

440 

004621 

600 

008611 

760 

013816 

920 

020245 

125 

000374 

285 

001943 

445 

004735 

605 

008755 

765 

013998 

925 

020466 

130 

000404 

290 

002016 

450 

004843 

610 

008901 

770 

014181 

930 

020687 

135 

000436 

295 

002082 

455 

004952 

615 

009047 

775 

014366 

935 

020911 

140 

000469 

300 

002152 

460 

005060 

620 

009195 

780 

014552 

940 

021135 

145 

000503 

305 

002224 

465 

005171 

625 

009344 

785 

014740 

‘945 

021360 

150 

000538 

310 

002298 

470 

005284 

630 

009494 

790 

014928 

950 

021586 

155 

000575 

315 

002373 

475 

005397 

635 

009645 

795 

015118 

955 

021824 

160 

000612 

320 

002449 

480 

005511 

640 

009798 

800 

015308 

960 

022043 

165 

000651 

325 

002526 

485 

005626 

645 

009951 

805 

015500 

965 

j 022274 

170 

000691 

330 

002605 

490 

005743 

650 

010105 

810 

015693 

970 

! 022505 

175 

000732 

335 

002684 

495 

005861 

655 

010262 

815 

015888 

975 

022738 

180 

000775 

340 

002764 

500 

005978 

660 

010419 

! 820 

016083 

980 

022972 

185 

000818 

345 

002847 

j 505 

006100 

665 

010577 

; 825 

016280 

985 

023207 

190 

000863 

350 

002929 

■ 510 

006221 

670 

010737 

j 830 

016478 

990 

023443 

195 

000909 

355 

003014 

| 515 

006324 

675 

010898 

j 835 

016677 

995 

023681 

200 

000957 

360 

003100 

! 520 

| 006467 

680 

011061 

| 840 

016877 

1000 

023919 

205 

001005 

365 

003187 

j 525 

| 006593 

685 

011223 

; 845 

j 017079 



210 

001054 

370 

003275 

i 530 

! 006719 

690 

011383 

850 

; 017281 



215 

001105 | 

375 

003363 

j 535 

! 006846 

695 

011554 

il 855 

ii 

017485 




Note.—I received the following rule for curvature and refraction together, 
from Davies GiLBKRT,*Esq., and it will be found useful in ascertaining 
heights approximately. 

Rule .—Assume the diameter of the earth as 10,000 instead of 
7918 miles, and which will give the refraction about one- 
tenth the intercepted arc. 
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XI. On the Variable Intensity of Terrestrial Magnetism , and the Influence of 
the Aurora Borealis upon it. By Robert Were Fox. Communicated by 
Davies Gilbert, Esq. M.P. F.P.R.S. 


Read March 17, 1831. 


In the annexed Table are given the results of a series of observations on the 
vibrations of the magnetic needle, which I undertook last summer, for the pur¬ 
pose of ascertaining whether its intensity is or is not affected by the changes in 
the earth’s distance from the sun, or by its declination with respect to the plane 
of his equator ; for, if we refer the nodes of the planetary orbits to this plane, 
there appears to be so considerable a degree of coincidence in most of them, 
as would seem to imply the existence of a more definite law than we are ac¬ 
customed to attach to the abstract principle of gravitation*. 

I am not at present prepared to say much respecting this part of my inves¬ 
tigation; but I have obtained results, which appear to be interesting, relative to 
the variable force of the magnetic attraction, and the action of the aurora 
borealis on the direction and intensity of the needle. 

I have used two needles, one possessing the north, and the other the south 
polarity in excess. To effect this, 1 have employed, in each case, a slip of sea¬ 
soned oak, split with the grain, and suspended near the centre by unspun silk 
several inches long. This slip of wood serves as a support for a magnetic bar 
or needle, which is firmly riveted to it near one of its poles—say, for example, 
the north pole; whilst the south pole is at liberty to yield longitudinally to any 

* I had been making numerous experiments with the same object in view some time before i com¬ 
menced the series now given ; but the results were unsatisfactory, from my not having employed a sta¬ 
tionary magnetic apparatus, which should always be done in cases in which great accuracy is required. 
If the needle has been touched with the hand for one or two seconds only, its action is disturbed for 
some little time; indeed, it requires not a little practice to appreciate all the precautions that are 
necessary in vibrating the magnetic needle. 
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contracting or expanding force*. The magnetic bar is eight inches long, half 
an inch wide, and one tenth thick : its south pole extends rather more than 
two inches beyond the centre of suspension of the wooden support, so that 
there is nearly an equal portion of the southern half of the needle on each side 
of the centre, the north end being extended as a lever to control, in great 
measure, the magnetic movements of the needle-f\ A counterpoise of lead is 
placed at the other extremity of the support, sufficient to allow the north pole 
to dip at an angle of about forty degrees from the horizontal direction. The 
foregoing description also applies to the needle in which the south polarity 
predominates, except that the poles are reversed, the counterpoise being at the 
depressed end of the support. The former I shall distinguish as No. 1, and 
the latter as* No. 2. Each is inclosed in a box of slate; as, if of metal, the 
action of the needles might have been disturbed: and the boxes are mounted 
steadily on bricks, in a room appropriated to them. A slip of glass at one end 
of each box enables me to observe the vibrations, which are from east to west, 
like the horizontal needle. 

I have observed that the magnetic intensity is subject to frequent slight 
variations; but these I have been mostly unable to refer to any obvious cause, 
except when accompanied by the appearance of the aurora borealis, which evi¬ 
dently affected the needles on many occasions. Their vibrations, I think, 
generally became less rapid with a moist atmosphere, and more so when it was 
very dry; but I do not speak with full confidence on this point, as I have only 
recently made any regular hygrornetrical observations. I might, perhaps, also 
mention changes of the wind, and snow storms, as being sometimes attended 
with fluctuations in the intensity of the needles. If the times of their vibration 
at different periods are compared, differences in their relative intensity will be 
noticed; that of No. 2. having on the average been diminishing, during the last 
three months nearly, in a more rapid ratio than No. 1. This must, I think, be 
considered an interesting fact, if confirmed by future observations. It does 

* If the rivets which attach the mngnetic bar to the support are placed at a proper distance from 
the acting pole, the equipoise of the two extremities will not be affected by the contraction or expan¬ 
sion of the bar. 

t The neutralization of the pole would have been more fully effected had a smaller proportion of it 
extended beyond the centre of suspension - f 1* to 1^ an inch would probably have been sufficient 
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not seem easy to account for the discrepancies which not unfrequently oc¬ 
curred in the indications afforded by the two needles at the same time, and I 
hesitate to adopt any distinct conclusions from this circumstance without 
further experiments, which I intend to make with horizontal needles on the 
same principle. 

I have endeavoured by various experiments to ascertain whether there is 
any decided and permanent difference in the directive force of the opposite 
poles;—for example, 1 have alternately neutralized in an equal degree the 
poles of a needle by means of a sliding axis, and suspended it horizontally by 
unspun silk, but the two ends vibrated in nearly equal times. Other needles 
on the same principle gave corresponding results, or at least the differences 
were so inconsiderable, and were so nearly compensated on an average of 
many observations at different times, that I think it may be safely assumed that 
there is an equality in the yearly mean of the magnetic intensity of the two 
poles separately considered. But on the hypothesis of a central magnetic force, 
ought not the north pole in this latitude to be acted on with much greater 
energy than the south? for if my experiments may be depended upon, the 
alternative can scarcely be adopted, of supposing that one pole of a needle is 
necessarily repelled as strongly as the other is attracted, since it appears that 
their relative intensity is not always the same. It therefore seems most reason¬ 
able to refer the phenomena of the earth’s magnetism to the agency of elec¬ 
trical currents existing under its surface, as well as above it: indeed, I think 
it is impossible to doubt that the changes in the intensity and direction of the 
needle, which are often so transitory, must be due to meteorological causes *. 

The aurora borealis which has frequently appeared more or less distinctly 
this winter, generally affected both needles during some part, and only a part, 
of the time of its being visible. On the seventh of last month, the aurora was 
seen from this place as soon as it became dusk, and was still visible some time 
after midnight. It extended from N.N.E. to N.W. or W.N.W., and at intervals 

* Ih it not probable that the small anomalies which have been sometimes observed in the oscillations 
of the pendulum may be owing to the same causes which produce the much more considerable irregu¬ 
larities in the magnetic needle 

t Falmouth. 
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sent up streams of red and white light wiiich occasionally nearly reached the 
zenith. These were most striking early in the evening, and more especially 
about eleven, or a little later, when the coruscations were beautiful. At 7 p«m.* 
1 found the needles at 0, but soon after their north ends moved towards the 
east, and at 8 to their easterly variation was 1° 15'. They began to return 
westward at 8§, and soon after JO p.m. were again stationary in the magnetic 
meridian. At 11 to ISA p.m., 1 found their intensity had diminished. Many 
instances are given in the table of the appearance of the aurora in the horizon 
about the magnetic north, and extending more or less considerably on each 
side of it. It was generally of a pale white, and sometimes I could perceive 
faint streamy shooting upwards from the horizon a very few degrees, but more 
often I could not. It will be seen that considerable variations of the needle 
usually occurred in the course of the same evenings; and sometimes these 
variations took place on evenings when I did not remark any luminous 
appearance in the northern horizon. 

All the variations at night were towards the east*j~, whether the aurora was 
actually visible or not; and hence may we not conclude, taking it for granted 
that it is an electrical phenomenon, and that it usually moves from about the 
north towards the south, that it must be of the nature of positive electricity r 
And, by a parity of reasoning, may we not assume the existence of an opposite 
state of electrical action by day, in order to account for the diurnal westerly 
variation, which is most considerable in the summer in these latitudes, when 
the aurora prevails about the south pole ? This idea seems to be strengthened 
by a fact I have noticed, that the magnetic intensity is usually less considerable 
in summer before the middle of the day than it is afterwards; so that the 
minimum intensity commonly occurs some hours before the maximum tem¬ 
perature. 

It is evident that the elevation of the aurora must often be exceedingly great, 
probably much more than a thousand miles, as it seems to be generally seen from 
places very distant from each other at the same time, and in nearly the same 

* 1 did not observe the needles before 7 p.m. 

+ 1 h ave s i nce observed a slight westerly variation m the needle at night, but this seems to be of 
rare occurrence. 
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direction: thus, for example, the observations made on the beautiful aurora of 
the 7th ultimo from the vicinity of London, and of this place, seem very nearly 
to accord in almost every respect. 

In conclusion, I will venture to express a hope that the subject of terrestrial 
magnetism may obtain the attention which it appears to deserve, and that 
experiments may be made at the same time in different countries, in order to 
develop its more obscure properties. It will then perhaps be found that its 
relations to other natural phenomena are as extensive as they are interesting 
and important. At any rate, it seems probable that some light might be 
thrown on the hypothesis of electrical currents under and above the surface of 
the earth, and their relative influence on the magnetic needle, if observations 
on its intensity were to be made on small islands, as remote as possible from 
any large tracts of land, and the results compared with others obtained by the 
same apparatus, on extensive continents at stations as nearly as may be in 
the same magnetic parallels: or, instead of employing the same apparatus, 
several magnetic needles might be forwarded to different places, after having 
been carefully compared with a standard needle; and with these, simultaneous 
observations might be made, not only in the same parallels, but likewise in 
different parallels of latitude and longitude in both hemispheres. 
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A I able showing the limes of \ ibration of two Magnetic Needles, described in the annexed paper, in the 

neighbourhood of Falmouth. 
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XII. Description of a Graphical Registrer of Tides and Winds . By Henry 
R. Palmer, Civil Engineer . Communicated by John William Lubbock, 
Esq . 1. P- and Treas. R.S . 


Head March 10, 1831. 


In the exercise of my profession, particularly in reference to questions re¬ 
lating to harbours and tidal rivers, I have frequently had occasion for a train 
of observations on the rate of the rising and hilling of the tides, continued 
through at least one whole series of them. Such observations have usually 
been made at intervals of fifteen minutes, and in order to exhibit the rates of 
rising and falling in the different periods of the same tide, and the differences 
of the several tides, I have represented them in the form of a chart. 

The Plate No. IV. exhibits one of those charts which was made previously 
to the commencement of a new entrance to the London Docks. The use 
of it was to ascertain for what length of time there would be a given depth of 
water about the said entrance, and in the channel of the river near to it, during 
the different tides. 

Having for some time past directed my attention to the nature of the effect 
that will be produced on the tides of the river Thames in the port of London 
by the removal of London Bridge, I have thought it very important that the 
changes should be progressively marked as they occur, that the ultimate con¬ 
sequences may with more ease and certainty be demonstrated. 

In order to continue a series of constant, and, as far as possible, of unerring 
observations through so great a length of time as must necessarily elapse during 
the progress of these changes, I have realised an idea which I have for many 
years entertained, and for which the works now carrying on at the London 
Docks, under my direction, afford me an excellent opportunity of carrying into 
effect, viz. To construct a machine which being acted upon jointly by a time¬ 
piece, and a float resting on the water, shall represent every tide in succession 
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by such lines as those in the chart before referred to; while by connecting a 
type in the machine, with a weather-cock, above the house in which it is placed, 
an hourly register of the winds would also be obtained. 

The performance of such a machine must if well arranged be evidently free 
from those inaccuracies and doubts which the frequent and long-continued 
observations of individuals, through nights as well as days, must be liable to. 
It will require only the occasional attention of a superintendant to correct the 
time, and supply it with paper. 

The following is a description of the first that has been made for me, and 
which will shortly be placed at the mouth of the new entrance to the London 
Docks. 


Refer nice to the Plates. 

No. 1. A perspective view of the machine. 

No. 2. An elevation and side view. 

No. 3. The well and float, with the relative situation of the machine. 

No. 4. A chart of tides in the river Thames observed in 1S28. 

No. a. The same tides represented according to the form to be effected by 
the machine. 

A number of parallel and equidistant lines, representing feet in height, 
are engraved, and printed on dry paper, whose sides are carefully cut parallel, 
and the ends joined until such a length is formed as to serve for three or 
four weeks consumption. 

The long sheet thus produced is wound upon a brass roller, which is placed 
near the lower part of a cylinder one foot in diameter, so that the paper may 
pass round that cylinder, and be in contact with it through about three fourths 
of its circumference. 

The contact of the paper’ is preserved by a roller pressing upon it by its own 
weight near the upper part of the cylinder. 

On the axis of the cylinder is a toothed wheel, which is to be acted upon by 
a clock, and hence follows the motion of the paper in the direction of its length, 
moving equal distances in equal times. 13y means of the same toothed wheel, 
motion is ^iven to a Cam Wheel having six teeth, and the velocity so regu¬ 
lated that it makes one revolution in six hours. Each tooth in the Cam Wheel 
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raises, in its turn, a hammer, whose fall strikes an impression on the paper once 
in every hour, so that the spaces passed through are measured as they occur, 
and leave no error that might otherwise arise from the expansion or contrac¬ 
tion of the materials. It is obvious that when the paper has been taken off the 
machine, vertical lines must be ruled across the paper through the hourly 
points made by the hammer, and any of them may be subdivided into less 
measures of time if required. Immediately over the axis of the cylinder, and 
parallel with it, is a rack, which carries a pencil, and is acted upon by a pinion, 
which receives its motion from a float resting upon the water; so that as the 
tide rises and falls, the pencil moves backwards and forwards at a proportional 
rate, although through diminished space, and thus by the combined motions 
of the clock and the tide, a line is produced on the paper which represents 
both. 

The impression hourly struck by the hammer is the figure of an arrow with 
a cross in the centre, the point of intersection being that through which the 
hour lines are drawn. The figure is cut on the end of an upright punch, which 
is connected with a weather-cock on the top of the house in which the machine 
is placed, and hence the direction of the arrow will always correspond with 
that of the w ind, which becomes hourly registered. 

The marking point for the tidal line is of steel, which makes such an im¬ 
pression on the paper as will be easily traced with a camel’s hair pencil when 
the paper is removed, as will also the impression made by the wind arrow. A 
pencil, usually called the metallic pencil, may he employed for the original 
line if preferred. 

The float which rests on the water is a hollow plate-iron vessel, suspended 
by a chain which passes twice round a light east-iron barrel, and then de¬ 
scends, having a counter weight attached to it. The chain is of such a length, 
that both ends of it are always resting on the ground, so that the weight of 
chain on each side of the barrel is alw ays equal. 

The float is placed in a well communicating with the river, and to prevent 
that undulating motion which would he produced by the motion of the surface 
of the river during high winds, the water is received into the well through a 
fine wire gauze. 

The motion is communicated from the float in the w^ell to the machine in 
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Hu* house by a light horizontal shaft revolving under the surface of the ground, 
and communicating by bevil wheels with an upright shaft which acts imme¬ 
diately upon the pencil rack *. 

The references to the details are given on the several Plates. 

Considering how many interests may be affected by the expected change in 
the circumstances of the river Thames, by the removal of London Bridge, it 
appears important that a similar gauge should be established at some point 
above the bridge, so that by the corresponding charts of the two machines, the 
facts will be so clearly exhibited as to defy that contradictory evidence which 
interested persons might hereafter produce, as well as furnish valuable data 
upon which remedial expedients might be founded. 

Since the completion of the machine above described, rny attention has been 
directed by Mr. Lubbock to the application of similar means for observing 
accurately the times of high water, not only as a scientific inquiry upon the 
tides generally, but with a view to the construction of accurate tide tables. 
Perceiving the value of that gentleman’s suggestion, I devoted immediate atten¬ 
tion to the subject, and trust, from the progress 1 have made, that the object 
will be accomplished in a satisfactory manner. 

To indicate sensibly the time of high water to within any small portion of 
time (such as a minute), required a representation on a much larger scale 
than that above described, and therefore a distinct cylinder became necessary. 
It not being required to register the absolute heights by this machine, 1 have 
determined on registering only the upper part of the tide, that is, that portion 
which is contained in thirty minutes, of which the highest point will be one. 
Instead of representing the upper part of the tide by a continuous line, it will 
indicate the relative place and the time of it by punctures, one of which will 
be struck in each minute ; so that the real time of any one puncture being 
known, the observer has only to count the number of punctures from that 
whose time is known, to the highest on the scale, and that will denote the 
time sought. 

To accomplish this, the instrument by which the marks are made on the 
paper will not move as the pencil does in the first machine, but, keeping their 

* To avoid derangement of the rate of the clock's motion, a weight is to be attached to the registrar, 
equal in force to the resistance of the friction of those parts the clock has to move. 
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places, the cylinder with the paper will move, and thus by a very simple motion 
from the clock, the real time will he expressed once in the thirty minutes 
around one of the minute points. 

To avoid the risk of inattention on the part of the individual to whom the 
operation of the machine may be intrusted, the machinery connected with the 
float will put the registering apparatus into gear a short time before the time 
of high water, and the clock will put it out of gear when the operation has 
been continued for thirty minutes. 

To obtain the exact time of high water, or even to ascertain it with mode¬ 
rate precision, does not appear practicable but by means similar to those de¬ 
scribed. The motion of the surface of the water, occasioned by the wind, 
and the vibrating motion of the general mass upon the turn of the tide, are 
obvious reasons: but by having the float placed in a protected situation, and 
the varying height marked in fact In/ Ihe time , we may expect to arrive at a 
suflieient accuracy for the purposes required. 

When this machine has been completed, a full description of it shall he for¬ 
warded to the Royal Society, and 1 hope it will hereafter do me the honour 
to accept either tin; original or copies of the series of observations upon the 
tides of the Thames, which both machines may exhibit 
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XIII. On the Errors in the Course of l esse Is, occasioned by Local Attraction , 
with some Remarks on the recent Jams of His Majesty s ship Thetis. By 
Pktkk Harlow, Esq. F.ll.S. Cor. Mem. of the Inst. France , Imp. Acad. 
Sciences St. Petershuryh , Acad. Sciences Brussels , 8$c. &;c. 


Hoad April 21, 1H31. 

On presenting the following remarks to the attention of the Iloyal Society, 
I feel it necessary, first, to apologize for their not possessing that degree of 
scientific novelty which is generally expected in such communications,—and 
secondly, that in enforcing my argument, I may perhaps seem to give more 
value to my own investigations than is consistent with good taste. I must, 
however, either in some measure do this, or leave the evil untouched, which 
I feel it my duty to endeavour to remove ; and therefore, trusting to a liberal 
interpretation of my motives, 1 shall state without reserve such facts as 
appear necessary to establish the object I have in view, and it is hoped the 
want of novelty will he compensated by the importance of the subject under 
consideration. 

That a ship's compass is subject to a deviation from its true direction in 
consequence of the attraction of the iron used in the construction and appoint¬ 
ments of the vessel, is now too generally admitted to require any argument, 
although I believe there may he still some few officers who are sceptical on this 
point ; I have at least been seriously assured In one of rank and long standing. 
“ that there certainly was no local attraction when he was at sea.” Now there 
is really more in this observation than one would imagine, for there can be no 
question that forty years hack the error arising from this disturbing force was 
very inconsiderable to what it is at present ; every year in fact increasing 
the amount, and rendering a correction of the error more and more necessary 
This increase is occasioned by the immense quantity of iron now employed in 
the construction of a ship of war and its appointments. At the period above 
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alluded to, iron ballast and iron tanks were perhaps scarcely known ; now we 
have, besides these, iron knees, iron cables, and above all iron capstans, besides 
various other articles of the same material, which together form such an 
attracting mass, that if we cannot allow that there was no local attraction 
forty years back, we must at least admit that it was certainly then very incon¬ 
siderable to what it is at present, and that navigation by compass was at that 
time comparatively on equal terms with nautical astronomy ; but since that 
period, the errors of the one have been gradually removed by improvements in 
instruments, the introduction of chronometers, and the correction of astro¬ 
nomical tables and data, whereas the compass still remains the same uncouth 
machine, and the disturbing forces to which it is exposed have been increased 
in, perhaps, a fourfold proportion. At ail events the disturbing force is now 
considerable, and the deflection it causes in the needle, under some circum¬ 
stances, very great; and as this effect is perpetually varying as the course of the 
vessel is changed, as it is also as she changes her latitude, though the course 
should remain the same, a constant attention to the amount of this error seems 
to be indispensable, at least in those circumstances where the whole safety of 
the vessel is dependent on the certainty of the courses steered, which is in fact 
always the case in a dark night, and when land is near. 

It is almost impossible to give a very popular idea of the direction and 
amount of this deflecting force. It may however be stated, that in this lati¬ 
tude, and in all those northern latitudes where the dip is considerable, the 
greatest deflections take place, on an east or on a west course, diminishing 
both ways to the north and south, where it vanishes ; and in all these eases the 
direction of the deflection is always to the right or left of a person, looking 
forward in the vessel, accordingly as the course of the vessel is to tin* right or 
left, that is to the east or west of the meridian, and it is exactly tin; reverse in 
a high southern latitude or with a considerable southern dip. But as we 
approach the equator, where the clip is small, the deflections at the east and 
west points vanish, and we have then four points of greatest attraction, viz. 
the N.E., N.W., »S.E., and S.W., the direction of the deflection changing as we 
pass through the N., 8., E., and West points ; but the deflection at its maximum 
is much less in these latitudes than in those where the dip is more considerable, 
all other things being the same. 
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These rules, wliieli are given upon the supposition that the compass is situated 
in its usual place, aft in the vessel, will furnish a general idea of the direction 
of the deflection. With regard to the actual amount, it is of course different 
in different vessels, varying in these latitudes from 5° to 12° or 14° with an 
easterly or westerly course ; which become greater as we increase our latitude, 
but diminish (without however vanishing) at the equator, whence it again 
increases as we approach the southern pole. 

The following are some results, several of which I have assisted in taking ; 
they rest, as will be seen, on the best authorities, and will give a good general 
idea of the maximum amount. 


Ship 

Commander 

Place 

Local Attract 

("on way . 

( ’aptain Basil IIall . 

Portsmouth . 

o 

4 

32 

Leven 

Captain Owen . 

Northflcct 

b 


Baracouter 

('aptain Cctcikli) . 

. Northfleet 

14 

30 

Ilecla 

( aptain Sir F. P\rry 

Northfleet 

7 

27 

Fury 

(’aptain IIopnlk 

Northfleet 

0 

22 

(iriper 

(’aptain ( ’layering 

Nore . 

13 

30 

Adventure 

Captain Kino . 

Plymouth 

7 

48 

(doucester 

Captain Sri \rt 

. Channel . . 

9 

30 


(dving a mean of s 4 t' at the east and west points in these latitudes. 

The latter observation by Captain Sri -art is from the remark-book of the 
(doucester, and from which 1 beg to give the following extract : 

t£ 1830. 30th August. From not having had a favourable opportunity of 
ascertaining the ship's magnetism or local attraction in steering down the 
.British Channel, I only allowed the true variation as found, but observed the 
ship was invariably drawn to the southward of her intended place, notwith¬ 
standing the greatest care being taken in steering her. But on taking an am¬ 
plitude of the sun at setting oil the 1st September, I found the vaiiation to be 
34” W. (when the ship's head was west), which difference from the true varia¬ 
tion in the Channel 24° 3(V W. will account for the ship being so drawn to the 
southward of her intended track." 

It would be quite superfluous to give further evidence of the existence of 
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this disturbing power; and little, 1 conceive, need be said to show how much 
such deviations from the estimated course of a vessel, in channels and narrow 
seas, are calculated to lead to the most disastrous events. To take the last 
case, for example, where the deviation is 9° 30', and for the deviation in miles 
the general expression (dist. X 2 sin \ deviation), we shall find that after run¬ 
ning ten miles, the vessel would be more than a mile and a half to the south¬ 
ward of her reckoning ; in a distance of twenty miles, three miles and a quarter 
to the southward ; in thirty miles, five miles to the southward, and so on as 
the distance increases. 

Now it requires no knowledge of navigation to estimate the fatal conse¬ 
quences that might attend such an error in a narrow channel and in a dark 
night, if it were wholly unknown or disregarded. We see also how \cry cas\ 
it is, after an accident has occurred, to imagine a current (unknown of course 
to exist before), to account for the disaster. The (ilouccster, for example, in 
the above instance was constantly “drawn to the southward;" and this might 
have been set down to the effect of a current, had it not been proved to be 
local attraction. 

That a ship is sometimes involved in an unknown or unusual current, which 
may lead her into an error of reckoning, no one can for a moment deny : but 
l do at the same time maintain, that unless a proper attention be paid to the 
local attraction, a vessel is as it were* in a perpetual current, setting some¬ 
times in one direction, and sometimes in another, sufficient to bailie the most 
experienced pilot; and I further maintain, that science and humanity both re¬ 
quire, before we admit the plea of unknown currents to explain the cause of 
every disaster, that it be sufficiently ascertained how far allowance has been 
made, or a correction obtained for that current, which it is now well known 
a vessel carries with her through every league of her voyage. 

Let us now turn to the late melancholy wreck of Ills Majesty's ship Thetis 
It appears from the account given of this disaster in the United Service Jour¬ 
nal, that “ the Thetis sailed from Rio Janeiro on the 1th of December, with a 
million of dollars on board, besides other treasure, arid every prospect of a fine 
passage, stretching away to the S.E. The next day, the wind coming rather 
favourable, they tacked, thinking themselves clear of land ; and so confident 
were they, that the top-mast studding sails were ordered to be set, the ship run 
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ning at the rate of nine knots; and the first intimation they had of being neat 
land, was the jib-boom striking against a high perpendicular cliff, when the 
bowsprit broke short off, the shock sending all three masts over the side; ' 
and thus in a moment perished twenty-five valuable lives, and a fine vessel, 
with her cargo, worth nearly a quarter of a million sterling. 

Here then we have a case of a ship leaving port one day, with every pro 
spect ol a fine* passage, which had so far lost her reckoning on the evening of 
tin* next day, as to be wrecked on a rock not more than seventy miles from 
her point of departure, which was supposed to be some miles to her west 

I have no de-fire to prejudge the cause of this unfortunate misreckoning. 1 
"'ish only the true cause should he ascertained. In the letter of the com¬ 
mander of the Thetis to the admiral on the station, he says, that u from all 
the precanfionaiy mtasures taken, nothing but the strongest currents, and the 
thick hazy weal her, and hard rain, can be pleaded in extenuation.” 

1 iinst -finer re In hope *hat amongst ‘'the precautionary measures taken, 
that of correcting or making proper allowance for the local attraction was in¬ 
cluded; for 1 have no hesitation in asserting, if such precaution was not taken, 
that this omission would he quite sufficient to account for the accident. It 
is obvious from the general principles which 1 have stated in the preceding 
part of this paper, that at Uio, where the dip of the needle is about 22 south 
fthe course steered on the Ith of December having been S.E., and on th< 
”»th of December necessarily somewhere between the east and north,) the* local 
attraction would In* constant 1\ drawing the vessel over to the westward, and 
there can he no question that her being more to tin* westward than her reckon 
itig, was. from whatever source it might havt* proceeded, the cause of the dis- 
ast ions (*vent 

Without therefore in any way prejudging the ease, I have only to express 
a hope that some inquiry may he made, to ascertain whether any and what 
allowance or correction was made for the local attraction of the vessel. 

It is impossible now, if the local attraction of the Thetis has not been be¬ 
fore taken, to know its amount ; but we can ascertain, at least approximative!}*, 
what would have been the deflection of the Gloucester Under similar circum¬ 
stances; and as the amount of attraction in this vessel is nearly the mean of 
all those I have given in a former page, it maybe interesting to see the result 
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It has been stated that the maximum attraction or deflection is much less 
(all other things being the same) with a small dip than with a large one ; the 
proportion being, “ that the tangents of the angles of deflections are inversely 
as the cosines of the dip:” now, the dip at Rio Janeiro being about 22°, and 
in London 00we have 

cos 22°: cos 69^° : : tan 9° 30' : tan 3° 33'. 

That is, the Gloucester leaving Rio under similar circumstances to the Thetis, 
would on any course about the S.F. or N.K. (the former being stated as the 
course of the latter vessel on the 1th, and the other her probable course after 
tacking on the 5th of December), be constantly deflected about 3 V * out of her 
supposed course, and as the sine of 3^ 33' is about -,\.th part of the radius, it is 
obvious, taking only the error due to the 51h of December, and reckoning the 
distance run at eighty miles, that the ship would pass five miles nearer to Cape 
Frio than her reckoning, an error quite sufficient to account for the fatal cata¬ 
strophe which has occurred to the Thetis; for it appears that a distance of 
only so many fathoms would have nearly carried her clear of the land. I do 
not include the error due to tic* first day, because its tendency would only hi* 
to carry the vessel to the* southward about the same quantity, which of itself 
could have produced no evil. 

After all, let it be remembered that this is a supposititious case, and that my 
object in stating it is merely to show what might happen if the deflection from 
local attraction were disregarded, and thereby to prove the propriety and ne¬ 
cessity of ascertaining whether in the case of the Thetis, and in all similar 
cases, the proper correction was made, before the apology of currents can be 
admitted. 

I urge this the more particularly, because I fear this source* of error is too 
much disregarded, and as I think it probable that in the several investigations 
which have been held to inquire into cases of vessels lost in a similar way for 
the last ten years, since I have been interested on this subject, no question has 
been asked whether or not the error of the compass had been corrected ; and 
thus vessel after vessel is lost, and current after current is imagined to ac- 

* I say about 3^°, because much depends upon the direction of the centre of attraction in the 
vessel. 
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count for the loss, while an actually existing and known cause is allowed to 
remain uncorrected and disregarded. 

That the remedy for this evil, which I have been so fortunate as to discover, 
is simple and universal, is, I believe*, generally admitted; indeed, after being 
submitted to trial by two of our most scientific officers from 57° south latitude 
to 80° north latitude, and having been found to be effective to the most ex¬ 
treme point, it is impossible that any doubt should remain on that head. 

It must be, therefore, that the error itself is disregarded, and it would con¬ 
sequently be rendering an essential service to the navy, when any loss is sus¬ 
tained from neglecting this necessary precaution, that it should be traced to 
its proper source; and it is with this view that 1 have drawn together these 
few remarks. If I overrate* the importance of the error or the value of the 
remedy, my apology must he the opinions which have been given on the sub¬ 
ject by many distinguished naval commanders, both English and foreign, and 
the high marks of approbation with which my investigations have been ac¬ 
knowledged by the Royal Society, and other learned societies of Europe. To 
which I may aKo add my anxiety, that where science can be brought to faci¬ 
litate the progress of navigation, and to contribute to its security, it may not 
be allowed to be neglected in the British navy, 
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XIV. O?/ Z//c Meteorological Observations made at the Apartments <>f iht Hay at 
Society (luring the Yeiirs 1827, 1828, and 1829. By J. W. Lcmiociv, Esq. 
f \P. <S’ Trcas. R.S. 

Head April 11 , 1 8, l i 1. 


[ I IK phenomena which principally deserve attention eonneeted with the 
science of meteorology, are: 

1. The annual and diurnal variations of the barometer and thermometer, due 
to the action of the sun 

2. The variations of the harometer due to the moon, and dependent on her 
ai;c. 

8. The comparative tempcralure and barometrical pressure at different points 
of the earth's surface, the isothermal lines, and lines of equal barometrical 
pressure. 

1. The influence of the direction of the wind on the temperature and bam 
metrical pressure. 

Phenomena connected with the electrical state of the air, the aurora 
borealis, Xc. 

In order to determine the annual variations of the harometer. 1 haw taken 
tin* mean of the observations in each month, made at the apartments of the 
Koval Society, during the wars 1827, 1828, 1829, and 1880 The results aie 
ijiwn in the following Table, which shows the differences from the mean* 

The two first columns result front these observations, reduced to 82 T'ahr . 
and corrected for capillarity 

The lour other columns are deduced Irom Table 8 m the valuable work oi 
M. Kocvaru " Sur les Observations Mcteorolopques/ (Memoires de J'Aca 
demie des Sciences. \ ol. vii p 812.) 

* The mean result benii* »i\on foi each \eai s’parnleh m l lu* Philosophical fianvutwn\ n: emuse 
it was only necessary lor mr io add those togitnei, ami tuk*- the tourtli Siik r the rondini; ol iltc paper, 
the observations ot IS.’iO Ju\r boon added and taken ml-' art ninth 
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! Obs ni at Somerset 
! House 

| ;> a m j a r.M. 

Obs"' 

it A M. | 

at the Paris Observatory. 

IV. j ;j r.M. j 9 r.M. 

January ... 

i +.006 

+ .005 

+ .085 | 

+ .0G7 

+ .072 

+ .069 

February . 

| + .064 

+ .070 

+ .071 j 

+ .070 

+ .065 

+ .065 

March .. . 

! —.004 

— .009 

-.006 j 

— .004 

-.007 

-.005 

Aprd. 

| —.044 

— .14.4 

-.044 ! 

-.017 

— .055 

—042 

May ... . 

1 +.002 

-.025 

-.044 j 

—.043 

-.047 

- .016 

June . 

; +.oo6 

— .051 

+ .057 1 

+ .040 

+ .0 10 

4 .064 

July ... 

; -.017 

- .0 22 

+ .008 j 

+ .004 

+ .009 

4 .00s 

August . . . 

; —.005 

- .001 

+ .01S ! 

+ .016 

+ .014 

+ .013 

September . 

j -.0+9 

— .04S 

+ .016 

+ .011 

+ .015 

+ .019 

(k tober . . . 

; +-H7 

+ .116 

— .06:} j 

— .060 

— .062 

— .056 

November . 

I +.«:«! 

+ .025 

-.021 ; 

- .0 15 

— .012 

; - .on 

December . 

1 —.006 j 

! +.005 

-.047 ; 

-.04 2 I 

- .055 

! —.039 

Mean 

29.861 , 

29-840 

29.778 i 

29.767 , 

29-7 18 ; 

29.762 


Thus the mean height of the barometer at 9 a m. for Januaiy is 29.8(11 | .006 = 29+67. 


It may be remarked, that according to thi> 'Cable, the annual variations appear 
to be independent of the diurnal variations. The Paris observations present 
much greater regularity than those made here, which results perhaps from their 
greater number. In order to determine the diurnal variations of the baro 
meter, it is necessary that the observations should be repeated much more fre¬ 
quently in the course of the day than is done here at present. The mean 
height of the barometer here at 9 in the morning h greater by .021 inch (or 
about , 70 th of an inch), than at 3 in the afternoon ; and so regular is this diurnal 
variation, that considering the mean of each month separately for the years 
1827> 1828, 1829, and 1830, there are only two cases in which the mean height 
is greater at 3 in the afternoon than at 9 in the morning. The corresponding 
difference at Paris is .030 inch *. 

In order to determine the fluctuations of the barometer due to the moon, 
it would have been desirable to possess many more observations; but, unfor¬ 
tunately, previous to 1827, the observations of the barometer at Somerset 
House seem not to have been made at stated times of the day, a condition which 
appears to me absolutely necessary, in order that meteorological observations 


* There is a very interesting paper on the annual and diurnal variations of tiie barometer, by 
M. Cahlini, in the 20th volume of the Memorie della Socicta Italian a. Ease. Irno. (Mcmorie di 
Matematica.) 
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may be applied to this or any other useful purpose, except that of serving at 
the time to prognosticate the weather, or but imperfectly to determine the cor¬ 
rection due to the direction of the wind. 

I was therefore obliged to confine myself to the years 182/, 1828, and 
1829. The method which I have adopted with respect to these aerial tides 
is similar to that which I have used in order to determine the phenomena of 
the tides in the river Thames, and consists in classifying all the heights of the 
barometer, and taking their mean, which correspond to a particular age of 
the moon, defined by the circumstance of her transit taking place in a given 
half-hour of the day. Thus all the days in the years 1827, 1828, and 1829, 
were found when the moon passed the meridian between 12 and half past 12. 
and the mean of the transits taken, which of course is nearly a quarter past 12 ; 
the heights of the barometer were then taken on the same days, and the mean 
taken ; and thus all the transits of the moon which occurred during the years 
1827, 1828, and 1829. were taken, and the corresponding observed heights of 
tin* barometer selected and compared with them. The height of the attached 
thermometer was also taken, and the mean height of the barometer corrected 
afterwards by the mean height of the attached thermometer, so as to reduce it 
to 52° Fa hr. 

Although the transits of the moon were at first classed for every half-hour. 
I afterwards combined them for every hour, in order to make use of a greater 
number of observations in obtaining results. The mean transit thus found, 
scarcely differed from the half-hour, which is therefore taken as the time of 
the moon’s transit in the following Table, in which the results are exhibited 


MDCCCXXXI. 
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The following Table results from Table VI. of M. Bouvakd, (p. 3 JO,) reduced 
to English feet. 


"“1 

1 

1 

Variation of Barometer 
from mean. 

i 

9 a.m. 

v.m. 

Day of the Syzygv. 

mil). 

— .004 

ini li 
— .008 

First day after the Syzvgv. 

— .010 

—.oof; 

Second day after the Syzygy. 

-.ou 

-.009 

Second day before Quadrature .... 

-f .008 

-f .005 

First day before Quadrature. 

+ .024 

+ .032 

Day of the Quadrature. 

+ .025 

+ .017 

First day after the Quadrature .... 

—002 

— .001 

Second day after the Quadrature . . 

— .000 

+ .012 

Second day before the Syzygy ... 

1 

j —.019 

— .018 

First day before the Svzygy .... 

j -.009 

-.019 

Mean height . 

1 29-781 

29.748 


The results afforded by the observations at Somerset House differ widely 
from those above obtained by M. Boivakd from the observations [it the Paris 
Observatory *, according to the former, the barometer is highest at new and full 
moon and lowest at quadrature; according to the hitter, the contrary is the 
ease. 

The extent of the fl net nations of the barometer due to the moon according 
to the former is about .08 or nearly i\,th of an inch, according to the latter 
only *0f> or ^th of an inch. 

They agree in this, that the fluctuations take place nearly in the same 
manner in the morning and in the afternoon ; whence it follows, that the period 
of the principal inequality of the height of the barometer due to the action of 
the moon is not the same as that of the ocean ; for if it were so, as the obser¬ 
vations are made at a distance of six hours, the maximum in the morning 
would correspond to the minimum in the afternoon. 

Laplack enumerates among the most important causes of the fluctuation of 
the pressure of the atmosphere, the rising and falling of the ocean due to the 
action of the sun and moon, the ocean serving as the basis or support of the 
atmosphere. But with that deference which is due to the authority of so great 

2 o 2 
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a mathematician, I must confess that this cause does not appear to me ade¬ 
quate to produce any sensible effect; for in the open sea the variations of the 
height of the water due to the tides, where this cause would he most felt, do 
not exceed three or four feet, and any considerable rise of the tide is in general 
confined within very narrow limits, as in channels and between the banks of 
rivers. Lastly, I have endeavoured to ascertain how far the barometer h 
affected by the direction of the wind ; and the following Table gives the results 
which 1 have obtained with this view. The fluctuation due to this is much 
greater than that due to any other cause; and it is therefore very important 
that this correction should be carefully ascertained, in order that it may be 
applied when obse rvations of the barometer are classed, in order to determine 
any other inequality. The barometer is lowest, as might be expected, in the 
rainy quarters, as S.W. and W.S.W. 

'Table showing results deduced from the Meteorological Observations made 
at Somerset House during the years 1827, 1828, and 1821b flashed 
according to the direction of the Wind. 


Du ec tion 
ol the 

V* mil at 

" A, 'I. 

No of 
Obser¬ 
vations. | 

o'c lot k 

Barometer, 

A M 

Attiull. 

Tfu I Ml. 

> o elotk i.m. 

... 

Barometer. 

i i lurin. 

Dew poml 
at 1 * a m. 
tn flegrees 
of 1 aiir. 

Lain m 
tin lies, 
ri ail oil 
at ‘i a m. 

N 

117 

30.009 

47.1 

30.014 

49.B 

41 

.019 

NNE 

ss 

30.00s 

7, >. j 

BO 04 B 

7,1.0 

47, 

.032 

NE 


29-920 

49.;; 

29.912 

7,1.) 

42 


K\K 

Iti 

30.007, 

49 1 

29-941 

7, 7.s 

47. 

.100 

!■; 

71 

29.917, 

7>3.2 

2JLSS9 

7,7j.s 

4 7 

.0 71 

KSE 

; (Is 

29.97,1 

7,2.7, 

70.910 

7,1.7 

47. 

.0 7 7 

SE 

BO 

29-793 

B7.S 

29.772 

7,9.7 

7,2 

.07)3 

SSE 

i 39 

29-7 12 

7>7,.s 

79.0*0 

7-7-9 

7)1 

.07,7 

S 

1 73 

29.80s 

7,4.4 

29.797, 

7,0.4 

49 

.033 

SSW 

ss 

29**17. 

00.7 

29.782 

7,s.7> 

7,1 

.0BS 

S\V 

j 103 

29.8 HI 

7)4.s 

29.*37, 

7)11.0 

48 

.009 

wsw 

I 143 

29.900 , 

7)4.7) 

*9.898 

7,0.7 

4s 

.07,9 

w 

! SB 

29.914 , 

7,7.0 

i 29.9BO 

7>9.1 

49 

1 -07,9 

WNW 

IS 

gV.S 8.9 | 

7,7.2 

! 79 ss; 

00 0 

30 

1 .07,3 

NU 

i 1 

29.9:0; 

7,7).fl 

; 29.so2 

7,7.4 

40 

! .07,4 

NNW 

I 7,0 

29.97s , 

7,4.8 

; BO 014 

7,0.s 

40 

S .0s0 

Mean of Total 

29-918 

34 7 j 

29.893 , 

Ji»). 7 j 

47 | 

.044 
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'Fable deduced from the preceding, showing thevariations of the Barometei 

reduced to 3*2 Fahr. 


Dim non 
of the 

V ind. 

No. of 
, Ohscr- 
I vations. 


- r.M. 

N 

117 

+ .M4 

4 .1 10 

NNK 

; h« 

-M'»h 

+ .i:,r, 

NR 

ar> 

+ .021 

+ .0.12 

ENE 

i in 

+ .100 

+ .0.,f, 

E 

i 7-1 

-.002 

i — .ooa 

ENE 

; os 

+ .oas 

| 4-029 

SE 

i ao 

— 12H 

- .1VH 

SSE 

' .19 

-.17* 

-.21* 

s 

1 7a ; 

-.107 

! — .09 s 

ssw 

! ss ! 

— .100 

j -.na 

s\V 

, loa | 

- .oa t 

i — .o;>r 

Y\ N\V 

, Ha ; 

- .o i;» 

+ .00.1 

W 

, sa ; 

+ .ova 

, +.oar, 

WNW 

1 IS ] 

— .0,12 

j +.01.1 

N\V 

r;, 

+ .01 a 

! -.09a 

NMV 

, ->(i ! 

+ .01 s 

j +.iis 

Me an . .. 

vii.soa 

j 29.sac, 


I shall not attempt to enter into any discussion oi the influence of electrical 
phenomena upon the weather; no observations with reference to this part of 
the subject have \et been made here. 

I have to acknowledge the very kind assistance of Mr. Deacon, (to whom I 
have been indebted before,) in forming the'Fables which accompany this paper. 

I have not discussed the circumstances under which the observations have 
been made which serve for the foundation of the results which are here pre¬ 
sented. although I fear that the instruments employed are unworthv of the 
Society and of the care bestowed upon the observations by Mr. IIi j>so\. This 
discussion would have been necessary if mv object had been to determine the 
mean temperature or the mean barometrical pressure at London : but as I haw 
only endeavoured to ascertain the fluctuations of the barometer due to certain 
causes, whose periods are independent of any errors that may arise from the 
construction and condition of the instruments, those errors arc of little im¬ 
portance in the preceding investigation. 
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Since this paper was read, Mr. Hudson has made some observations with a 
view to determine the diurnal variation of the barometer; they were begun on 
the 26th of April, and have been continued to the present time, June 13th. The 
results are exhibited in the following Table, which seem to indicate a mini 
mum about 6 o’clock p.m. 


Mean T»me. 

N umber 

-f 

Attached 

Barometer 

Difference 

of Olisci- 

of Obser- 

Barometer. 

Thermo- 

corrected, and 

of Barometer 

vation. 

vations. 


meter. 

1 educed to 

from Mean. 

A.M. 






li. m 






9 0 

49 

29.900 | 

61.4 

29.821 

+ .025 

10 4 

43 

29.885 < 

62.8 

29-803 

+ .008 

11 2 

47 

29-895 I 

62.4 

29.814 

+ .019 

12 3 

3H 

29-902 j 

63.3 

29.819 

+ .024 

I'.M. 

1 4 

43 

29.S66 1 

63.5 

29.783 

-.012 

2 3 

44 

29-887 ! 

63.8 

29.803 

+ .008 

3 1 

49 

29.880 1 

63.4 

29.797 

+ .002 

4 3 

40 ; 

29-868 { 

64.1 

29.783 

-.012 

5 2 

44 

29.856 

63.5 ! 

29.773 

-.022 

6 4 

39 ! 

29-837 

63.6 ; 

29.753 

— .042 

7 3 , 

37 ! 

29.877 

63.2 | 

29.794 ; 

-.001 

S 4 ! 

36 ! 

29-858 

61.5 

29.779 

-.016 

9 3 i 

3K 1 

29.863 

61.0 

29.785 

-.010 

10 2 : 

33 

29.896 j 

60.h 

29.819 

+ .024 

11 2 1 

34 

29-884 | 

60.9 

29.806 

+ .010 

11 57 1 

34 

29-874 | 

60.4 

29.790 

-.005 

Mean . 


29.877 j 

62.6 

29.795 
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Height of 

the Oistetn of tl 

e Utnometer nl 

ove n I 

'need Mark on 

\\ ,tel If 

to Hndg 

-e .. 

. -- S55 feet 2-J m 






.o 

inve tht 


ev el of the Sea 

^[iit'am 

ied about) 

. 1)5 feet. 


Tlu Kxte 

iuI Tl 

eiimmieu 

, is 2 ft 

11 high 

i than 

the Han,motet 

('i-.tern 





Height of 

the Hi 

reive) of the Uni 

1 (»aug 

e above 

tin Court of Soniei a t 

House 


. 7f foot 0 in 


r Fhe horn*. 

of ohs 

etv.itioti a 

e of M 

e.m I n 

ie, the day beg 

timing at Midnight. 




'Hie Thoimumeti 

ls «»* K r * 

dilated 

by l’.ih 

1 Illicit ’ 

Seale. 







The IJuioinetei i 

illv idea into im 

ms and dec imn 

s. 


















METEOROLOGICAL JOURNAL FOR AUGUST, 1830. 


| I 9 o’clock, A. M. 1 3 o’clock, P.M. j i> w 1 Extern*! Thermometer. ! 

1 


l uon Point at 

lRAill.il 

' Direction 


,ndU * 9 A.M. 


1 of the 

Remarks. 


Self-regiiterlng. ReJul „ ff; Wind at 

August IJarom - Therm. Btrom ' Therm, grew of-- 

- - - atilA.M 

9 A.M. 


Fahr. 9 A.M. 3 P.M. 

Lowoat. [Highest, 

J 


O 1 30.026 74.6 29.951 75.1 55 71.6 75.4 

60.6 76.3 

ssw 

r Fine and dear—light brecic. Evening 

1 lowering. 

» 2 29.844 71.8 29.862 74.3 59 67.2 71.7 

58.7 72,2 

ssw 

f A.M. Showery. P.M. Fine and clear 

1 —light cloud*. 

<? 3 30.023 72.4 30.052 72.7 55 67.3 70.5 

55.5 71-3 0.281 

1 w 

f Fine and dear—cloudy. Evening 

1 lowering. 

O ? 4 30.071 67.8 29.982 73.4 61 <>4.4 73.7 

58.7 75.7 

I ESE 

( A.M. Cloudy. P.M. Fine and dear— 

1 light clouda. 

24 5 29.918 71.7 29.963 73.3 58 67.3 72.7 

64-3 73.7 

w 

Fine—lightly cloudy. 

? 6 30.032 69.7 30.035 70.7 51 63.7 68.3 

53-3 68.7 

! wsw 

Clear—cloudy—light wind. 

h 7 29.948 67.3 29.870 70.3 48 64.6 68.7 

55.7 703 

ssw 

Fine—tightly cloudy. 

O 8 29.723 64.8 29.737 69.8 56 62.7 69.8 

57.6 70.7 

ESE 

Fine—lightly cloudy. 

)) 9 29.842 67.7 29.788 70.8 68 64.7 69 8 

56.3 72-3 

ESE 

Overcast 

<? 10 29.664 66.4 29.639 69.0 61 62.7 65.2 

57.6 66-3 

ENE 

Overcast 

9 11 29.729 65Ji 29.714 70.3 60 61.7 71.8 

57.8 73.4 

SSW 

A.M. Harv. P.M. Fine—at night, rain. 

24 12 29.770 70.7 29.802 71.1 57 65.8 69.8 

57-3 70.7 0.072 

SSW 

Fine and clear—light cloud* and wind 

9 13 29.700 66.1 29.687 66.8 60 6<U 63.8 

58.6 63.5 0.028 

WSW 

A.M Rain. P.M. Fine Thunder at 3^lt. 

h 14 29.892 60.3 29.734 66.8 55 01.3 60.0 

63.3 66.7 0.736 

WSW 

A.M Fair P.M Heavy ram 

0 15 29.760 65.4 29.808 68.7 54 59.7 66.7 

52-3 69-3 0.597 

WNW 

Fine and dear—cloudy 

:» 16 29.957 65.3 29.942 66.7 51 59-3 64-3 

48.7 67.7 

W 

Fine—light hare mid cloud* 

<5 17 29.978 63.3 29.955 65.6 49 56.7 1 61.6 

46.8 <13.8 0.03H 

W 

1 Fine and clear—lightly cloudy. Dm" 
t tug, rain 

# 9 18 30.155 | 62.7 | 30.185 61.3 47 56.3 ! 62.6 

46.8 j 63.6 0.169 

N 

Fine and dear—light cloud* mul wind. 

24 19 30.175 i 59.7 i 30.118 63.9 4 7 56.7 j 62.3 

47.7 | 65.2 0.014 

NNW 

Fine ami dear—light cloud* 

? 20 29.975 j 58.4 29.957 63.7 44 54.7 59.3 

47.6 j 62.0 

NNW 

Fine—lightly chnidv 

h 21 30.014 J 60.5 29.986 64.0 50 56.0 03.5 

50.0 | 65.5 

NNE 

A.M Overeat! P.M Fine 

O 22 30.031 62.0 30.024 64.3 50 58.7 66.7 

47.0 ! 68.5 

S 

Fine—light cloud* At night, light ram 

J) 23 29.994 64.0 29.958 67.2 5 7 62.0 65.8 

58.0 j 68.0 

NW 

Overt,a*t 

<? 24 29.883 61.4 29.888 62.0 56 61.4 68.8 

56.6 70.8 

SW 

Fine—light cloud* At night, ram 

9 25 29.807 65.2 29.770 63.0 56 62.8 65.0 

56.6 | 69.8 

WSW 

O*errant—light wind—«ho* cry 

24 26 29.849 64.2 29.873 66.9 55 61.0 64.6 

55.8 j 65.5 

SW 

Fine and clear—light wind 

? 27 29.782 64.6 29.625 67.8 58 60-5 66.0 

54.0 | 69.0 

s 

| A.M Clear P.M.Overta*t At night, 

h 28 29.394 64.4 29.457 66.5 53 58.6 63.5 

54.8 j 64.6 0.250 

S 

1 A M Overrun— showery PMC lear. 

1 Heavy rain at lit 

Q29 29.931 64.5 29.996 66.2 50 59.0 62.8 

49.8 | 65.6 0-500 j 

wsw 

j A.M (lear I'M. Rain. Thunder 

1 with ram at Ih 46m 

)) 30 30.223 61.5 30.192 64.6 44 503 63.4 

46.fi 1 61.4 | 

wsw 

Fine—light hare 

J 31 30.291 59.8 30.261 64.2 48 55.0 66.0 

46.0 | 67.0 j 

s 

Fine and dear 

Mean Mean Mean Mean Mean Mean j Mean 

Mean i Mean Sum 



29.916 65.5 29.897 67.9 53 61.1 66.6 

I 

53.9 j 683 2.085 



Monthly Mean of the Barometer, corrected for Capillarity and reduced to 32° Fahr. .. 

. { 

9 A.M. .<1 P.M. > 

29.834 29 808 ( 

OBSERVANDA. 



Height of the Cistern of the Barometer above a Fixed Mark on Waterloo Bridgt 



I ...... above the mean level of the Sea (presumed about) 


The External Thermometer is 2 feet higher than the Barometer Cistern. 

Height of the Receiver of the Rain Gauge aliovc the Court of Somerset House . 
The hours of observation are of Mean Time, the day beginning at Midnight. 


. »79 feet 0 in. 

The Thermometers are graduated by Fahrenheit’s Scale. 
The Barometer is divided into inches and decimals. 












METEOROLOGICAL JOURNAL FOR SEPTEMBER, 1830. 



9 o’clock 

A.M. 

3 o'clock 

P.M. 

Dew 

External Thermometer. 









I’mnt at 





Rain, in 

Direction 


1830. 

Baroin. 

Attach. 

Therm 

Barom, 


‘I A.M. 
in de- 

Fahrenheit. 

Self-registering 

inches. 
Read off 

of the 
Wind at 

Remarks. 

Septem. 

Timm. 

(free* of 
I'ahr. 









9 A.M. 

3 P.M. 

Lowest. 

Highest. 




5? 1 

30.342 

61.8 

30.291 

65.8 

49 

58.5 

67.6 

50.0 

68.8 

0.250 

sw 

Fine and (lear. 

O V 2 

30.2(H) 

62.6 

30.085 

67.8 

52 

57.8 

67.0 

50.6 

69.8 


wsw 

Fine—lightly overcast. 

? 3 

29.835 

63.6 

29.812 

65.8 

51 

60-5 

63.2 

53.4 

65.4 


S var. 

Fine—lightly overcast. 

h 4 

29.954 

62.2 

29.966 

65.2 

53 

58.0 

62.8 

53.2 

65.8 


N 

Fine and clear—light clouds. 

0 5 

29.704 

61.2 

29.697 

65.2 

55 

57.4 

64-6 

51.2 

65.2 


WNW | 

Overcast—light rain A.M. 

? « 

29.562 

61.1 

29.495 

61.9 

53 

58.2 

62.4 

52.0 

63.6 


SW j 

(Overcast. Thunder and lightning, 

1 with heave rain at4j P.M. 

* 7 

29.748 

61.4 

29.779 

63.6 

53 

57.6 

59.8 

54.0 

625 

0.250 

W var j 

Fair—lightly overcast. 

f} H 

30.001 

61.0 

30.079 

64.8 

53 

57.8 

63.0 

53.6 

64.2 


SE var. 

Fair—lightly overcast. 

V 9 

29.865 

605 

29.792 

62.8 

50 

57.6 

59.0 

49.2 

61-3 


S 

Overcast. At night, rain 

v 10 

29.657 

59.7 

29.701 

63.2 

56 

56.4 

61.8 

54.0 

63.0 

0.375 

W 

Overcast. A.M. early, rain 

h n 

29.777 

57.5 

29.756 

61.8 

47 

53.6 

60.2 

45.8 

61.4 


SW 

Fine—light clouds 

012 

29588 

59.0 

29.326 

61.3 

50 

56.2 

58.4 

51.0 

60.6 


s 

Fine—light clouds—showers. 

;i 13 

29.189 

58.2 

29.518 

61.4 

49 

51.0 

60.0 

475 

62.0 

0.250 

SW’ 

Fine—light clouds. 

<J 14 

29.115 

59.6 

29.4(H) 

625 

51 

57.5 

61-3 

50.0 

65.2 


s 

Fine—ljght clouds. A M. early, rain. 

$ 15 

29.663 

59.2 

29.657 

62.2 

19 

57-5 

62.0 

49.2 

63.4 


SE 

Fine—lightly overcast. At night, rain. 

y 16 

29.606 

61.4 

29.710 

j 63.5 

54 

59.0 

63.1 

56.5 

65.6 


WSW 

Fine and clear. 

• V 17 

29.686 

58.5 

29.611 

61.6 

53 

54.8 

59.0 

*•1.5 

59.8 


E 

Overcast, light rain A.M. 

b 18 

29.594 S 

59.6 

29.681 

62 0 

52 

55 8 

59.4 

52.0 

63.5 

0.250 

SW 

Lightly overcast. 

019 

29.962 

58.4 

29.866 

62,3 

49 

55.2 

60.2 

; 17.2 

6.3.2 


s 

A.M. Fine and clear. P.M. Ram 

]) 20 

29.611 

60.0 

29.609 ■ 

62.8 

50 

565 

61.6 

52.0 

63.8 


SW var. 

, 

Fine and clear. 

<? 21 

29.2(H) i 

57.8 

29.251 i 

61-3 

52 

53.0 

56.0 

51.0 

58.2 

0.250 

| ESE 

A.M lUin. PM. Fine, 

<? 22 

29.571 

55.2 

29.67 7 

59.2 

46 

50.6 

595 

43.0 

60.2 

0.250 

WSW 

Fine and clear 

y 23 

29.325 

57.1 

29.110 

60.5 

52 

58.4 

605 

50.0 

625 


| S var. 

Fine—showery 

? 21 

29.675 

56.3 

29.594 

58.8 

46 

53.8 

52.8 

47.0 

57.8 


S var. 

1 Nearly cloudless. P.M. Had with high 

1 wind 

b 25 

29.736 

56.0 

29.8(H) 

58.8 

45 

53.6 

58.5 

46.8 

59.8 

0.250 

WSW 

Fine and clear—light wind 

'0 20 

30.212 

54.0 

30.282 

57.6 

45 

50.5 

585 

43.8 

60.8 


SW 

Fine—light clouds 

J 27 

30.420 

54.8 

30.380 

58.1 

47 

53.1 

59.6 

465 

61.2 

I 

SE 

Fine—lightly overcast- 

J 28 

30.279 

57.6 

30.151 

59.8 

49 

57.6 

61.8 

53.2 

62.8 


SW 

Fair—lightly overcast. 

« 29 

30.037 

56.2 

30.025 

59.0 

51 

53-3 

56.8 

50.0 

58.2 

0.250 

S 

Fair—lightly overcast. 

y 30 

30.109 

53.8 

30.016 

57.6 

47 

48-8 

55.8 

44.0 

56.2 


SSW 

Fair—lightly overcast 


Mean 

Mean 

Mean 

Mean 

Mean 

Mean 

Mean 

Mean 

Mean 

Sum 




29.789 

58.9 

29.785 

62.0 

50 

55.8 

605 

50.1 

62.0 

2.375 

_ 


— . - 

-- — 

— 

-~ 

- 








( 9 A.M. .3 P.M. I 


Monthly Mean of the Barometer, corrected fot Capillarity and reduced to 32° Fahr. 


29.712 1 


OBSERVANDA. 

Height of the Cistern of the Barometer above a Fixed Mark on Waterloo Bridge. 

... . . . t> above the mean level of the Sea (presumed about) 

The External Thermometer is 2 feel higher than die Barometer Cistern. 

Height of the Receiver of the Rain Gauge above the Court of Somerset House . 

The hours of observation are of Mean Time, the day beginning at Midnight. 

The Thermometers are graduated by Fahrenheit’s Scale. 

The Barometer is divided into inches and decimals. 


*83 feet 2$ m. 
~ 9,') feet 


= 79 feet 0 in 








METEOROLOGICAL JOURNAL FOR OCTOBER, 1830. 


9 o'clock 

A.M. 3 o'clock, P.M. 

I)ew 
Pointat 

! External Thermometer 

Itain, 1) 

Direction 


Oct. Borom. 

Attach Attach. 

Therm. Baro,n ‘ Therm. 

4 A.M 
in de- 
greet o! 
Fahr. 

J Fahrenheit. 

1 9 A.M. I 3 l'.M. 

J Seli-regwtermg. 
j Lowent. Highest 

turtles 
Head of 
ntiiA.M 

of the 
Wind at 

J) A.M. 

Remarks, 

1 30.079 

54.5 30.071 58.6 

46 

533) 

58.8 

44.2 

| 60.5 


S var. 

Light! > cJouih. 

0 b 2 30.119 

57 J 30.019 59.5 

49 

i 57.6 

59.8 

53.1 

62.0 


S K 

Lightly ( loud). Rain at night 

0 3 30.008 

59.0 30.034 **0.6 

56 

59.4 

59.8 

56.2 

61.0 


S 

Overcast—light riun. 

4 30.152 

58.9 30.257 61.8 

52 

563) 

60.2 

51.8 

62.8 


ssw 

Fine— light hare 

3 5 30.439 

55.0 30.111 59.0 

45 

50.9 

57.6 

43.8 

58.6 


S vur. 

Fine—light clouds 

9 6 30.404 

55.0 30.344 36.6 

47 

5135 

53.4 

45.2 

51.6 


wsw 

Fair—ha*)' 

n 7 30.385 

5522 30.383 58.4 

49 

533i 

59.6 

18.0 

60.8 


wsw 

Fair—ha*> 

v H 30.495 

55.6 30.470 57.8 

50 

52.8 

603? 

183? 

6135 


w 

fair— light cloud) 

h 9 30.538 

56.3 30.551 59.3 

46 

54.8 

57.6 

52.0 

583? 


NW 

Overcaht—hurt 

010 30.517 

5(52? 30.493 58.8 

51 

5431 

59.4 

503* 

59.4 


N N E 

Light Iv « South 

)/ 11 30.411 

53.7 30.352 57.5 

50 

51.4 

61.6 

45.7 

5535 


K 

Fine—light hare 

3 12 30.30*5 

54.7 30.317 5(5.8 

19 

50.7 

55.4 

493? 

(513? 


NX F, 

Or ere.on —haxv 

ft 13 30.101 

54.0 30.374 58.1 

« 

51.2 

573? 

16.8 

3935 


y 

Fine iitnj rleur 

^ 14 30.310 

53.3 3* *.289 56.0 

44 

49.1 

53.8 

46.0 

55.2 


E 

Fine .uni cle.tr 

+ ' 15 30.273 ‘ 

50.2 30.190 | 53.8 

38 

4631 

53.5 

4021 

5335 


Esr. 

t me .tnd clear 

• h Hi 30.279 

49.1 j 30.277 | 53.0 I 

it 

42.6 

53.0 

39.0 

533> 


XXI i 

A M. 1 eg. F M I itu and i le,u 

017 30.374 

50.2 j 30.318 ; 53.0 j 

42 1 

17.8 

53.4 

41.5 

533? 


esi: | 

AM. log T M i tm—I, i/\ 

> 18 30.290 

50.2 1 30.19(5 j 53.(5 j 

43 

48.0 

55.2 

42.1 

56.0 


K 

1 me ind < tear 

3 19 30.035 

52.(5 i 29.994 j 56.2 

46 

5335 

59.8 

17.4 

61.2 


ESE 

Ki,r— light t loud» 

ft 20 30.052 ; 

56.2 30.051 i 59.0 , 

51 ! 

57.8 

62.2 j 

53.8 j 

64.8 | 


S 

i iut and rk.u 

2121 30.210 | 

59.0 { 30.210 | 61.5 j 

**3 j 

56.5 ■ 

63.6 ; 

31.6 , 

6(5.0 ! 


ft ! 

i me—light cloud' 

V 22 30.303 i 

60.2 30.261 ! 632) 

55 i 

60.0 . 

65.0 ' 

51.8 ‘ 

66.5 j 


S ! 

iiiii*— tiri«k «’iid 

h 23 30.118 | 

59.8 30.467 ! 61.2 ! 

50 j 

55.2 ; 

57.6 j 

53.8 | 

58.6 j 


W var. | 

I’uit— lightb ot < rr i«t 

0 21 30.187 ; 

5 721 303152 | 59.5 | 

17 

51.6 

63.2 ! 

493) | 

57.0 


sw ; 

( ioudr. AM I'htck ha.o 

}) 25 30.083 

57.9 29.920 ! 59.8 j 

52 j 

55.8 

59.5 j 

51.2 

59.6 


« l 

Olirrust lUn A M 

3 2(5 30.021 

55.6 30.118 | 56.4 i 

45 | 

48.9 

50.0 

46.2 

52.2 j 

0.708 

8 1 

Line— light t Ioudr 

7 27 30.372 

49.4 30.278 ! 5335 | 

555 

11.0 

51.2 

353 ? ; 

5135 | 


sw i 

Fair— linstr lum at night 

21 28 29.1*40 

54.1 29.886 ! 57.1 ! 

49 ; 

51.8 

59.6 

40.2 

60.6 ; 

0.073 

SW 1 

(Ioudr. ll.oa t night. 

V 29 29.095 

53.2 29.671 55.2 

43 

48.8 

523> 

45.5 

53,1 

0.100 

wsw 

A.M. tine and iIcur I* M ( h.udj 

h 30 30.014 

0 31 29.91*5 

i 

Mean 

30.210 

49.2 510.033 51.0 

50,7 29.923 53.8 

Mean Mean Mean 

51.(5 30.212 57.4 

5?7 

50 

Mean 

47 

42.1 

51.7 

Mean 

52.0 

4(5.8 

57.9 

Mean 

57.1 

39.0 

413? 

Mean 

17.0 

5135 

583? 

Mean 

58.1 

Sum 

0.881 

j_ 

S vnr. 

sw 

Fine— light cloud'. 

t A.M l-oggy I'M Xi.trlt cloudless— 

1 light wind 


Monthly Mean of the Barometer, corrected for Capillarity and reduced to 113° Fahr. 


OBSERVANDA. 

Height of the Cistern of the Barometer above a Fixed Mark on Waterloo Bridge. * 83 feet 2f i 

... above the mean level of the Sea (presumed about; .. -*>.95 

The External Thermometer n 2 feet higher than the Barometer Cistern. 

Height of the Receiver of the Rain Gauge above the Court of Somerset House . « 79 feet 0 ir 

Tire hours of observation are of Mean Time, the day lieginning at Midnight 
The Thermometers are graduated by Fahrenheit’s Scale. 

The Barometer is divided into inches and decimals. 












METEOROLOGICAL JOURNAL FOR NOVEMBER, 1830. 


9 o'clock, A.M. 

3 o’clock, P.M. 

Jlarotn. 

Attach. 

Therm. 

tE: 

30.127 

54/ 

30.130 

56.2 

30.111 

54.0 

30.085 

56.8 

29.927 

54.8 

29.843 

56.6 

29.856 

55/ 

29.831 

56.8 

29.961 

54.4 

29.873 

57.0 

29/70 

56.7 

29.397 

58.4 

29.136 

56.5 

29.246 

56.7 

29.<k)4 

49.6 

29.732 

52.5 

29.902 

47.7 

29.881 

50.1 

29.775 

50.2 

29.681 

53/ 

29.533 

52.7 

. 

29/12 53.5 

30.(155 51.0 

29.815 

48.9 

29.651 

61.0 

j 29.626 

51.2 

29.606 

53.3 

! 29.603 

50.2 

29.655 

52.6 

' 29/12 

53.2 

29.065 

51.4 

! 29.183 

50,6 

29/50 

52/ 

| 29.781 

47.8 

29.875 

47.8 

30.206 

16.8 

30.210 

18.0 

1 30.006 

46.4 

29.932 

48/ 

| 29.936 

17-2 

29.893 

51.2 

29.751 

50.2 

29.889 

51.2 

30.152 

47/ 

303112 

49.0 

30.418 

44.6 

30.122 

45.1 

30.386 

41.8 

30/58 

43.8 

30.120 

43.2 

29.991 

14/ 

29.750 

42.3 

29.671 

44.0 

29.493 

42/ 

29/54 

44.8 

29.787 

41.8 

29.835 

45.2 

£9.924 | 

45.4 

29.911 

46.2 

Mean 

Mean 

Mean 

Mean 

29,833 

49.3 

29.819 

51.1 


External Thermometer. 


Fahrenheit, 

9 A.M. 3 P.M. 

53.4 57.0 

51.7 56.5 

52.4 55.5 

49.7 55.6 

50.8 54.6 

55.7 58.4 

51.5 51.6 

45.4 49.2 

40.1 48.2 

49.6 53.2 

49.6 50.8 

. 48.3 

46/t 48.9 

50.5 52.8 

47.8 51.8 

53.6 54.8 i 

45/ 48.8 


43.6 47.2 

45.0 50.8 

, 48.7 18.2 

12.0 46.8 

! 37.8 40.6 

36.0 40.5 

38.6 40.0 

37.4 39.8 

42.0 45.2 

42.8 j 43.6 

43.5 44.4 


Self-registering, jj 
Ijo west. Highest.; 

49.6 57.7 

49/ 57/ 

50.7 55.7 

48/ 55.6 

47/ 55.7 11 

50.5 58.5 S' 

50.8 51/ |< 


42.2 53.4 ! ( 

46.8 j 54.8 | 


35.8 40.4 

33.0 40/ 

34.8 43.0 

34.8 41.0 


Fine and dear. 
Overcast. 

Fine—light cloud*. 


Cloudy. High wind through the night. 
A.M. lUin. P.M. Fine—light clouds 
Fme—lightly cloudy. 

Cloudless-light base. 

C A.M. CloudW* P.M. Fight ram. At 
£ night, high brisk wind, with shower). 
A.M. hue. P.M. Light rain 
Fine—light base 
Fine—light cloud*. 

Fine—lightly overcast. At night, ram. 
Fine—light clouds. At night, rain 
Kaln—brisk wind. 

l Fine—light clouds. Hail storm at Sjh 
l P.M., and ram at night 
Strong fog 
Fine—haiy. 

Overcast. Rain P.M. 

Fine—lightly overcast. At night, rain, 
Fin*>—light clouds. 

Fine—hazy. 

Haay 

Fine—ha sy. 

Overcast. 

Fine—light clouds. 

Overcast. Light rain P M. 

Overcast. Light rain A.M 
Overcast—light rain. 


Mean Mean Mean Mean Sum 
45.8 49.0 41.9 49.7 1.700 


Monthly Menu of the Barometer, corrected for Capillarity and reduced to 32° Falir. 


OBSERVANDA. 


Height of the Cistern of the Barometer above a Fixed Mark on Waterloo Bridge .. 

.above the mean level of the Sea (presumed about) 

'Hie external Thermometer is 2 feet higher than the Barometer Cistern. 

Height of the Receiver of the Rain Gauge above the Court of Somerset House..•* 

The hours of observation are of Mean Time, the day beginning at Midnight. 

The Thermometers ore graduated by Fahrenheit’s Scale. 

The Barometer is divided into inches and decimals. 


« 83 feet 2^ in. 
= 95 feet. 














METEOROLOGICAL JOURNAL FOR DECEMBER, 1830. 



9 o’clock, 

A.M. 

3 o’clock, 

r.M. 


External Thermometer. 




1830. 





Point at 





Pam, in 

Direction 
of the 

Remarks. 





9 A.M. 







Barom. 


Barom. 



Fahrenheit. 

Self-registering, 

Head off 

Wind at 

Decern. 


Therm. 

grecs of 

— 


- — 

— 

attlA.M. 

9 A.M. 






Fahr. j» A.M, 

3 P.M. 

Lowest. 

Highest. 




<? 1 

30.029 

45.3 

30.010 

45.2 

38 

42.6 

42.0 

41.0 

42.2 


ESE 

Overcast—light fog 

V 2 

29.867 

44.0 

29.740 

43.5 

36 

39.8 

37.5 

38.3 

39.4 


ESE 

Overcast. 

? 3 

29.602 

41.8 

29.600 

42.4 

36 

37.8 

39.6 

35.5 

39.2 

0.047 

ESE 

Foggy. Light rain A M 

h 4 

29.752 

41.8 

29.776 

42.4 

33 

38.8 

40.0 

37.0 

39.6 


SE 

Lightly foggy. 

O 5 

29.756 

42.3 

29.590 

43.6 

32 

39.8 

42.3 

38.0 

43.4 


ESE 

Fine—light clouds. 

1 ) 6 

29.118 

43.0 

29.080 

44.5 

36 

44.5 

46.3 

35.2 

46.5 


ESE 

Overcast—light rain. 

J 7 

29.150 

45.6 

29.166 

46.5 

41 

44.6 

45.8 

43.5 

46.6 


E 

Overcast. 

S 8 

29.201 

46.8 

29.176 

47.0 

41 

45.6 

45.0 

44.0 

45.0 


ESE 

Overcast Light rain P M 

V 9 

28.897 

46.2 

28.869 

48.0 

39 

45.6 

47.8 

42.5 

47-2 

0.294 

ESE 

Overr.i*t. Itain A.M 

? 10 

29.035 

47-4 

29.119 

47.9 

40 

43.0 

43-3 

11.8 

43.3 

0.186 

SW 

Light fog. 

h 11 

29.314 

i.V> 

29.307 

45.4 

33 

36.8 

41.8 

31.4 

42.0 


s\v 

Fine—lightly cloudy 

012 

29.404 

41.0 

29.635 

42.7 

32 

33.5 

39.2 

31.0 

39.2 


SW 

Fine—lightly cloudy. 

j> n 

30.190 

37.2 

30.277 

38.8 

26 

31.0 

35.2 

28.8 

35.0 


s 

Fine—light hare. 

$ 14 

30.398 

36.5 

30.386 

38.8 

24 

32.8 

40.0 

28.3 

40.2 


s 

Overcast and foggy. Light rain P M 

• ?15 

30.471 

38.8 

30.382 

40.3 

31 

37.0 

39.5 

32.0 

39.8 


SW 

Foggy. 

V 1(5 

30.361 j 

39.2 

30.368 

39.9 

32 

35.5 

35.2 

34.0 

36.2 

0.136 

E 

Fine—tightlv < loudy Light rain A M, 

V 17 

30.025 

37.7 | 

29.960 

39.6 

29 

32.6 

38.2 

27.9 

38.0 


SW 

Fine—hght cloud*. Snow A.M. 

h 18 

30.162 

37.0 

30.176 

38.5 

28 

33.6 

36.0 

31.8 

36.0 

0.186 ! 

N var. 

Fine—light clouds 

019 

30.186 

37.2 

29.971 

38.7 

29 

33.0 

37.5 

30.0 

42.2 


SW 

Overcast 

]) 20 

29.491 

39.8 i 

29.558 

41.4 

28 

39.0 

41.8 

30.2 

41.8 


S var. 

Tinr—-light clouds 

6 21 

29.823 

38.7 

; 29.784 

40.0 

30 

' 35.6 

40.0 

.'13.8 

4 4.2 


SW 

Fine— hazy 

$ 22 

29.060 

41.8 

29.400 ; 

43.8 

37 

44.9 

48.2 

1 34.8 

48.3 


SW 

Light ram 

% 23 

29.427 

40.1 

29.459 

40.0 

31 

34.8 

33.6 

32.0 

34.2 | 

0.033 

ssw 

Hazy Snow early A M 

V 24 

29.439 

32.7 

29.314 

32.4 

13 

20.4 

23.7 

j 18.6 

23.7 j 


; NW i 

Fine—lightIv < loudy 

h 25 

29.284 

28.6 

29.275 

29.7 

16 

18.4 

24.5 

! 15.8 

24A 

! 

wsw 

Lightly overcast and hart 

O 26 

29.292 

25.8 

29.260 

29.7 

19 

22.6 

30.0 

| 16.8 

30.0 


w 

Lightly cloudy and haiy 

]> 27 

29.167 

29.7 

29.165 

31.7 

28 

; 28.5 

31A 

! 21.7 

32.2 


E 

Light clouds and haze 

J 28 

29.041 

32.4 

29.134 

33.3 

31 

! 33.0 

34.2 

| 27A 

34.2 


E 

A.M Snow. P.M. Light r i f] , 

O $29 

29.656 

32.6 

29.657 

34.8 

30 

1 31.0 

36.3 

28.6 

36.3 

j 

WSW 

Fair—light cloud*. 

V 30 

29.453 

35.6 

29.282 

37.0 

33 

36.7 

38.2 

! 29.4 

45.2 


ESE 

Ovorcatt and toggy. Light rain P M 

? 31 

29.185 

40.4 

29.374 

41.8 

12 

45.5 

4 4.2 

j 35.7 

45.4 

1 

S var. 

f Lightly oveicaat and < loudy—brisk unJ 
1 steady wind. 


Mean 

29.588 

Mean 

39.0 

Mean 

29.589 

Mcau 

40.3 

Mean 

j Mean 
| 36.0 

Mean 

38.7 

j Mean 
| 32.2 

Moan 

39.4 

Sum 

0.882 

j 



Monthly Mean of the Barometer, corrected for Capillarity and reduced to 32° Falir. 


(9 A.M. 
f 29.571 


3 r.M. i 
29.572 5 


OBSERVANDA. 

Height of the Cistern of the Barometer above a Fixed Mark on Waterloo Bridge. «^83 feet 2$ in. 

....above the mean level of the Sea (presumed about) . «95 feet. 

The External Thermometer is 2 feet higher than the Barometer Cistern. 

Height of the Receiver of the Rain Gauge above the Court of Somerset House. - 79 feet 0 in. 

The hours of observation are of Mean Time, the day beginning at Midnight. 

'Die Thermometers are graduated by Fahrenheit’s Scale. 

The Barometer is divided into inches and decimals. 
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PHILOSOPHICAL TRANSACTIONS. 


XV.— Researches in Physical Astronomy . By J. W. Lubbock, Esq. V.P. and 

Treas. R.S. 

Read May 19, 1S31. 

On the Theory of the Moon. 

The method pursued by Clairaut in the solution of this important problem 
of Physical Astronomy, consists in the integration of the differential equations 
furnished by the principles of dynamics, upon the hypothesis that in the 
gravitation of the celestial bodies the force varies inversely as the square of 
the distance, and in which the true longitude of the moon is the independent 
variable; the time is thus obtained in terms of the true longitude, and by the 
reversion of series the longitude is afterwards obtained in terms of the time, 
which is necessary for the purpose of forming astronomical tables. But while 
on the one hand this method possesses the advantage, that the disturbing func¬ 
tion can be developed with somewhat greater facility in terms of the true lon¬ 
gitude of the moon than in terms of the mean longitude, yet on the other 
hand, the differential equations in which the true longitude is the independent 
variable are far more complicated than those in which the time is the inde¬ 
pendent variable. The latter equations are used in the planetary theory; so 
that the method of Clairaut has the additional inconvenience, that while the 
lunar theory is a particular case of the problem of the three bodies, one system 
of equations is used in this case, and another in the case of the planets. 

The method of Clairaut has been adopted, however, by Mayer, by Laplace, 
and by M. Damoiseau. The last-mentioned author has arranged his results 
with remarkable clearness, so that any part of his processes may be easily 
verified by any one who floes not shrink from this gigantic undertaking; and 
the immense labour which this method requires, when all sensible quantities 

2 H 
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are retained, may be seen in his invaluable memoir. Mr. Brice Bronwin has 
recently communicated to the Society a lunar theory, in which the same 
method is adopted. 

Having reflected much upon the difficulties of this problem, I am led to 
believe that the integration of the differential equations in which the time is 
the independent variable, is at least as easy as the method hitherto, I think, 
solely employed, and I now have the honour to submit to the Society a lunar 
theory founded upon this integration, which is in fact merely an extension 
of the equations given in my Researches in Physical Astronomy, already printed, 
by embracing those terms which, in consequence of the magnitude of the 
eccentricity of the moon’s orbit, are sensible; and the suppression of those, 
on the other hand, which are insensible on account of the great distance of the 
sun, the disturbing body. By means of the Table which 1 have given (Table II.). 
the developments may all be effected at once with the greatest facility. 

The first column contains the indices, which I have employed to distinguish 
the inequalities. The numbers in the second column are the indices affixed 
by M. Damoiseau, in the M6rn. sur laThtfor. de la Lune, p. 54/. to the inequa¬ 
lities of longitude. 


f * — h f — tr /, .r = v n t — or, 2 = t — m { , 1/ = gn t — 


0 


I 0 

21 

45 

2 t - 3 x 

42 

73 

2 1 — 3 x — x 

1 

30 


22 

46 

2t + 3x 

43 


2 / +■ 3 x + 2 

2 

1 

1 * 

23 

21 

2 x + z 

44 

26 

3 x ~ 2 

3 

31 

! 2 t — x ♦ 

24 

53 

2 t — 2x — z 

45 


21 — 3 x +- z 

4 

32 

! 2 t +■ x 

25 

54 

2 / + 2z + : 

46 


2 1 + 3 x — z 

5 

16 

- k 

26 

20 

2 x — z 

47 


2 x + 2 x 

6 

33 

2t — z 

27 

51 

2t — 2x+z 

48 

75 

2 i — 2 x ~ 2 z 

7 I 34 

c 2t + z 

28 

52 

2 t. +■ 2 x — z 

49 


2t + 2x +- 2z 

8 

2 

2 x 

29 

23 

i+2: 

50 


2 x — 2 z 

9 

35 

2 < — 2 x 

30 

59 

2 t — x — 2z 

51 


2 f — 2 x +• 2 2 

10 

36 

2 t + 2* 

31 


2 t + x + 2 z 

52 


2 1 + 2x — 2z 

1 1 

19 

x + = 

32 

22 

x — 2 z 

53 


x +■ 3 2 

12 

41 

2 t — x — 2 

33 

i 61 

2 t - x +- 2 * 

54 


CO 

1 

H 

i 

13 

42 

21 + 1+2 

34 

60 

2 t +- x - 2 z 

55 


2 / +■ x +• 3 2 

14 

18 

X — z 

35 

1 

3 z 

56 


x - 3 2 

15 

39 

2t-x + z 

36 


21 — 3z 

57 


2 t —— x + 3 z 

16 

40 

2t + x — z 

37 


‘ 2 t+3z 

58 


2 / +• x — 3 x 

17 

17 

2z 

38 

9 

4 x 

59 


4z 

18 

43 

2 t — 2z 

39 

67 

2t - 4x 

60 


2 t~4z 

19 

44 

2 t +- 2z 

40 


2 t +- 4 x 

61 


2t + 4z 

20 

4 

| 3x 

41 

27 

3x-+x 

62 

3 



* Inconvenience arises from using the letter i in this acceptation. 1 have done so in order to con¬ 
form to the notation of M. Damoiseau. + Variation. X Evection. § Annual Equation. 
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63 

37 

2 t — 2 y 

105 

84 

<4* 

146 

.... \y 

64 

38 

2i A- 2y 

106 

85 

t — 2 x 

147 

.... 2 t-y 

65 

5 

x — 2y 

107 

86 

t + 2x 

148 

.... < 2*4 y 

66 

6 

* 4 2 y 

108 

91 

t — X — z 

149 


x-y 

67 

49 

2 t — x — 2y 

109 

92 

t 4 x 4 z 

150 


x + y 

68 

47 

2 t — x 4 2 y 

110 

89 

t — x 4 z 

151 


2 t — x — y 

60 

48 

2 t + x — 2 y 

1 11 


t + x — z 

152 


2t-x + y 

70 

50 

•2t + x + 2y 

112 


t - 2 z 

153 


2 t 4 x — y 

71 

24 

z — 2y 

113 


42 : 

154 


2 t 4 x 4 y 

72 

25 

* + 2 y 

1 14 


t —2y 

155 


z-y 

73 

57 

2t — z — 2y 

J15 


‘ + 2 y 

156 


zAry 

74 

56 

2 <-* + 2 y 

116 

100 

3/ 

157 


2 t — z —y 

75 

55 

2 < 4 s ~ 2 y 

117 

101 

3 t — x 

158 


2 * — z 4 y 

76 

58 

2 t 4 s 4 2 y 

118 

102 

3 t 4 x 

159 


2t+z-y 

77 

7 

2x-2y 

119 

103 

3t-z 

160 


2 * 4 * 4 y 

78 

8 

2x + 2y 

120 

104 

3/4s 

161 


2x y 

79 

65 

2 * - 2 x — 2 y 

121 


3 t - 2x 

162 


2*4 y 

80 

63 

2 * — 2 i -f 2 y 

122 


,3/4 21 

163 


2 t — 2 x — y 

81 

64 

2 <+ 2 .r- 2 y 

123 


3 t — x — z 

164 

.... 

2 * — 2 * 4 y 

82 


2 * 4 2 .t 4 2 y 

124 


3 t 4 x 4 * 

165 


2 * 4 2 x — y 

83 


x+z-2y 

125 


3 t — x 4 ~ 

166 


2 t 4 2 x 4 y 

84 


x-fi 4- 2 y 

126 


3/4x-c 

167 


x + z — y 

Sf> 


2t-x~-z-2y 

127 


3 t — 2 z 

168 


X + Z -r y 

86 


\ 2 t — x — z + 2y 

128 


3/4 2: 

169 


2 t — x — z — y 

87 


2 <+x +:-2 y 

129 


3/ ~2y 

170 


2 t — x — z 4 y 

88 

! 

2/4 x + r+ 2 y 

130 


3*4 2 y 

171 


2 * 4 * 4 s - y 

89 


x — z - 2 y 

131 

120 

4 t 

172 


2/4*424 y 

90 


.i — r 4 - 2 y 

132 

121 

At — .r 

173 


x — z — y 

91 


2 / — * 4 z — 2 y 

133 

122 

4 * 4 x 

174 


x — z 4 y 

92 


2 /-x + : -f 2 y 

134 

123 

At — z 

175 


2 * — * 4 2 — y 

93 


2 t 4 r — z — 2 y 

135 

121 | 

At 4 z 

176 


2 * — * 4 2 4 y 

94 


2 / 4 * — z 4 2 y 

136 

125 | 

At — 2i 

177 


2 t A x z y 

95 


2 z — 2 y 

137 

126 

A t 4 2 x 

178 


2 t 4 x — z 4 y 

96 


2: 4- 2y 

138 

131 j 

A t — x — z 

179 


2 z-y 

97 


2 i — 2 x — 2 y 

139 

.. .. 

A t 4 j- 4 z 

180 


; 2s 4 y 

98 


2 t — 2 z + 2 v 

1 10 

129 j 

4 t — x 4 * 

181 


| 2*-2s- y 

99 


2 < 4 2 z — 2 y 

141 

.... j 

A t + x — z 

182 


2 / - 2 z 4 V 

100 I 


2 / 4 2 z 4 2 v 

142 


At — 2 z 

183 


l 2 t 4 2 z — y 

101 

80 

t* 

143 


4/4 2: 

184 


I 2 * 4 2 z 4 y 

102 

81 

t — jt 

111 

127 ^ 

4 * — 2 y 

185 


| t — y 

103 

i 82 

t 4 * 

145 


4 t 4 2y 

186 


| * + y 

104 

83 

t — s 





i 



cos 2 t cos 2 t = ~ cos A t 4- ~ 

[131] [0] 

cos 2 * cos jt- = * cos (2 t 4 jc) 4 ^ cos (— 2 t x) 

2 z, 

[4] L~ 3] 

Hence the multiplication of cos 2 t by cos 2 1 produces the arguments 131 
and 0, similarly the multiplication of cos 4 by cos 2 t produces the arguments 
4 and — 3 ; proceeding in this way the following Table was formed, by writing 
down the indices instead of the arguments themselves. 

* Parallactic inequality. 


2 h 2 
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Tahle I. 

Showing the arguments which result from the combination of the arguments 1, 2, 3, 4, 5, 
6, 7, S, 9, 10, 11, 12, 14, 17, 20, 35, 62, 101, 146 and 14/, with the arguments 1, 2, 3, &c. 
by addition and subtraction. 
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Table I. (Continued.) 
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Table I. (Continued.) 
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Table II. 

Showing the arguments which, by their combination with the arguments 1, 2, 3, 4, 5, 6, 7, 
8, 9, 10, 11, 12, 14, 17, 20, 35, 62, 101, 146, 147, produce the arguments, 12, 3,&c. in the 
left hand column. This Table is formed from the preceding, by making the numbers 
in the left hand column in that Table change places with the rest. A full stop is placed 
after the figure where it does not occupy the same cell as in the preceding Table. 
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Table II. (Continued.) 
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Table II. (Continued.) 
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Table II. (Continued.) 
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Table II. (Continued.) 
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Table II. (Continued.) 
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Table II. may be used in forming the developments required in the method 
employed by MM. Laplace and Damoiseau ; for this purpose it is only ne¬ 
cessary to make t = \ instead of n t — nf 

a;=cX'-w , , . cnt — «r 

* = • • Wt-*, 

and ^ = g — v . . . gnt — v 

The notation throughout is the same as that used Phil. Trans. 1830, p. 328, 
with the exception of the indices of the arguments. 

In the elliptic movement; 

a 5 r “ 5 = 1 +5c 4 ^l 4 |p 4 - 5 e ^ 1 4 cos x 4 10 e* ^ 1 4 cos 2 x 

14K 74*1 . 

4 ___ e* cos 3*4- e 4 cos 4 x 

a 4 r “ 4 = 1 -4 3 e* 4 - 4 e cos j+7e 8 cos2 x 

a s r ~ 3 = 1 4 2 c* 4 \ e q ) 4 3c 4 g cos x 4 \ & (l 4 ^ c 4 ^cos2 x 

4 — e 9 cos 3 x 4 — e 4 cos 4 x 
8 8 

«3 r -2 = 1 + ~ (l + | e*) + 2 *(l + ~ co. * + -f e« (l + ft 
4 L 3 e 9 cos 3 x 4 12? c 4 cos 4 x 

sr -1 ss 1 4 c ^1 — cosx 4 e 2 ^ cos 2 x 4 g e 1 cos3 x4 -|~ c4 cos 4 x 

1 -- 1 4 — e ^ l — 3 cos x — L 1 — ^ cos 2 x — cos 3 x — e cos 4 r 

a 2 \ 8 / 2\3/ 8 3 

^=l4y-2e(l -~) c °«x-|.(i - ^ cos 2 x —-cos 3 x — cos 4 x 

1 4 3e^l 4 0 —3e ^1 4 |- c ^cosx — ® c + cos 2 x 4 ^ cos3x 4 ~cos4 x 

— = 1 4 5 e 9 - 4 e cos x 4 e 1 cos 2 x 

a 4 


4 r, cos 2 t 
4 e r 4 cos x 
4 e r 3 cos (2 * — x) 

4- e r 4 cos (2 < 4 x) 

4 e t r b cos z 

4 e t r 6 cos (2 t — z) 4 &c. Ac. 
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= nf 

-f A 1 cos2 t 
4- e A * cos a: 

■f c X j cos (2 t — *) 
+ e A 4 cos (2 < + ar) 
4- e, Ajcosz &c. &c. 


The quantities \ correspond to the quantities b in M. Damoiseau’s notation. 

= ys 14f ,siny 

+ y*H 7 sin (2<~y) 

4- y*HM sin (2<4-y) 

4 - ey 5 M „sin (x — y) &c. &c. 
y as tan < 

J rr ( cos (A — A,)_1_ I 

“ V {r- — 2 r r, cos (A' - X,) + r/*}-* J 

f 1 r ; 3 {2 r r, cos (A' — A,) — r*}* 15 [2 r r, cos (X v — A,) — r- }** ! 

* W 4 “ r; + 2 V ~ ¥ _ r* 48 r? ” J 

= m,{-i + £ - » r 'y CO* (X- - A,)* + I cos (X-X,)-A —LCOS (X' - A,)’} 
— m t ^1 + 3 cos (2 X — 2 X^ 2 s* ^ 

_ / 3 (1 — 4 s J ) cos (V - \) + 5 cos (3 A' — 3 X,) l 

8 r/‘ I J 

C (X'- X,) = rr, {cos' -‘ “ S (X - X.) + sin* £«£ (X + X, - 2v) } 

+ * ( l - I </, )( | - '2 )sin <* '+ *> + y d - *’)(> - £)£ + 2 *> 

+ *3 % (‘+’*> + S - £ (« + 4.> + ^(l + ^)(l -%)Z ^ 




24 sin 


/ j _ e^\ coj 

\ 2 ) sin 


(< + *) 


+ T e C>~ x + s) - 4 ec -(' ~ f eS )s. ? n (< + * + 2> 


- jV"-Cn (‘ + 2- + =) - (* + 3 * + *) - « - 2- + *) 


MDCCCXXXI. 


* See Phil. Trans. 1830, p. 343. 
2 K 
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e’^cos ( . 
16 sin ' 


3« + .)+fL(l-iv)(l-^)S?<*—) 

+ t'('- 4“)(*-4«* )^+*-‘>+f6^0‘+ 2 *-*> 


+VC<*+ 3 *-* 


. £1£l c P s « - 2 a; - *) + --S c . os (| - 3 * - 1) 
16 wn ' 1 T 48 *m 






+i*+*-»«) + ^ _ 2s) 


+ 2 *>+VS < *- s *>- T i c ^ t —— 3a> 


64 1 sin 

COS , 


+ £ £s<‘+*- 3 *>+ 5 S*‘ 4 S<‘-«-> 


+*a*s!(‘+*+ 3 *)+^-v2:(‘+»-+*«>+^-2:(‘- 3 '+ 3 '» 


+ *J c ? s U + 3 z) - e e X c ?® (t - x + 3 *) + & *!** (< + * + 3 *) 

T m sin i n sin v T y i 4y sin v 


16 »>n 

e { ’ cos 
24 sin 


64 

cos 
16 sm 


+ F28 e ' , s"n ( ‘ + 4j) } 

+««.«»* H( 1_ ^irO 2? - 2 *> - f *2 (‘+* ■- 2 »> +1 2 ~ 1 - 2y> 

+ i*'r(‘- 2 -- 2 »)+^ <<+2 *- 2 v)- 2 3 ^r<‘+ s - 2 ^ 

+ T' <in (‘+ 1 + * - 2 ») - 3 * C (‘ - 2 

+ 2 sin 0 -- 1 - 2 ») - 4 “‘2 (« + — — *») + 2“ 2 ^) 


r^r/'cos (X' — X ( ) a 


=. a 2 a,' 2 cos’ 1 


+{- 2 + 1 + l} (e,+e ‘ i)+ {ii 


9_1_ 

8* 8 


9 + 81 + * 
8 T 32 32 


8 + 32 + 32 } ***'" + { 64 16 + 128 + 12s} ^ + 

[ 0 ] 
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+ {4 + {-l-!} (e,+< - )+ {T + ! + T + f« + ^}^ i 

[1] 

+{_!+!+ 

+ {|-l-¥ + |-| + S-} e '} eCMI 

[2] [5]* 

+ {-T + {l + i 1 6} c,+ {l + ! + 4} e '} eC08(2( - J:) 

[3] [7] 

+ {-T + {i-r 6 } < ‘' + 

[4] [6] 


»_ u l -I+1W 

16 43 16 16 6/ 


+ lF + ¥ + 


3.1 _ 3 f S_ L+l -1+1] 

J + 8 4 + l 16 43 T 16 16 T 6 J 

J 3 _ l , St . 27 9 _ 27 l 

8 8 4 32 32 16 32 

f + {~* + s}* 


$2 ~ H)} } 


'/ > e 7 cos 2 x 


9 _ 1 _ ^ - 2 ? - 3 
8 8 32 16 32 J 


, J 1 . 3 J 9 _±l 

+ [ 8 + ¥ + l 16 16 2 J 

, J 1 _ 3 _ 9 _ A _ 

^ 1 8 8 32 16 


j^cos (21 — 2 s) 
[9] [19] 


iM 


e 3 cos (2 1 -f 2 «) 
[10] [18] 


+ {_3_ 3 9 1 (15 

+ j 4 4^4^4 r \ 16 


A _ 9_3 _ 9 _5_ 

+ 8 8 32 32 16 


, + ~^} ^ + € ^ | ee i cos (* + 2 > 

[H] 


* The coefficient of argument 5 being the same, e and e t changing places, that coefficient is not 
written down, in order to avoid useless repetition. 

2 K 2 
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* 18 8 32 ^ 32 / 

+ + 1? + 27 , 271 l 

11« 16 + 32 + 3g >«-' l -- 


[12] [13] 


+ /#, J 3 3 , [ ‘V 

4 ; 4 r+ (~*~iUs&+i+% 

+ 1*1^3 1. ] 6 

32 32 32 /( e2 + e/)| ec /C os(*-a) 

*■ 8 8 32 32 / («*+«,•) j« ; < 

f { ~4 + 7 + ~ - -i - ® _ # 1 , 1 

1 16 32 16 32/(*, + «/) f TO/ 

hH + _L_ 9 A |l J 

13 24 »« rz / e cos 3 ^ 


~ i. _ 5 

J6 32 16 


+ {1 + JL - ^ ^ j) 

i 3 24 16 + 16/ ecos 3 * 

+ /J 3 1 C 2 °J C35] 

124 l 6 / e '®s(2<-3x) 

/I 3 t21] P7] 

+ l 3 + T6 J e<cos (2l + 3x) 

P2] [36] 


?_1 31 ] 

8 32 32/ <e ' ,+ e /)| ee ' C08 ( 2< -*+i) 

5 _ 9 1. 1 W 

16 32 / W + V) |«* (2 / + x - *) 

3x f ,C ^ 


16- + ^ + | ~ | 


+ (J. + 9 . II 

116 8 + r67 eic - cos (2<-2x_x) 

+ /-*_» _91 C24J[ ^ 

1 16 8 !6/ e e < cos (2< + 2x + x) 

+ /-3 * 3 3 „ „ P5Jf3 °J 


+ 3_ 3 1, 

16 ]e/e-«,co>(2 x + ») 

[23] [29] 


3 s 3 f l-j 

1C 16 ® + 8~~ Je + ii} C f ,*os(2x_xj 


+ ( - 3 _ 2/ __ 3 l 

1 16 8 ]g / e e< cos (2 1 — 2 x -f 2) 

+ / 3 j 3 , W [33] 

1,1 8 + 16/ e " e < C08 (21 + 2x - x) 

+ /m, , , P8] f34] 

1384 J28 2+ w+^jscooix 

[38] [59] 


[26] [32] 
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+ « f a, 2 «in a 


■« 


128 128 16 


{ 


j-g ] cos (21 — 4 *) 
[39] [61] 

+ k 7 t + i-)e‘cos(2t + 4x) 


A + 125 _ 

128 384 


6 J 


[40] [60] 

_ 9 . J__ 3_ 
32 32 6 32 ' 


I / i J_ i ^7 4- 1 

+ l 2 + 48 + 32 + 3l 

[42] [55] 

+ {-^-| 2 ~|-T} e ’ e ' COS(2< + 3l + S) 

[43] [54] 

9 


jg } e’ cos (3 x + s) 
[41] [53] 


W.+ i 
{- 


_ 3 27 

32 32 + 32 


j + ^ + i} e ' e ' cos(3j:_s) 

[44] [56] 


L + 3 + 3 

16 32 32 


Hi} e e i ros (2 * — 3x + *) 
[45] [57] 

+ !« + S + 32 + r}' , ''“ (! ’ + 3 * _ ' ) 


{ 


3 3 _ 3 

64 ^ 64 32 32 


[46] [58] 

+ 4- J- 3 -f — 9 \ <;*<?/*cos (2 x + 2 2 ) 

64 64 32 T 16 32 J 1 v 

[47] 

+ {l + 6 3 4 + 3^ + ^ + 3U e2e ' C09(2, - 2l + 2Z) 

[48] 

+ {3-2 + 64 + k + h + g}^«*(a* + «* + »«) 

[49] 

+ JJ. +L-1 - 3 + 1 + A_ 1 + 9 3 Wcos(2x-2z) 

164 64 32 32 64 64 32 16 32 / 

[50] 

+ {32 + 64 + 31 + (3 + I} e "' 8C0S (2 ‘ ~ 21 + 2J> 

[61J 

+ {k + 6 9 4 + k + k + &} cos < 2 ‘ + 2 ‘ ~ 2£> 

[52] 

i. cos ,.‘{{ 1+ {_,_3 _ 3} eS+ {_ 1 + 9 + > }e,»}eo.2 y 

[62] 


+ |i + {- 1 +^+4} eS+ { _,_ T 4} «.•}«. <21- 


2y) 

[63] 
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+ {~f~ ecos(*- 2 y) + { I + i j eco* (* + 2 y) 

[65] [66] 

+ | 2 — | e cos ( 2 1 — x — 2 y) 

[67] 

+ |--|-+-i-}<cos( 2 / + i- 2 y) + {--|+y}«,co 8 (s- 2 jf) 

[69] [71] 

+ |I — -|- je jC 08(z + 2 y) + j-i + -i-J«,cos( 2 i-z- 2 y) 

[72] [73] 

+ {- \ - -|-} e / co8 +*- 2 j ) + {■§• + 4 + y }^ 08 * 2 -'- 2 > 

[75] [77] 

+ {f + T + T} e2cos(2 ' r+2! ' ) 

[78] 

+ {ir ~ T + -g-} e ' co8 (2< - 2*-2y) + + -g- }c"co»(2l + 2x-2y) 

[79] [91] 

+ {t+I -T-T} ee ' cos(x + s “ 2y) 

[83] 

+ {{ + T-T-t}* ,! '“ s(x + z + 2! ' ) 

[84] 

+ {-} ~T + t“t} m,C0,( 2‘ _ *" , “2») 

[85] 

+ { 4- - f + 4 -|-}ee,co 5 (2* + *-M + 2y) 

[87] 

+ { _ t _ t + t + r} ec - co8 (*-'- 2 y) 

[89] 

+ {~7“T + T + 4} e£ ‘ C08(x_ * + 2! ' ) 

[90] 

+ {~T + T“f + T} ee ' C08(2 ‘ -x + z-2y 

[91] 

+ {-4 + T-7 + T} ee ' c08(2< + x - z - 2y 

[93] 
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+ { “ T + T} e ' aco * {2 * " 2y) + { “ T + T}*' 2c “ (2 * + 2y) 

[95] [96] 

+ {J-+ -g-1 e, a cos (2 < — 2 * — 2 y) + + -g-} e, 4 cos(2H-2x-2y) 

[97] [99] 

i + i-cos(2«-2y)} 

[63] 


r * r- cos (V — 


= a*a/ cos 4 i.|j- +-2-(e 4 + e, 4 ) + -|- e5e / + { T ~ T ^ + *'* 


+ f z (c‘ + c, 4 ) + — c 4 | cos 21 + {-1 + | - f^/'jceos* 

[I] [2] [5] 

+ {~T + tI <!5 + 7*,*}*«»(2«-*) + {Y-i|*’-7 e -'}“ 0 »( 2 ‘ +I 


+ {--? +^« 4 -|*, 4 }c 4 cos2» 
[8] [17] 


+ {“ -|^}^co»(2 i -2x) + {|_l^-i-c, 
[9] [19] 

+ { 1 - g (e 4 + e, 4 ) j ee,co»(x + s) 

[ 11 ] 

+ {~y + il e ' + Ti C0S<2 ‘ -I-I) 

[12] [13] 

+ { 1 - — - ^g- | ee ,cos (* — ») 

[14] 

+ {- - j|(c 4 + «, 4 )}ee,cos(21-* + x) 


•, 4 J e cos (2 l + 2 x) 
[ 10 ] [ 18 ] 


{*4— I§ (** + e - <! )} e *- c “ (2 < + * — x) - ^ cos 3* 

[16 [20] [35] 

' A e ' cos (2« — 3x) + ?5i- 5 cos(2l + 3*) + ^'cos(2x + *) 
48 48 4 


[21] [37] 


[22][36] 


[23] [29] 
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+ A-e^ejCOS (21 — 2* — s) — pg e<ie i cos (2 ( + 2 * + z) + cos (2*-*) 
[24] [31] [25] [30] [26] [32] 

— Lj? e® e ( cos (2 1 — 2 x + z) + e -£i cos (2 t + 2 * — z) 

[27] [33] [28] [34] 

— —. cos41 — 4^cos (2 l — 4*) + ^e 4 coa (2< + 4i) + t-p-cos (3* + *) 

12 32 lo 8 

[38] [59] [39] [61] [40] [60] [41] [53] 

- ~ e' e, cos (2t — 3x — z) - ?|e««,cos (2t + 3* + z) 

[42] [55] [43] [54] 

+ —?j cos (3 X — z) + yg e 1 e, cos (2 t — 3 x + z) + ?ji e' e, cos (2 t + 3 x — r) 
[44] [56] [45] [57] [46] [58] 

+ 51^1 cos (2.1 + 2 z) + ~ e‘ cos (2 < — 21 — 2«) 

16 4 

[47] [48] 

4- e 1 e. cos (2 i + 2 x -f 2 2) -f cos (2 x — *2 z) 

4 16 

[49] [50] 

+ — <? 2 e^cos(2<-2x + 2z) + -Acos (2*+ 2x-2:r) 

[51] [52] 

+ a 1 a, 2 cos' lsin*-i-j {1 - A j cos2y + j 1 + - j — -g- e* j cos (2 < - 2 y > 

[62] [63] 

— 3 e cos {x — 2 y) 4- e cos (x 4- 2 y) — c cos (2 * — # — 2 y) 

[65] [66] [67] 

— ccos (2 1 -f x — l 2y) — C/ cos (z — 2y) — e t cos + 2y) 

[69] [71] [72] 

+ e t cos (2 1 — 2 — 2 y) — 3 e t cos (2 f + z — 2 y) 

[73] [75] 

+ A e u cos (2x — 2y) 4- e 2 cos (2x + 2y) 

[77] [78] 

— -~cos(2<-2*-2t/) - ~-cos(2* + 2x-2y) 

[79] . [81] 
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4- 3 e e i cos (x + * — 2 y) — e e t cos (x + z 4- 2 y) 

[83] [84] 

— e e t coi (2< — x — z — 2 y) 4- 3 c e, cos (2 < + a; + s - 2 y) 
[85] [87] 

+ 3 ee,cos (* — z — 2y) — e« ( co* (at — i + 2y) 

[89] [90] 

4- 3 c e t cos (2 < — x + z — 2 y) — c c, cos (2 t + * — z — 2 y) 
[91] [93] 

~~ ( 2ar ~ 2 y) ~ -~- c ' 2cos (2z 4* 2y) 

[95] [96] 

+ 5a cos (2 t — 2z — 2y) + ~c t r/ coH (2 * -f 2x — 2y)1 


+ a'a/sin 4 ^- j + -I cos (2 t — 2y) j 
[63] 

r? a<i J 1 .3 ^ ■ 3 , . 9 ^ d , 15 4 L eg _i_^ e al C08 x 

2r/ «7* |. T + “4 + T ' + 8 ' + Hi ' e V T + 2*' i 

[ 2 ] 

+ f *' { 1 + y * 8 + ¥ e ' 8 } C081 - f {* “y + *£} cm2i: 

[5] [8] 

”T + + 

[ 11 ] 

-| ee '{ , -y + | v }«•(—«) 

[14] 

+ -T e <"( 1 + + -|-« 9 } c< > 82z - cos 3 x —• e 4 e, cos (2 t + z) 


[17] [20] 


— --e* e t cos (2x — z) —c c, 4 cos (x 4-2 z) — ~ cc, 9 cos (x ~ 2x) 
8 4 4 


4 - cos 3 z — ilcos4x-?i^icos (3x4-*) 

[35] [38] [41] 


MDCCCXXXI. 
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— JL € s e t cos (3 * — z) — e^cos (2 x -+- 2 x) — JL c 2 *,cos (2 * — 2z) 
10 lo lo 


[44] 


[47] 


[50] 


'.j|«e, , co«(* + 3z) — jiee ( 3 c 08 (* —3«) + ^■«,‘coa4z 


[53] 


16 


[56] 


16 


[59] 


Terms in R multiplied by — “ cos' S ?1 
’ { T + T (e ° + C,S) + ¥ e< e ' S } { 1 + 5 e ' B + e ‘ } 


[ 0 ] 


- {- ■ - ¥-4 -} {f -1 -• 

+ { {T- 4 “• + '■•> + ! <' *' '■>*T'■} { 1 + 5 'v + “■■'} 

+ {r + Tl v }“ J ' 

[1] 

+ {- 1+ |-f* , - 5 « t+ 2 e * + T e<a } eC08x 


[ 2 ] 


+ {"~T + ll^ + J e *~~ “ T c < 2 + f e * } ccos (2 * ~ 


[3] 


+ {4~i1 e4 - j e ^j e ^T e ^T e "} ecos{2t ^ x) 


[4] 


+ {~ 1 +e t- 4 C ^ 5 ^ + 4 + ^ C2 + T^ + J ^ C ^ %*,'-**'}*,*»• 

[5] 

r 1 19 a 5 a , 5 o,5 o.5 25 , 25 , 

+ IT” 16*' _ ^ e + ST*' + T e ‘ + 4 B "I* 1 


[ 6 ] 


* This multiplication of r s r , 9 cos (A' — A ,) 2 by r* may be effected at once by means of Table II. 
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+ { ~ f + «*'* +T 4 *" ¥*'*+ 4 “ ?** ”1*'* + T§ e ‘ +¥*-’+T e ' a } *< c “( 2< + *> 

[7] 

+ {-4- + £ - 4 v-4*<*+4*- s + b -} eScos2x 

[ 8 ] 

+ { 4 “ ¥ e<1 + T*' a + f ¥ £ ' ! } e2cos (2 ‘ “ 2x) 

[9] 

+ {-L-Se»-4e ( * + 4e,. + 4e,.- l £t,‘ } e’cos (2 1 + 2 *) 

[ 10 ] 

+ { 1 - “8 “ t + 5 e ' T + 1¥ “ 4 e ' To c '" + "T + 5 e - } c £ - cos (x + z) 

[H] 

. /_ 3 , 13 s . 57 15 15 15 65 75 , 

+ i ¥ + 16 e+ l6 e ' ¥ ' 7 ' 4 + 32 + ¥ ' 


4 32 ‘8 


. - 4 3°|^ + ¥ e ' 5 } ce ' c08(2 ‘ *—) + {-4 + r«** + r«* , -" , ‘ + 4 
[ 12 ] 

- 1*’ “ f •+ 32 •<* + I" •'* + 4 '/'} ef ' C ° S(2< + X+ S) 

[13] 

+ { 1 - 8 - - ¥ + 5 e '“ + ^ - 4 + B * 8 - T e ' S - c ' e + 6 '•*} ee ‘ cos (x - ;) 

[14] 

+ / 9 ^39 39 45 15 65 75 405 

+ l2* 16* 16 ' + 2 *' 4 * 32 * ^ 8 32 *' 


~ c/ a J c e t cos (2 / — x -f sr) 
[15] 


IV+A,** 5 e 8 4- —_95 3 25 2 . 135 2 __ 15 

TO 76 4 + ¥* + T 4 + 4 32 8 1+ 32' 2 


3 n 5 „ 5,5 ^ 15 ij 135 a 5 ^ , 

„e -- 4 V --2 +ie«i ~T^~T 6 e< I 6 C ' 


/- €£,008(2 1 4-X — z) 

[16] 


+ «,* + y! e . a } «•' cos 2 2 


, / * _ 5 c a _ A c 2 4- --c 2 4-- 2 - 5 e® + A — — e? — ~ e 8 + — e* + — — — e ? — — c, 8 
+ \2 4 1 *4 e + 2 4 + 96 4 + 4 32 ' 8 ^ 32 4 ^ 2 4 4 ' 

+ ¥ 4 5 ^- 4 4 r e ' , } e ' aco,{2<_2 * ) 

[18] 


2 L 2 
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+ /A 15 + e 5 75 e < 

+ t 4 8 * + 4 e ‘ T + 32 e ‘ + W e 

+ W e ' 5 + W e ' 4 } e ' 4C ° S(2< + 2a) 


75- 405 35 5 _ 25 

*' 96 e> + 2 4* 4*' 


32 


[19] 

— — cos3* — e * cos ( 2 < — 3 x) + -?|e’cos(2< + 3x) + { 1 - e a «,cos (2* + s) 
[20] [21] [22] [23] 

+ { + ^| e^^cos (2< — 2* — s) — j — ~ + e a e,cos (2 1 + 2x + 2 ) 

[24] [25] 

+ | -J | | e 3 e, cos (2 x — 2 ) + j — ~ + ^ } e Q e, cos (2 t — 2 x + z) 

[20] [27] 

+ { i- + e 2 «/C°s (2< + 2* — s) + | -i + A _ 5 | ee, 2 C08 (x + 2*) 

• [28] [29] 

+ { - | }cc, a cos(2<_x-22) 

[30] 

+ { T — T + T } e e ‘° cos ^ 1 + * + 2 + {4 + y ~ 5 } e e i s cos (* — 2 *) 

[31] [32] 

+ | — jj + ^ ^ j ee,“cos (2 < — x + 2 x) + { y + -j- + | | »*,“cos (2 t + x — 2 1 ( 

[33] [34] 

[35] [36] 

+ { - 4-8 + ¥ " ^ + ^ } C ' 5 C ° S (2 ‘ + 3 *> 

[37] 


— cos 4 x — ^-cos (2 < — 4 x) + f? e* cos (2 1 + 4 x) 

12 32 lo 

[38] [39] [40] 

+ {¥- _ ro} e ‘ e ' cos(3j: + s)+ {“^~i} e,e ' cos (**-*«-•> 

[41] [42] 

+ {~ re + S} e ' e ‘ coa {2t ~ 3x - ■> + {i “ ll} *’*'“* (3x “ *> 

[43] [44] 
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+ {f6~i}* Se ' CM(2 ‘ -3 * + * ) 


[45] 


+ {?5 + lf } *’*i co *( 2< + 3 *~ 2 ) + {^j + jf ~-j |« ! e,*co«(2i + 2s) 


[46] 


[47] 


+ {-| +f + “}« s e, 4 coa(2«-2*-2*) + (ai + 2, + 8,) 


[48] 


[49] 


+ { f6 + 4 " ! } < 2 *~ 2 *) + {'^ ~ g 5 + “}*«,*«. (2i - 2* + 2*) 

[50] [51] 

+ {^ + 4 + 4} e " < '‘ 1C “ {2( + 2l-2l) + {l + 4 + 5 “^} e *'’ c08(l+32) 

[52] [53] 

, f 25 16 J5 4351 „ /0 , 

+ {“rs" t~ 2 “ 32} ee ' (2<-x-3s) 

[54] 

+ {- 4 4 + l-y + M} ee ' ,co,(2 ‘ +x+3s) 

[56] 

+ {4 + ! + 5 -W}“‘ ,cos(x - 3 * ) + {4-” + f-w} ee ' ,co8(2, - x+3!) 

[56] [57] 

+ {S+S+4-«}-v-c + .-^-{-i-j-j-s + s}v-4. 

[58] [59] 

, / 9 . 125 , 5 , 145 7451 <, 9 . ,, 

+ 1 16 + 96 + 2 * 32 + 192/ ' ( * 

[60] 

, r 1 35 ,25 435 . 7451 « to * 1 a \ 

+ {~32“96 + 4 “ 32 + 192/ e ' C0S(2< + 4S) 

[61] 


Terms in /i multiplied by — —sin 5 -icos ? ~ ~ 

= {> - + + - §tf—| e *} co,2|r 

[62] 

+ { I + | «* - + 5^ + §e,« —~ V} c °. (21- 2y) 

[63] 

— 3«cos (*— 2y) + «cos(i + 2y) — ecos (2< — * — 2y) — ecoa (2i + x — 2 y) 
[65] [66] [67] [69] 
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+ |— 1 + -g- J «| cos (s — 2 y) + ^ — 1 + -£• J C| cos (* + 2 y) + 11 + J *, cos (2 1 
[71] [72] 

+ | — 3 + A J e,cos(21 + s — 2y) + A««cos (2 x — 2y) + « s cos(2* + 2y) 

[75] [77] [78] 

— -A. cos (21 — 2a: — 2 y) — cos (2 < + 2 x — 2y) 

[79] [81] 

+ |3 — 'JjJee, «»(* + * —2y)+j— l+.|Jee, cos (* + z + 2y) 

[83] [84] 

+ j — 1 — -|-1« «, cos (2 f — * — s — 2 y) 

[85] 

+ 13 — A| ec,cos(2 t + x + z — 2y) + j 3 — ee, cos (2 1 — z — 2y) 

[87] [89] 

+ { — 1 + * } ec,cos(i-s + 2y) + {3 - A jee,cos(21-* + s —2y) 

[90] [91] 

+ | — 1 — ^ | «c,cos (2 t + x — z — 2y) + j — — ]* + 5 J c, 2 cos (2s — 2y) 

1 ‘ ' [93] [95] 

+ |-|- | + 5 | e,- cos (2 s + 2 y) + {| + | + 5 } e, 8 cos (2 < - 2 s - 2 y) 

' ' [96] " * [97] 

+ {’A —+ 5 je,-cos (2 ( + 2 s — 2y) 

[99] 


3 t 

Terms in R multiplied by — g C08< "2 <V S 


= I + ?e* + l 

2 4 4 


«/* + 


Q 

, + T*"' 


(i 


5 „ 5 

4 e 4**‘ 


33 4 . 13 , . 25 , 
+ 32 ^ + 32 *' + 8 


+ 


+ 


- 1 + ? - 




e 2 - 


I" * 1 * J e cos * + { - | + {|« J + j e i a } e cos(2<-Jf) 

[2] [3] 

-A«, 8 } ecos(2< + *) + {•| + T eS + fl e i ! '}*< cos * 
[4] [5] 


■» — 2y) 
[ 73 ] 


| cos 21 

[ 1 ] 
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+ {7- 3 | e, -^ e ' , } e ' cos(2< "* ) 

[ 6 ] 

+ |-i- + |-«« + «,‘}«,co.(‘2<+t) + |_^ + fl_| e( «J e « C0 ,2x • 

P] [3] 

+ {-| — 2 | «, , }e 4c o*(2« — 2*) + {-i —— A e, 5 } e»c°s(2< + 2x) 

[9] [10] 

+ {~t + fV a -ig*' S } ee ' C0,( * + s)+ {“7 + M*° + Tfi'*} ee ‘ cot ( 2 

[H] [12] 

+ { _ 4 + s§ e * + Is} ee<co ® <2 * + * + z)+ {~ 4 + re*- fg*'’} er ‘ C08 (I ~ *> 

[13] [14] 

+ {7-34 ei -ll < - 4 } ce ' c08(2, -' + s) + {7-W e, -f ^ 

[13] [16] 

+ {7 + T + l S e,<! } <!cos2 * + {7~7 eS -li e °} 009 < 2 * - 2 *)• - j c083 * 

[17] [18] [20] 


7 2 r » *1 

— J 4e 1 cos(2< -3i) + ~e i cos(2 1 + 3x) — ~ e^cos^x + z) 

48 4o o 

[21] [22] [23] 

9R .9. Q 

■f e*« ( cos (2 t — 2 x — *)-cos (2 < + 2 x *f z) — t, cos (2 x — z) 

[24] ’ [25] [26] 

— e* e t cos (2 t — 2 x -f z) -f —• e* e 4 cos (2 / + 2 x — 2 ) 

[27] [28] 

Q 51 

— -^-ee, 5 cos (x + 2s)-— ee ( *cos (2 / — x — 2x) 

4 [29] [30] 

— ? ee/'cos (x — 2x) + ^ee^cos (2< + x —2*) 

* [32] [34] 

+ 5|e, a co»3x + 8 ~ e, 5 co» (2 < — 3 s) + ^ilcos (2 t + 3x) - ^ co>4 x -^coe (2 1 - 4x) 
‘ [35] [36] [37] [38] [39] 

* It is remarkable that the coefficient of argument 19 equals zero. 
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+ e 4 cos (2 1 -f 4 x) — ~ e 3 e, cos (3 a: + z) 

10 10 

[40] [41] 

—e 9 e, cos (2 1 + 3 x — s) — ~ cos (2 t — 3 « — z) — e 1 e j cos (3 x — s) 

[42] [43] [44] 

+ ^ ** cos (2* 3 x + z) + —■ e s e, cos (2 t + 3 x — z) — - 9 - e,« cos (2 x 4- 2 s) 

jO yo lo 

[45] [46] [47] 

+ ^e’e/cos (21 — 2 s — 2 s) — *L e«e,*cos (2 * — 2 s) +1^ e 5 c, 3 co» (2< + 2 * — 2 s) 
[48] [50] [52] 


— e e,' cos (i + 3 *) — cos (2 1 x — 3 z) + cos (2 1 + x — 3 s) 

] o y o 

[53] [54] [55] 

— 22 e e ( cos (s — 3 s) — e ^'- cos (2 t — x + 3 z) — e ef cos (2 f + * 3 s) 

16 32 9o 

[56] [57] [58] 

— ~ e* cos4:4- "2“? c‘ cos (21 — 4s) — p^e/cos (2 1 + 4 s) 

[59] ' [60] [61] 


Terms in R multiplied by — y sin* cos- -L or — -® sl " 1 ” , 

= {l - -| e 5 + Ae* | cos2 y + |l + !.«*- i. e,« j cos (2 / - 2y) - 3ecos(s-2y) 

[62] [63] [65] 

3 3 

+ ecos (x+ 2y) — ecos (2 1— x— 2y) — ecos (21 + x — 2y) + _e, cob (z — 2y) + — e,cos (s + 2 y) 
[66] [67] [69] [71] [72] 

+ 2. e, cos (21 — s — 2y) — cos (21 + s — 2y) + ^-c^cos (2x — 2y) + e 5 cos (2x + 2y) 

[73] [75] [77] [78] 

— ^ cos(2l — 2x — 2y)—fl cos (21 + 2x — 2y) — ee,cos (x + z — 2y) 

[79] [81] [83] 

+ -?_ee,cos(x + s + 2y) — ee,cos (21 — x — s — 2 y) +^'cos(21 + s + s — 2y) 

[84] [85] [87] 
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-~ ee ,cos (x — z — 2 y) + ~-ee, cos (x — * + 2y) + cos (2 t — x + z — 2y) 

[89] [90] [91] 

- ~ce,cos (2 t + x-z~2y) + X -le*co*(2z-2y) + *- 5 e/cos (2x + 2y) 

[93] [95] [96] 

4- 6 * J e/cos (2 t — 2 2 — 2 y) — cos (2 * + 2z — 2 y) 

O O 


[97] 


[99] 


[ 0 ] 




?{ 

V{ 




M* 


2 2 

3 


16 


■* 1 cos 4 L a - cos 2 t 
J 2 a ‘ 

[ 1 ] 


3 3 „ I 

— V- 7> - 7 5 j- — e cos x 

[ 2 ] 


+ 4 { ‘ _ " H C0S ' 2 «' eC0S (2 * - *) 


[3] 


3 f , 19,, 5 1 4 t a- /oil \ 

~ 4 ( 1 “ ^ c — ~ e/ > cos 4 4> — e cos (2 t + a:) 

[4] 

o 3 ,1 a’ 

e < — -j y ? -- e t cos z 

[ 5 ] 


J + * c* + | e, ‘ 


5 , 123 

2 C 56 


c.' 1 "I cos'* a e, cos (2 t — z) 
J 2 a/ 

[6] 


J <? ? — 4 e - 1 cos 4 *- e cos (2 / + z) 
8 12 J 2 V [7] 

8 1 3 + 2 ‘ 2 y / a/ 


e 4 cos 2 x 

[ 8 ] 


- ^ {i — 4 '’<*} cosJ 4 ^ e<cos ( 21 — 2 *> 

[9] 

- ~ -f 1 - - c - / e,' ] cos' 1 “I*“ cos (2 I + 2 i) 

4 1 2 2 J 2 a, 1 

[10] 

2 M 


MDCCCXXXI. 
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Development 

of 


f 1_— H—?- 

1 8^8 

c u — J* y» 
*' 2 7 

J, - ®L*- 

-'4 3 e ; 4 

l 168 

56 1 J 

J 1 - !? e «- 

^ 1 cos 4 ^ 

l 8 

8 J 2 


on 


L'2] 


[13] 

, l/,_ f! + ?_«.« — ? y') ce, cos (1 — 2) 

4 8 8 ' [14] 

9 || i 3 c'i _ tiL \ cos' 1 - a< t c,cos (2 4 — x + x) 

- 24 8 ) 2 «» [15] 

21 r. _19 e „_ 123 c! ] cos . < f! cc ,cos(2i + i-=) 
8 \ 8 56 ' J 2 a,' [1#] 


_?( 
8 l 


!+T e! + 


" e «_ 3 y‘ ! \ “] e -'cos 2 z 

9 2 7 j a,’ 

[>7] 


51/, 5 , I'l e .\cos'll «,’cos 12 4-2s) 

—JT I 1 ~ *>" 51 J 2 fl, 1 

8 1 01 J . [|g] 


. il‘ 

16 a, 

3 a' 


-S^-^e’cos (24 + Sxl 
21] " ' [22] 

(2, + *, - Tr^«.«-(2* - 2I - «) + 8 a}*' e ' Cm{2 ‘ + ;; + ° 

1 rnol ' r 24i 


+ i »' cos + 5^3 «’ cos (2 < - 3 *) - 30 a 

16 a 3 ro‘21 

[20] [21] L " J 


[23] 


+ ±iL>e,co 6 (2x-z) + i|£^co»<24-2x+z)-^ Jc>,co» (24 + 2x - z) 

16 a ‘ [26] ‘ [27] [281 

+ 1 i'ce/cos (X + 2i) + ~ £ee;‘cos (2 4 - x - 2 r) 

1 [29] [ 30 1 

+ 1 £ e t? cos (x - 2 x) - ?! £ * V cos (2 4 + x - 2 s) - ~ «* 3 * 

8 “’ [32] ‘ [34] W 


_®13f] e ,’cos(2!-3x) - i;£,VC0»(2< + 3*) + £4 '/ c ‘ ,54r 

64 “’ [36] ’ [37] [38] 

+ A * e'cos (J .-4.)-S^«(»'H.)+ H *’ *-“• (31 + *' 

[39] 3 ' [40] l 4 '] 
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+ e, cos (2 < — 3 * —* *) + --%3e,cos (2 t_3x 

64 a, 3 1 64 a / 

[42] [44] 


*) + 


if! 

32 a» 


c 5 e t cos (3 x 


*) 


Development 
of /?. 


— ™ c 7 e t cos (21 — 3 x + z) — i? “4 e3 */ cos (2 < + 3 x — 2 ) 

64 a/ 64 a, j 

[45] [46] 


Q OTjK 

+■ — — e 3 e/cos (2 x + 2 z)- - e 4 e/ cos (2 t — 2 x — 2 z) 

32 a/ 1 0 

[47] [48] 

+ 5 9 - e* e, a cos (2 s - 2 1 ) - e > e ;‘ cos (2 ( + 2 * - 2 z) + -2! e «,» cos (x + 3 z) 

32 fl, o fl ( 32 flj 

[50] [52] [53] 


+ .?! cc ’co« (2<-*-3z) - - 1 , ^ee,’cos (2 < + * + 3z) 

i * 64 a/ 


64 a/ 
53 a 4 


[54] 


[55] 


+ ”” ec*cos (j — 3 z) + ~ --«e,’cos(21 — x + 3z) 

32 a, 1 ' C4 a 1 

[56] [57] 

45 , _ ,.x t 591 a* g 


+ ^“;«/c°s(2 i + x-3z) + ^^ 
[58] 


[59] 


- W a°‘«* C °M2 « - 4 *) + 4,* c 08 (2 I + 4 .) 


[60] 


128 a/ 1 


[61] 


-S {>-£•' + !*■*} a> !C05 2y 'I" { ‘ + f *' " 4 e '“ + i'}a> C0S(2 '- i 


2y) 


[62] 


[63] 


+ ^ ~ y^ecos (x — 2y) 
[65] 


3 a 
8 


~ - y- ecos (x -f 2 y) + -fr ~ y* c cos (2 t — x — 2 y) 
«/ 8 a/ 

[66] [67] 

+ ~ ^ y i ecos(2< + x — 2y) — ~ ^y*e,cos(z — 2y) 


8 a/ 

9 a 4 


[69] ' [71] 

21 a 4 


- -1 ± -y^cos (z + 2y) - ~ y* e t cos (2 t - z - 2 y) 

J U fl/ 1 U <Ii 

[72] [73] 

+ ^|-“y s e, co »(2' + *-2y ) - |g^y s « 5cos ( 2 *- 2 7) 


[75] 


[77] 


2 M 2 
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Development 

ofR. 


-J-, 7**«0. (*« + 2y) + | |! (2< _ „ _ 2y) 

3 a« [78J ' [79] 

+ + %f,r‘e,a«(t + z~2y) 

9 , ^ [83] 

- *«£>“.«■ c +. + 2y) + ^ yieecos (2 , 

M ' rssi 

3 a* n L b5 J 

"^V r “' C08 ( 2< + * + '- 2 ^)+L->“-co. (l _ 5 _ 2y) 

[87J 3 ' M 

- 1C -,re,c OS (, - . + 29 ) - 3 - y . >Ci cos (2< _ , + , _ 2 

. 2. «. , t°°3 ' [91] 

+ r 6a ,re^<»{U + x-z-2y) 

[93] 

- Cl $ r Vcos (2z - 2 y ) _« (2z + 2f) 

[» 5 ] ' [96] 

- I 95 ^ ^ . 

+ 3 ;: r< < cm(2t+2z _ 

W ' [99] 


-|{ , +3.< + 3V_y y ,i :-’* c08 na> 

4 J a / 16 a < 

[ 101 ] 


3 o’ 
16 a* 


ecos (t — X ) 
[ 102 ] 


+ ecosft + X) — 1 "1 e c08 / ( . 3 a< 

« a/ e ‘ cm <‘-*) - T -e,co»(( + x, 


[ ‘ 03] ' [IW] ' [| M] 

9 • • 43 o’ 


3 .. , [, ° 7] [103] 

16 a] 5 ee , c <>s(t + x + ;) 4 . ii “ ee cos (t — x + z \ + 9 o' 

[109] 1C “* [ + t> + W'- i, + ‘-> 

. £59 a’ i 33 , L J f' 1 '] 

64 a* €) C0S ~ % z ) — ~-e 2 cos 4- 2 2 ^ 9 a' 

‘ [..2] w *‘ 

J5 J [>13] [M4] 

_| s ,V^ cos(( + 2 y )_5|,_ Ce ,_ 6£(j _3 / J i , coi 3 < 

[115] 4 Jfl y 

* For the coefficients of the terms multiplied by 5’ 8< . e „ 3 , 

a. 4 1 ’ ' * 
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+ lt^ eC0S( ' 3<- ' r ^ “ 16 ecos ( 3 ‘ + x ) -~^«,cos(3<-*) 

[117] ‘ [118] ' [119] - 

+ 4v,cm( 3( + S )-^ fVcos (3< — 2*) - ^-2le''cos(3< + 2i) 

8 a,* 64 a, 4 64 a 4 

[ 120 ] [ 121 ] [ 122 ] 

- 2 , 2 g ec,cos v 3(-*-z) + ee,cos(3( + * + z) 

[123] ' [124] 

- j : g ««, cos (3 t — * + z) — £j e e, cos (3 I + * — z) 

[125] [126] 

- f 04 r< e <‘ cos < 3 ' - 2 ') - ^4 COS (3 ( + 2 z) - ^ a T y ! cos(3(- 2y) 

[127] ' [128] '■ [129] 

In the elliptic movement; 

,s ss y sin (g\ — v) 

X = n t -f 2 c sin x -f — e* sin 2 x 
4 

pi Q 

i = y (1 — e 4 ) sin y + y csin (x — y) + y esin (z + y) + y -- sin (2* — y) + - ye 8 sin (2 x + y) 
[146] [149] [150] [161] [162] 

s 1 ss Z-Z- (I — 4 «’) cos 2 y + y c cos (Jt — 2 y) — y’ e cos (i + 2 y) 

[62] [65] [66] 

+ -- y-e 2 cos (2 x — 2 y) — y 4 e- cos (2 x + 2 y) 

[77] [78] 

r*= a y ^ 1 — ~ J sin y -f sin {x — y) + sin (x -f y) 

[146] ~ [149] " [150] 

— a JLi' sin (2 x - y) + sin (2 j -f y) 

[161] [162] 

- = y 0 — e ? ) sin y + 7 /- sin ( x “ y) + sin (* + V) 
i a 2 a 4 fl 

[146] [149] [150] 

* Thus quantity z, which is one of the rectangular coordinates of the moon, must not he confounded 
with z = n t l — zv t i this latter quantity should rather be .r,, but I think it better to conform as far as 
possible to the notation of M. Damoibeau. 
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+ ^ sin (2 x — y) + 11 TL 8 in (2 x + y) 
o a o a 


[ 161 ] 


[ 162 ] 


U. -L= |(]-#>)r 0 + Y r ‘}a-‘ sin y-{( 1 - e2 )-9- + T’’ 3_ T' r *}'^* in<2<-! ' > 

[146] [147] 

+ {(l-< 5 )^' ~y r < + ~ r,} ^| .in (2 < + y) + sin (r - y) 

[143] [149] 

+ |§eysm(i + y)+ {- y “ T } ^ sin < 2 * “ * ~ S') 

[150] [151] 

+ }^-T}s?^ 2, - I + y)+ {~lt- £}3>( a ‘ + '-') 

[152] [153] 

+ {tt+ \ r, |l^sin(21 + x + y)+ sin (i- y) + '-~£ sin (: + y) 

[154] * [155] [156] 

r -H1'? sin (2 t — z — y) + - f ^ sin (2 t — z + y) — r ; C ‘J sin (2 t + r — y) 

2 a 1 ~ ni * a 


[157] [153] [159] 

+ {-J-l r ’"l6 r '}^ sin(2< - 2j - y)+ {l~ 4 -16 } ^ " iBt21 ~ 

[163] [164) 

+ { - T-’ + T + fe } ^ sin (2 ‘ f 2 x ~ y) + { 2 ° + V ' + To r '} £ 8in(2( + 2 r +*' 

[165] [166] 

+ |-y + y}yf sin (* + *-») + {y 1 + y}yr sin (- r + = + y) 

[167] ” [168] 

+ { “1 + 4 _ T r, } e -*r »in( 21 -x- = -y) + { 2 * + j}~ a 7 «n( 2 <-r-s + y; 

[169] [170] 

+ {- T f + 4 ; | yr sin ( 2 i + *+ ---y) + {^+4 r : }!A r >sin( 2 ( +x + z + y) 

(171) “ (172) 

+ | - ^* + y } yr sin (*-*-»)+ | r 2 - + y *■„} sin (x - t + y) 

(173) (174) 

+ {-y - |-r,}^'sin(21-x+z-y) + {y ~ -f } yr sin ( 2< ~ J + * + S') 

[175] [176] 
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2 a 1 


t (2 t + x -z-y) + |!|+ 3 r 6 | fi *j7«in(2J + x- J + ! ,) 

[177] ' [178] 

- r f »in(2z-y) + r f sin (2* + y) - ^ sin t 2< - 2z-y) 

[179] [180] * [181] 

+ ~ sin (2 t - 2 z + y) - ’> sin (2 1 + 2z - y) + -[5 5sL? sin (2 1 + 2 z + y) 

2 a J 2 a* 2 a-* 

[182] [183] [184] 

^ (> +1 -1) - 7+ 3 -^ - (—»)+ m 2 ' a a ;- <-+7) 

[146] ‘ [149] ‘ [150] 

_ 3 ”pL±! sin (z - y) + 3 7 <•- sin (« + ,)_ sin (2 , - y) 

2 a .’ 2a' oa/ 

[155J [156] [161] 


+ 3» ; n«', iM2l +«) + -l 3m ' n y e h 

8 a . 1 


ri(>2] 


Bin (x + 2 — y) -I- sin (r + = + y) 

4 a 3 4 a, 3 


[167] 


[168] 


+ sin (r - z - y) + 3 Jh.« £2. sin (* - z + ,) - 9 - m £-^ sin (2 z _ y) 

4 a.’ 4 a. 1 4 a. 1 

[173] [174] [179] 

+ ' a ' sm(2z + y) 

[180] 


-f ^ e* -f- 3 e cos x 4- — e* cos 2 x 


r being the elliptic value of r. 


If *=* 

ay *,46 s »n y 4- ay s U7 sin 

(2t 

— y) + ay 

z .48 sin (2 f 4- y) &c. 

. * 

r 1 

{(■♦¥) 

z 4- ^ 

* ,w + *2 

Z 150 

3 e- 1 

-IT" 149 ] 

• Xsiny 






[146] 

+ 


)’■« + ■ ¥ 

Z 141 

, 3e“ 1 

^ “IT 1,3 j 

l y sin (2 t — y) 

1 a* 





[147] 

+ 

{('♦") 


, 3 e 4 \ 

'159 » ~2~ *»V* J 

-, sin (2 ( + y) 

a 1 


[148] 


This multiplication of z by r“" 3 may be effected at once by means of Table II. 
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+ {*„„ — sin C 1 —y) + |*U 0 + 7 } *M } -~r sin (* + y) 

[149] ' [150] 

+ {*151 + ^ sin (21 — x — y) + |*, 5S + A X|<( ,| IZsin (2 t — x+y) 

[ 151 ] [ 152 ] 

+ { *]5s + ~2 z h 7 { sin (2 1 + a: y) 

[153] 

+ {=153 + »,« } e -g sin (2 1 + x + y) + sin (* - y) + «,* e * sin (« + y) 

[154] [155] [156] 


4 ( *163 4 "2~ * 151 "*■ 


4 {*ioi 4-| * 14 , - J sin(2s-y) + {* 10 * 

[161] 

4 |* 16 S 4 *151 4 2 H 7 1 sin (2 i 2 r — y) 

[ 163 ] 

4 | Sun 4 -77 z hm| sin (2 < — 2 x + y) 

[164] 

. ,-L ii K . 4- ? *... \ sin i 4- 2i — i/ - ) 


"f* ^ 


T*M ft }^? sin (2x + !/) 

C1621 


’ |*165 4 ~ *153 4 ” * 14 ;} 


f- sin (2 t 4- 2x — y) 


+ { * 16 .. + | --,55 + | *, 3 »} Sin (2 t + 2 1 + y) + &c. 

[166] 

+ {*„„ + g *,>.} sin i 1 + * -9)+ {*.«» + \ *,«} -J, 7 sin (i + j + 
[167] [168] 


*170 4 ~2 *15h 


4 {a,*, 4 *157 }^r sin ( 2t — * —a — y) + j* l7 o+ y *‘> h } ^a^ 8 *" ( 2 ^ * + S'* 

[169] [170] 

4 { 2,71 + f" * ,y ‘} sin ( 2 * + * + r — y) + {*ira 4 y sin (2/ + x -f 2 4 y) 

[171] [172) 

4 {*173 ~ *i 3 o}~f sin (*-*-$,) + {z 17i ~ * 155 } y^ sin (* —a 4 y) 


4* {*,7-3 4 -|- *i5,} -^ y sin (2* — x + z — y) 4 |*m+-|*ioo} “•- sin ( 2< ~ i 4 * 4 y) 
[175] [176] 

4 { *,77 4 | 2157 } e ~ sin (2 t + x — z — y) 4 { *, 7 « 4 y *im } ~r sin (2 < 4 * - a 4 y) 
[177] [178] 
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= {*..6+~ *.>o +«.}r® in y 

+ {*1*7 + 7} *.M + 2 *)^|ysin (2 t — y) 

+ { Z H8 + ~2 Zl ™ + 2 *> •*} 7 sin (2 t + y) + &c. 

d 3 .r a u, u, /* /d Ji\ _ 

OF* “ V + a + d A + r (d‘r) ~ 0 

d *« i | m < : 

d* 7 ^ X X ->4 

{ r' — 2 r r cos (A — A) 4- T t l $ 2 

x- dA' 3 I... „ A /d R\ . v 

r *-ri* = h -yr'- („*)<•* 

Neglecting the square of the disturbing force 

--JF—-.>■ I + + 

d- 2 ju. t «n ( z , 3 m, g r r co s ( A* — A) __ ^ 

dC 3 + V r/ r* 

3 sS 1 

d- Jr ^ * * r |u, $ . r f», 2 + 3_jw- ( s r rco s (A' -^) __ 0 

<!<•' + ' r r V' "" r* 


d A' _ /.i I + *") 


-" ry® « 


r = a ( i-V d ^ » 0 being used for ;j / — >/,/>. 

\ dr/ \d a / dA di 

Integrating the equation of p. 270, line 9, by the method of indeterminate 
coefficients, neglecting the cubes and higher povvers of e in order to ob¬ 
tain a first approximation, in being equal to as in the notation of M. Da- 


1 + 2 e ‘+ 


4(1 - m) - j (1 + 3 e") r, — {r, + ’<}} “ ' 
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1 _ 5 *_ 5_ J __L_ + l \ -0 

2TV 1 2 2 2 J ll-m T / 


. { ,_3r o} _l + ^'=0 


(2-2»-c)«{r,-| r,}-r,+ | {5^2^ + 1 } = 

(2 - 2 m t c)« { r, - *- r, } - r, - ± J { „ \ # + > } = ' 


- 3 w o’ _ n 

m 2 r b _ r,-- —' — = U 

2 M/ 


„ ox, 21 w ( «’/ 2 

(2-3«)*r. —r.- T - {- 


+ 1 } =0 


(2 — 2 m + 2 c 


• + T 

TO, «' f 

2 + | 1 — 0 


(x. a t J 12 

— m J 



+ 3r„} 

-r.+ B- °’ = 

2(i o,’ 

0 

,/ r 

3 r 1- 

15 m, a 3 / 

2-2r , , 1 

V" 

2 rj ; 

y 4 jtx. a/ l 2 — 2 w — 2c / 

2 f r 

_ 3 r \ 

3 to, a 1 

f 2 + 2 c 

j r io 

2 4 i 

r '° 2 m,’ 

l 2 — 2 to + 2c T 

-5 

- r n + 

3 to, a 1 f c 

2 p, a , 3 1 c -f «» 

+ l}=0 

; r _ 

3 - 1 

63 m, a' 1 

C 4 . J X 

S r w 

2 J 

T ' 1+ 4 (l «,<t 

2 — 3 to — c / 


f 3 \ .3 to, a 2 f 2 + c , . \ n 

» + c) 2 {r, 3 ~ y r 7 }-r 13 + T ^ a7 ( 2 ^_ |>c+ l}-0 


(c~m)«{r l4 - ~r, j ■ 


(- c + l) = 0 
a/ 1 l c — m J 


. ,, f 3 1 9 m, a’ / 


* The letter c does not strictly denote the same quantity as in the notation of M. Damoiskai, or in 
that of the Mathematical Tracts, p. 33. 
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(2-3’’, + *)° 

9 m, c? m q 


4m=r, 7 -r„-_ 4 ^ 

4 r. r, —Y lu = 0 


The equation for determining z may be integrated in the same way. 


-g , * 1 « + 3r„ + z iw + ^?l=0 

f* V 


- 12(1 — m) -g}%ii 7 - 3 2' 1 +2.47 = 0 

- | 2 (1 - TO) + g j % M * + ^ + 2.48 = 0 

r 1 4 3 3 . 3 m. a 1 A 

*-+ 2 r * + J ' 4 "“ 2 '« + 2/Z «> = 0 

\ c + * / 2 m» + -g + *i*o + 2 " z ‘<« + ^ a> "" ° 

- | 2 (1 — m) —• c — £ j 5, 47 + 3 | — “p ~ y } 2|il + ~2 2,47 ~ 

-{2(1-m)-f + gj % h „ + 3 {“ —+ y} + *,6* + *i4 8 =0 

- { 2 (l — m) -f C —g j 5,40+3 j-J ~ “ 1 } +2,s.,-f- | 2 147 = 0 

- | 2(1 — to) + c + ^J ^,,, + 3 || r,+ | + *, M + 3 2 h8 = 0 

* f I J .3 . 3 m, a n 

f , 1 * ,3 . ,3 m a 1 n 

+ 2,,,+ 2 r, + 2 -+ ^T a? =° 

- ^2(1 — m) — m —£ j *z m — r 6 + z,„ = 0 

- |2(1 — to) — m + sj Vw + *6 + *i58 = 0 

~ |2(1 -m) +m-g j 9 r ui - *| r 7 + * 1M = 0 


= 0 


2 N 2 
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— 12 (1 — m) + m + g | *2,ve + y r 7 + s lfl0 = 0 

dA' h 2 A , 1 hz « (1+0 rf AR \dt 

d / r a r * r r 4 r* J \d A ’) 

*' = * (i + £ + £ + 2r 0 W ^i±O si n, + 5*(l +r q ) ^ 
a* l 2 2 J c 4 c* 


+ |2r, + «* (r, + r. J- (I - -|e‘- vf'i' _ 

__l?, «' sin 2 * 

2(2 — 2 to + c) / ft a/ J 2 (l — to) 


3 _9e*_ 

4(1 — m) + 2 (2 — 2 m — c) 


+ { 2 r, + r, _ { j “ 2 (2 - ST) } ^ ( 2 -L-c ) “ (2 ‘ ~ 

+ { 2 r, + r, { £ (2 — m +'cj ~ 2 (2 — mj } p 07 } (2 - m +c) sln <2 ‘ + 


{ 2r « + 4l2-3»,);'J}(2^)* in(2< -* ) 


h£ \__A. 

t a, 4 / (2 — 


4(2— to) ft a, 4 J (2 — »n) 


sin {2t + r) 


f _ 

15 

+ __ . 9 ... 

1 TO, fl 1 ] 

1 4 (2 

— 2 w — 2 c 

2(2 — 2 m —c. 

» ^ <VJ 

/ _ 

3 

3 1 

to, a 4 i 

l 2(2 

— 2m + 2 c) 

2 (2 — to -f* c) J 

’ H- a/’J 


+ |2r 10 + r< | 2(2 —2m+ 2 

+ { 2r n+ r '}(c + m) ■- (* + *) 


{2r u + r„-{ 

{*r ll+ r 7 -l 


f 63 _____ _ 21_ 1 to, a' 1_ ecj 

[4(2 — 3 m— r) 4 (2 — 3 m)) it a/ J (2 — 3 w 

3 _, 3 1 to, a'1_ ee, _ 

4 (2 — to + <•) 4 (2 — m) J ft J (2 — to + c) 


; sin (2 < — jr — z) 


- sin (2* + * + z) 


Considering the terms which depend on the square of the disturbing force 

f^ - t + ' 4 - + 2/dfl +r^ fi ) = 0 

2 d<* r a J \d r) 
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, d«.r*$.J- 3d*.r<6.1^ 

&-T* _ r _V _ r J _ f*- . Jt 

2d t* d t* 2d b r~ ' a 

d 2 z [*z m t z 3 m, z r r cos (A' — A) _ - 

dr» r»" + r; r r* “ ' 



S-M-S/tBM- iAi-fW-Al/USM 

+ « t jo {/('»)„}• 


d /J = the differential of R, supposing n t only variable + the differential of R , 
with regard to n^t only in as much as it is contained in the terms in 
r, X and ,v due to the perturbations ; hence 


d R = the differential of /{, supposing only n t variable + ^ . d. & r v -f- d . I >' 


d n 


-f “ ' r d .$$; d Ar\ d .hK, and d . hs> being restrained to mean the 
differentials of those quantities with regard to n i t only. 

c - ©*•—a '*• :■+- m<" 

(t being used in the sense n t — ?i t t.) ( a^) * s ~ >V - s * s near ty* 


d.r & 1-, d. &X' and d . h\s being restrained to mean the differentials of 
those quantities with regard to njt only. 
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A similar theorem exists with the quantity i . dz , and it will readily be seen 

that all the developments S R, £. r & • (ut) anc * ^ • (ll) ina y e ff ectef * 

very easily by means of Table II. 

Similarly, if ^ denote the variation due to the disturbance of the earth by 
the moon, 

In d R the terms which arise from 

are multiplied by the small quantity m. 

Considering in r x (^ 7 ) and R the terms multiplied by™;, 

considering the terms multiplied by“- 4 , 
r '( d «)= 3 «, *-r'(^)=3 SB 


Hence the value of r and h . r v ^^y^may at once be inferred from R 

and h R. 

I reserve the formation of these developments and of the final equations for 
determining the coefficients of the different inequalities to another opportunity. 
These equations are voluminous when all sensible quantities are taken into 
account; but they are formed with so much facility by means of Table II., that 
error is not likely to arise in this part of the process. Error is more, I think, 
to be apprehended in the terms of R multiplied by the cubes and fourth powers 
of the eccentricities; the rest have been verified by an independent method. 
See p. 39. 
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On the Precession of the Equinoxes , supposing the Earth to revolve in a resisting 

medium. 

In my last paper on Physical Astronomy, I gave expressions for the varia¬ 
tions of the six constants which enter into the solution of this problem, upon 
the hypothesis that the body revolves in a medium devoid of resistance. 

If we suppose a plane to revolve in a resisting medium, about an axis per¬ 
pendicular to itself, the resistance of the medium can produce no effect, and 
the phenomena will only be modified in a slight degree by the friction of the 
plane surface against the medium. If, however, the inclination of the plane 
on the axis of rotation differs from 90°, the effect of the resistance of the 
medium becomes sensible, tending to retard the motion of the plane; the 
effect being greatest when the axis of rotation is parallel to the plane. 

This principle is used in some maclnines, as in self-playing organs, to regu¬ 
late the motion by means of a vane, of which the inclination to its axis of rota¬ 
tion can be varied at pleasure. 

In the case of a sphere, whatever be the direction of the axis of rotation, this 
effect of the resistance is insensible; and also in the case of a solid of revolu¬ 
tion when the axis of rotation coincides with the axis of the figure, but not 
otherwise. If the difference of the latitude of the axis of rotation from 90° 
(supposing the equator from which the latitudes are reckoned to coincide with 
the equator of the figure) be at any time small, the mathematical investigation 
appears to show, that the effect of the resistance of the medium is to diminish 
continually this difference. In the case of the earth, this quantity is now 
insensible; but as the probability is small that this was the case in the 
first instance, may this circumstance arise from the resistance of a medium 
of small density acting for a great length of time ? and can the change of 
climate on the surface of the earth, a change of which the probability is in¬ 
dicated by many geological phenomena, be explained in the same manner ? 
It may be remarked, however, that the effect of a resisting medium in dimi¬ 
nishing the eccentricities of the orbits of the planets is of the same order, and 
that these, although for the most part small, are far from having reached zero. 
The tendency of a resisting medium is also to diminish the major axes of the 
orbits of the planets ; these effects, if they exist, will probably be most sensible 

2 o 
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in the case of comets, not only on account of their great eccentricity, but also 
on account of their small density, in the same manner as a flock of any light 
substance is wafted by the gentlest wind and prevented from reaching the 
ground. The eccentricity of the orbit of the comet of Halley in 1750 is 
known with great accuracy, and as its perturbations have been calculated with 
great care by MM. Damoiseau and de Pontecoulant, the eccentricity which 
it should have in 1835, when it will again visit this part of space, unless it be 
affected by a resisting medium, is also known with great precision. It is 
scarcely probable, however, that any change will be perceptible in one revolu¬ 
tion, even if the cause exists; but the succeeding revolutions of this body will 
no doubt throw light upon this question. The ratio of the change of the semi- 
major axis to the change of the eccentricity, due to the action of the resisting 
medium, is known, being a function of the eccentricity, and independent of the 
constant, which depends upon the density of the medium ; this ratio therefore 
may also tend to elucidate the question, if it can be determined by observation 
with sufficient accuracy. 

Let of, y, z ! be the co-ordinates of any point P corresponding to the elemen¬ 
tary portion of the surface d$, and referred to axes passing through the centre 
of gravity and revolving with the body in motion. 

Let P be the point of which the co-ordinates are a/, y, z\ A P the direction 
of the normal at the point P, BP perpendicular to the axis of instantaneous 
rotation, and cutting it in B, and C P the direction of motion of the point P. 
I suppose the resistance of the medium to create a force proportional to 
v 2 cos A PC ds, acting in the direction of the normal A P upon the point P, v 
being the velocity of the point P. 

Suppose the straight line MO PL to : N 

revolve about an axis passing through 0 , 7 s- 0 -—~~ 1 . 

and perpendicular to it, and in the direc- : R 

tion L N, the action of the resisting medium will be in the direction N L, on 
one side only of the line O L, upon all the points P between O and L, and 
upon all the points between M P it will be in the contrary direction R M, and 
on the other side of the line. 
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Now, let L S M T be the section of a 
cylinder revolving about an axis, passing 
through O perpendicular to the plane 
LSMT, and let the cylinder revolve in 
the direction LN. The action of the 
resisting medium will be in the direction 
Z P, perpendicular to O P upon all the 
points P between L S; and in the con¬ 
trary direction K P upon all the points, 

P between T M. These remarks show that in what follows, the integrations 
must not be made throughout the whole surface of the body revolving: this 
consideration however does not affect the nature of the results. 

The equation to a plane perpendicular to the axis of rotation, and passing 
through the centre of gravity of the body, is p x + q y + r z = 0. 

Let the body revolving be a spheroid of which the equation is 
a'* + y i + *-(l + e , )==a’(l + e a ) 

The equation to the tangent plane to the spheroid at the point x, y, z is 

xx' + yy' + zz’ (1 + e«) = a*(l + e' 1 ) 

The equations to the planes from whose intersection the line P B results, are 

*z(qz’ —ry') +y(rx' — pz’) + * (p'/ — 7 *') = 0 
px-j~qy-\~rz~J) 

J) being a constant. The equations to the line P C are 

x{r(qz’ -ry') —p(py’ - q x ’)} + y {r (r x' - p z') -q(py’ -<?*')} * 0 
x{q(qz'- ry’) -p(rx'-pz')} + * {q (p y' - q x') - r (r x' - p *') } = 0 

and neglecting p 2 , q 2 , p q, 

x (q z' — r y r ) — y (p z' — r x f ) 
x {qy' +p«') = z (pz 1 — rx') 

The equations to the direction of motion of the point P are 

X (pa' —rx’) = y ( ry r — qr ') 
x(qx* ~py f ) — ziry' — qz 1 ) 

Cos. angle, which the direction of motion of P makes with the normal to the 
surface or cos A P C 

x' ( T y ' - qz') + y' ( pz'-rx f ) + (1 Hh e a ) (gx*-py') _ 

“ - + (<?y -p*r} */ {*'*+y' a + *' 9 U +2e*)} 

* The notation is the same as p. 20, except that the accents at foot of x it y t , z t are omitted. 

2 o 2 
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- fJjgx’-py') nearlv 

r yV 2 4* y u vV* + y* + z r * J * 

The resistance acting in the direction of the normal, and since the velocity 
= s/x ' 2 + y* *J ( P 2 + ? 2 + r 2 ) nearly; 

Cdr = 0 

Bd ? + M - C) rpd. = ^^TZ' lll P l± r ±Sll 

Adp + (C - B) grit m dt A? V(1 + e °> T ** 

v v J r { *'* + y H 4- «’} 

sin ( n l + y) d c + c - cos ? (n < + 7) d y 

_ ndie 4 /V c* 1 {qx* —py’) VV tt 4- y' tt d 4 

“ J {^T 

cos — ^ (n*+y)dc — c l£= - il sin (n < + y) dy 

ii A A 

_n d t e 4 f^y' z hi (qx 1 — p y f ) vV* + y hi d s 

t~j { *r+y* + s*r 

si nee J'x" s' 2 d * = J'y H2 s' 2 d s 


, _ ndte*c fx'*z'* 4- t/^ds nd<e» ^ 0 (C - # W* + y'-d* 

' “ ~ -T7 pr+yrf-?^ + “0“ 8m2 ~^f ( < + y J7 Jx^ + y 2 + ^j 


neglecting the term which is periodic, 

dc- -nc^l / V*s'* VV- 4~ y , v ’ d s 
Aj {x't + y^+z"} 


, _ „ „ d * r* * 4 

dc = —nc—-— / ——— 

>4 J {x' 2 

T . /\r' 2 z H */x’* 4- y‘ 2 ds 

Let 7 {*'"+?'* + *'“} 


/J being a positive quantity. 

\ 

dc= — n ZLSl lj? e c = , c being the base of Naperian logarithms. 

When £ is infinite c = 0; hence the latitude of the axis of instantaneous rota¬ 
tion increases until it reaches 90°, which is its limit. 

Having determined the variations of c, y and n by means of the above equa¬ 
tions, the variations of the other constants <v, ^0 anc * <P 0 may be determined 
from the equations 

pd< 2 rsin^sindd\^-~ coafdfl 
qdt=z cos p sin $ d \J/ -j- sin <p d $ 
r d t = d <p — cos 6 d ^ 
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XVI. Researches in Physical Astronomy. By John William Lubbock, Esq. 

F. P. and Treas. R.S. 

Read June 9 , 1831 . 

I PROPOSE in this paper to extend the equations I have already given for 
determining the planetary inequalities, as far as the terms depending on the 
squares and products of the eccentricities, to the terms depending on the 
cubes of the eccentricities and quantities of that order, which is done very 
easily by a Table similar to Table II. in my Lunar Theory; and particularly 
to the determination of the great inequality of Jupiter, or at least such part 
of it as depends on the first power of the disturbing force. That part which 
depends on the square of the disturbing force may I think be most easily 
calculated by the methods given in my Lunar Theory; but not without great 
care and attention can accurate numerical results be expected. I have how¬ 
ever given the analytical form of the coefficients of the arguments in the 
development of R > upon which that inequality principally depends. 

It is I think particularly convenient to designate the arguments of the 
planetary disturbances by indices. The system of indices adopted in this paper 
is given as appearing better adapted for the purpose than that used in my 
former paper on the Planetary Theory; but it is not advisable to make use 
of the same indices in this as in the Lunar Theory. 

I have also given analytical expressions for the development of R to the 
terms multiplied by the squares and products of the eccentricities inclusive, 

and for the terms in r (^ 7 ) multiplied by the first power of the eccentricities, 

which are I believe the simplest that can be proposed. 

The following are the arguments which occur in the Planetary Theory. 
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Column 1 contains the index. 

- 2 contains the index of the argument, which is symmetrical. 

- 3 contains the index used Phil. Trans. Part II. 1830, p. 349. 

0.. .. 0 104.. 39 4l+X“-z = 5B/-5B < /-n , 4'tJT / 

1 .. .. t=znt-n t t 110 50 57 2 2 =2», t — 2 m, 

2.. .. 2t=z2nt — 2n l t 111 61 63 2z = + 2w, 

3 .. .. 3 3 n t — 3 n, t 112 62 64 2 t - 2 2 = 2« t — 4n t t + 2vr, 

4 .. .. 4t = 4»f- 4n t t 113 63 65 3 1 - 2 2 as 3n t ~ 5n, t + 2 w, 

10 30 7 x ~n t — zzr 114 64 66 4<— 2z = 4nf — 6 w, < + 2 w, 

11 41 6 t — x = — n t t + re 121 51 58 *-f2x = w<-fn i * —2®r, 

12 42 12 2t-x = nt — 2n t t+ia 122 52 59 2 t + 2 2 = 2 n < - 2 m, 

13 43 13 3 <-x = 2 n<~ 3 n / l + w 123 52 60 3 < + 2 r = 3 »< — n J t — 2 m, 

14 44 14 4 * — x =s3nt — 4 n t t 4 - vs 124 54 61 4 t 4 - 2 2 = 4 n t — 2 n, t — 2 w, 

21 31 8 *-fx = 2n<~ _ or 130 .. 69 2 y, = 2», J — 2 v, 

22 32 9 2< + x = 3nt — 2n { t-m . 131 .. 71 l - 2 y = n * - 3 w, < + 2 v, 

23 33 10 3f + a: = 4 n * — 3 n, < — m 132 .. 73 2 f — 2 y = 2n < — 4 n, * + 2v, 

24 34 11 4f + x = 5«/ — 4«,*- w 133 .. .. 3 t - 2 y = 3 n * - 5 n t t -f 2 v, 

30 10 15 zz=n t t — -ar, 134 .. .. 4t — 2y = 4nf — 6n l t + 2v i 

31 21 20 i — z ~ n t — 2 nj + za, 141 .. 68 t + 2y~nt + n i t~ 2v t 

32 22 21 2t — z = 2n*~3V + bt, 142 .. 70 2 i + 2 y = 2 » < - 2 v, 

33 23 22 3 * — s := 3 « f — 4 n, t + 143 .. 72 3 t + 2 y as 3 n t — n t t — 2 v, 

34 24, 23 4 t — z = 4 n f — 5 n t t -f- w t 144 .. .. 4 t + 2 y = 4 w < — 2 n, f — 2 v, 

41 1116 i + 150 250.. 3i = 3»t-3m 

42 1217 2* + x = 2nf— n t t — z? t 151 261 .. < — 3i= - -2nt — n, f-f 3 ®r 

43 13 18 3t + z=z3nt — 2n t t — or, 152 262.. 2 * — 3 x = — n t — 2 u, < -f 3 m 

44 14 19 4t + z = 4nt — 3n l t—vr, 153 263.. 3 t — 3 X s= — 3 », t + 3 nr 

50 110 26 2x = 2n* —2nr 154 264 .. 4 t — 3 .r = n < — 4 n # t -f 3 w 

51 12125 t— 2x~ — nt — n t t + 2™ 161 251 .. t + 3 x = 4 n t - n, t - 3 or 

52 122 24 2t — ‘2x=z-2n,t+ 2 vt 162 252.. 2 t + 3= 5 n < — 2n,< — 3 w 

53 123 32 3 < — 2 j; = » ^ — 3 — 2 cr 163 253 ,. 3 < + 3 J = 6 n < — 3 n, t — 3 w 

54 124 33 4 t-2x=:2nt — 4n i t + 2rs 164 254.. 4 t + 3 j = 7 n t - 4 n, < — 3 nr 

61 111 27 J-f2x = 3n* — n t t — 2 vs 170 210 .. 2 x -+-2 = 2n<4-w < / — 2-nr — 

62 112 28 2<-h2x = 4n/~2n ( i —2ar 171221 .. t — 2.r — z — — nt—'l n t t -f- 2txr + w 

63 113 29 3i4-2x = 5ni — 3n t t— 2m 172 222 .. 2t — 2x —% = - 3 «, / + 2 m + 

64 114 30 4<4-2x = 6ni — 4n i f--2w 1 73 223 ,, 3 t—2 x — z = n t —4 n, < 4 - 2 m 4 - vr t 

70 .. 47 x + z = n< + n, i — or — rsr t 174 224.. 4 2x —z = 2« 5 n, < + 2 m 4- -m t 

71 8146 < — x — z = — 2 n, < + ts 1 -f w, 181 211 .. < + 2.r + i = 3n f - 2tir— 

72 82 53 2*—x—z=n<~3n ( f + w + m, 182 212.. 2 f 4 - 2 x + s s= 4 nn, < — 2 w—ro i 

73 83 54 3 t—x—z=2n t —4 183 213 .. 3 1 -f 2 x «f z = 5 n t — 2n t t—2 zu—vx t 

74 84 55 4 *— x—r=3n<—5 n,< + ar.f set, 184 214 .. 4 < + 2 x + z =s C n <—3 n t t—2 'ar— tzt < 

81 71 48 < + i + 2 = 2nl-m-Br i 190 230 .. 2x — z=2«f— 21374 *^ 

82 72 49 2f-fx-fz:=3 nt—n^ — zu — zz. 191 231 .. t — 2x + z = — n t -f 2vs — ur t 

83 73 50 3 t-\-x + zz=4nt — 2n i t—'3j—vr l 192 232.. 2 t — 2 x + x — «, < + 2 to — ^ 

84 74 51 4/+.r+:=5n<—3« ( /-w-^ 193 233.. 3 < — 2 x + x = n t — 2n, / -|- 2 tsr-w / 

90 .. 35 x — z — n t—nj—vi + v? j 194 234.. 4 < — 2x + z = 2 »*—3^ / + 2 ar— 

91 .. 41 t — x + z = w— w, 201 241 .. < 4-2 x~2 = 3»/ — 2«^ — 2sr + ® ( 

92 .. 42 2 t— x + z — n t—n t t 'UJ~w i 202 242 .. 2 < *f 2x —z =r 4n t — 3n,f—2 ot + m ( 

93 .. 43 3 t—x-\-z=2nt—2n l t + vr+vr i 203 243.. 3 i + 2x—z = 5 n /—4 n t t — 2 w -f- ro, 

94 .. 44 4i-i + :=3n/-3n ( < + w + OT ; 204 244.. 4 i 4- 2x—zs 6 n t—b n i t-~2 vr + w, 

101 .. 36 t+x—z z=2n t—2 n j t~~zz+rz l 210 170 .. x + 2x = n t + 2 n, t — vs — 2 

102 .. 37 2 *-f r—z=3nf—3 nt — v; + w l 211 222.. t — x — 2 r = — 3 < + ar + 2 

103 .. 38 3 <-fx—z»4 n 4 n,<—^4-^ 212 223 .. 2t — x — 2z = nt — 4n^ < -f w «f 2^ 
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213 

224 

3 t —x—2 z = 2 nt —5 t 4 - vx 4 - 2 vx t 

214 

225 

A t —x—2 z — 3 n t — 6 n i t + vx + 2 vx t 

221 

171 

t-\-x + 2zz=z2nt+n i t — or — 2 or. 

222 

172 

2 < 4 '^ + 2z=3n< — vx — 2 vx t 

223 

173 

3t + x+ 2z — Ant — n t t —vx — 2 ttr / 

224 

174 

4<4*>r+2z = 5»ii — n, f—zcr— 2 vx t 

230 

190 

x — 2 z 3= n t — 2 n ( f — vx + 2 vx t 

231 

191 

l — x 4 - 2 z = n ( t 4 * vx — 2vx t 

232 

192 

2 t — ,x42i=n<4ro- 2 or, 

233 

193 

3 f—x 42 zss 2 tt<-« / < 4 ®- 2vx t 

234 

194 

A t —x 4 * 2 z s=s 3 n t —2 t 4 - vx — 2 vx f 

241 

201 

t 4 - x — 2 z = 2 n f— 3 b ( <—vx + 2vx t 

242 

202 

2 t 4 - x—2z = 3 11 1 — 4 n, / —ra-4-2 vx t 

243 

203 

3/4- x —2x = 4n f —5 < —^4-2 w / 

244 

204 

4 t 4 - x—2 z — 5 n t — 6 n t t — vx-{-2vJ t 

250 

! 150 

3 z=3n / < - 3 -nx 

251 

! 161 

< — 3 z zss n t — 4 n, f 4 - 3 zcr, 

252 

1162 

2t — 3z — 2 nt — 5n,t + 3vr, 

253 

163 

3 t — 3 z = 3 » * — 6 «, < 4 - 3 or, 

254 

164 

4< — 3z==4w< — 7» < <4-3tr / 

261 

151 

l 4- 3z = n*4- 2n ( t — 3vx t 

262 

152 

2<4 3z=2B4n ( l-3x / 

263 

153 

3 1 4~ 3 z — 3 ft t 3 

264 

154 

4i4-3z=4»i — n^ — StsT, 

270 


x 4 - 2 y = ni 4 - 2 n ( < — vx — 2v t 

271 


t — z - 2 y = - 3n^4 ® + 2 ^ 

272 

. . 

2 i — x — 2 y=nt — 4n < e4--nr4-2y J 

273 


3 t — x — 2 y sss 2 n /—5 n, t 4 - vx 4 - 2 v, 

274 


4 * — x— 2y — 3nt-6n.it + vx -{-2v l 

281 


t 4 - x 4 - 2y — 2ni 4 - n t t — vx — 2 v l 


282 .. 2 <4- 2y =x3n* — vx — 2v t 

283 .. 3 t + x 2y vz. Ant — n t t — vx — 2v ( 

284 .. 4 t 4* x 4- 2y = 5 n t —2 n t t — vx —2v, 

290 .. x — 2yz=mt — 2n t t — vx + 2v t 

291 .. t—x+2y = n, t + vr —2y, 

292 .. 2 t — x +2 7/ = nt + ziT — 2 v t 

293 .. 3t-~x + 2y=s2nt — n t t + vx —2 v t 

294 .. At—x 2y tsz3n t — 2n t t or—2v ( 

301 .. t + x — 2 y = 2 m t — 3n t t—vs 4- 2 v < 

302 .. 2 i 4-x— 2yz=z3nt —4« ( <—® + 2 1 

303 .. 3 * 4-x— 2y = 4n*—5 n, *— vx 4- 2 v, 

304 .. 4 * -4- x— 2y = 5 n<—6n, i — tsr 4- 2 y / 

310 .. z+2yz=.3n t t — m t — 2v t 

311 .. t — z —2 y = nt — 4 n,t + vx t 4- 2v t 

312 .. 2 1 — z—2y — 2nt —5 n t t 4- vx t 4- 2 v, 

313 .. 3 t—z—2y — 3 n t —6 n t t 4* vx t 4- 2 y, 

314 .. 4 t—z — 2y sss 4 n, t—7 n t i 4- vx, -f- 2 v, 

321 .. <4-z4-2y=w*4-2n,* —2* ( 

322 .. 2 t 4- 2 4- 2 y = 2n * H- n, t —ot, — 2 y ( 

323 .. 3 l ~ 2y —3 n t — vx t — 2* t 

324 .. + r + 2y=s4n< — n ( t — vx f — 2v t 

330 .. 2 — 2 y =s — n t t — vx i + 2v l 

331 .. t — z+2y = nt+vx l — 2v, 

332 .. 2 t-: + = 2«<—n, * 4 -tj 7 ; — 2 v, 

333 . . 3f_ 2 + 2y= 3n<— 2n,* 4- nr, 4- 2 y, 

334 .. 4 * — 2 + 2 y = 4n f—3 n t t 4- vx t — 2 v, 

341 .. <4-2 — 2y — nt— 2 n f tvx t + 2v t 

342 .. 2 t + 2 — 2y = 2nt—3 n, t — vx l -J r 2v t 

343 . . 3i4*z — 2y—3nt — 4 n 4 t—w t 4- 2 v t 

344 . . A tz—2y=.A n t —5 n t t —tr i 4-2 y f 
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Table I. 

Showing’ the arguments which result from the combination of the arguments 
10 , 50 and 150 with the arguments in the first or left-hand column, by 
addition and subtraction. 
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Table II. 

Showing the arguments which, by their combination with the arguments 10, 
* 50, and 150, by addition and subtraction, produce the arguments in the 

first or left-hand column. 
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Table II. (Continued.) 


1 

50 

150 | 

1 10 

50 

150 | 

_« 

50 

150 | 

172{ 

72 

32 

. } 172 

212* 

112 


. j- 212 

*72 -j 

133 


. }*272 

17S{ 

73 

33 

. } 173 

213 < 

113 


. j-213 

273* 

133 


. } 273 

174{ 

74 

34 

. } 174 

214 * 

114 


. j* 214 

274-j 

134 


. }*74 

181*[ 

81 

41 

. |)81 

221 - 

121 


. j- 221 

281-j 

141 


;;;;;; ]*28i 

182«[ 

82 

42 

...... j 182 

222 ■* 

122 


;;;;;; }222 

282*j 

142 


. j-282 

1831 

83 

43 

...... j 183 

223 i 

123 


. j* 223 

283*j 

143 


. j- 283 

184*| 

84 

44 

. 1184 

224-j 

124 


. j* 224 

284 { 

144 


. 1284 

190{ 

90 

- 30 

. } 190 

230 *[ 

-110 


. j- 230 

*90 { 

-130 


. }290 

191 { 

91 

41 

. } 191 

231 j 

121 


. j* 231 

291 { 

111 


. }*91 

192 { 

92 

42 

. I 192 

232*[ 

122 


. J*232 

292 { 

142 


. } 292 

!93{ 

93 

43 

. } 193 

233 { 

*123 


. j- 233 

293 { 

143 


. }*93 

194 *[ 

94 

44 

. })94 

234 { 

124 


. j-234 

294 { 

1 li 


. | 294 

2011 

101 

31 j 
. j 

. jsoi 

241 | 

111 


. 1241 


131 


;;;;;; } 301 

202 *[ 

102 

32 ! 

. j- 202 

242 j 

112 


. j* 242 


132 


. j- 302 

203 *[ 

103 

33 

. j- 203 

2431 

113 


. | 243 

3031 

133 


. j*303 

204 { 

104 

34 

. j* 204 

244 | 

114 


. | 244 


131 


. |*304 

210 «[ 

110 


. ]*210 


130 


}»« 





| 2 n{ 

111 


. j* 211 

1271 { 

131 


. }27l 






The following examples will show the use of the preceding Table, in forming 
the equations of condition which serve to determine the coefficients of the in¬ 
equalities of the reciprocal of the radius vector and of the longitude. 
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r.»a’{l+ 3e ^I + — 3 e ^1 + g e 4 ^ cos (n < + « — or) + -^ co* (3 n f + 3 « — 3 w) 

‘i^{(I+3^),,-^(r n + +2,,,.. 


4 - n T-' 1 “ {(1 + 3 «•) r._ §- «• <r„ + r.,)} _ r„ + B ,, = 0 

^ = 4 + 2 *J.±_ L/*l« dt 

3T r* r r r'J d X 

~ 83 1 + |r + 2 e ^ + 2~~^cos (a < 4- e — w) -f 5j- cos (2 n < -f 2 c — 2 tir) 
4 - !le } cos (3 a t 4- 3 « — 3 m) 


1=1 4e^l — cos (n < 4- * — w) 4- e 2 cos (2 n t 4- 2 < — 2 w) 4- e* cos (3 n * 4- 3 s — 3 w) 
A s=n|l 4 2^} < 4 i 


4* “I 2 ^ r, 4" — y (*11 4" r ai) ^ 

tn ( / 1 1 . e>i \ a «i ei „ „ w , e 2 a n ft*, 1 1 n . 

- ,T U + y) T« - v7) + n, R " + ( 2 V-^ 7 ) } ;^^7) ,m («*-",« + •- *,) 

+ { 2 jr, + ~)r la +r J; )| 

_ * / a + i;\ -i2_?s- + I Iffr 2 —.• to < 8 -*- 8 -.‘+—o 

^ l\ 2 ) (n — n { ) {n — 2 » ( ) (3n —2n ( )J J 2(n-n ( ) v 1 iJ 


In the same way, by means of the Table, all the other coefficients may be 
found. 

The great inequality of Jupiter consists of the arguments 155, 1/4, 213, 2/3, 
and 312, the variable part of which is 2 n — 5 « p and arises, as is well known, 
from the introduction of the square of this quantity, which is small, by succes¬ 
sive integrations in the denominators of the coefficients of the sines in the ex¬ 
pression for the longitude, of which the above named are the arguments. 

The following are the equations which have reference to these arguments, 
and which may be found at once by Table II. 


I r 1 + re ' 


1 1 , m, a n 

16 r *} - r '" + T ®‘ 5 ‘ ~ 

l_r,-, + ^ 9 , 71 = 0 
2 n — 5 n.)* / 3, \ r + m > a a -0 

—sr- 1 2 , “’r r * w + 


(2 n — 5 n,y f 
n? L 

(2 n — 5 w,)* / 
n* \ 

(2 


3 

2 f? * 


2 r 2 
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(2 »-5 ■>,)•/. 3 _ 1 _ , ro, a _ 

| r «73 Y fl33 J “ f «73 + — <?273 = ® 

(2 n — 5n,)* ( 1 , raja 

| f 3l9 ~ f 3J2 J T ?315 — 0 

^ = j^isi + Y^ r 55 +’’u+-|- r 4 ^ J 

_™i j » , 5 naR,, ± 5.5naR ls 13.5naR*\l n® 1 . 

I* l(2»-5n < ) Al “ + (3«-6» < ) 4 (3 n — 4 n, j 8.5 (n — n,) J J(2 * - 5 »,) * 

+ | 2 |r , 74 + ~ (r 74 4 - r 34 ) | 

~ { l n . ? . R ^ 4. 4na R ±i- + ^ n - aR ~) 1—lllfl—sin (2«< — 5 »^ 4* 2or 4- ur) 

/x 1 (2 n — 5 »,) (3n — 5nj) 4 (4 n —5 n,) / J (2 n — 5 n,) 

+ { 2 {'"* + + (S^} }(S|) 


{ 


+ s 2 r 3I 


_ n . n e sin®-h- 
2 m, w a R^l 2 

fx.(2n~5n l ) ) (2n-5n ( ) 


sin ( 2 nf — 5 n t t 4 - nr, 4 - 2 ^) 


The quantities r 55 , r 74 , r 113 and r m have the quantity 2 « - 5 n 4 in the 
denominator, rejecting those quantities in the value of h \ which have not 
(2 n — 5 w,) 2 in the denominator. 

__ 4 7W, R^,,* 3 _ 

liS /x (n—5 n ( )(3 » — 5 n,)(2n — 5 »,) 

^ ___ 4 ffl, n 3 a R 174 e® e t 

f| ' 4 jx(n— 5 »J(3 n — 5 n,)(2« — 5 «,) 

_ 4to j n J a R^ s ee^ 

T,il3 ~~ ft. («—5n / )(3n — 5n,)(2n — 5 n,j 

4 m t n'aR w e sin 3 ~ 

r * 7S fj.(n-~5 n / )(3n — 5 ^) ( 2 » — 5n f ) 




2r 14 , 4-r, 


4 ro,n*a R m e,sin® -h 
fj. (n — 5 n,) (3 n — 5« < )(2n — Sn^) 
Sm^naR, 


/x (2 ;/< 


!»—5n,) J 


(2»-5n,) 


sin (2n < — 5 » ( f 4- 3 nr) 


-{ 

+ { ! '»■ + - SsiSg}jsSfo*(•■«-•*+«• + •; 


5n,< +3w) 
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+ {2r al> +r m -g£^}_^_ 5 . in (2 Bt _5„, t + » + 2 w ( ) 

+ {ir m + .in(2n<-S,,< + * + 2,,) 

+ {2r 31J - 2’”,°” ”!! 8 .- g sin (2» i-5>>,< + sr, + 2.,) 

l |*( 2 m- 5n,) J (2 « — 5 «,) 


The coefficients of the terms in the development of R multiplied by the cubes 
of the eccentricities, as regards the quantities b 5 and b 7f (they also contain the 
quantities h>) may be found by changing b :i into *5» in the terms in JR multi¬ 
plied by the eccentricities, and multiplying the result by 


9 (a 2 e * + a^) , 3 a 
~8 a/ 8 a, 

[ 0 ] 


+ ^cos2x —— — (We/ + 2sin 2 h-W« + 1 -1 e*cos (t + 2x) 

“- 0 4 a, \ if 16 a t 


[50] 


[ 1 ] 


[61] 


~ — e 2 cos ( t — 2 z) -f ~ - a - e 2 cos (t — 2 x) + — e *cos (t -f 2 z) -f- ~ — ee t cos ( t — x -f 2 ) 

1 6 a* 10 a. 4 a ( 8 a, 

[HI] [51] [121] [91] 


9 

8 


it ec.cos (f -f x + 

a , 

m 


*) 


9 

"8 


— e<?,cos (t — x — 2 ) 4- — ee t coa (f + x — z) 
a t 8 a, 

[71] [101] 


+ 4- - a •in’ A cos (< + 2 y) + 1 e,» cos 2 2 
2 a. Z o 

[141] [110] 

and changing b h into b 7 , in the terms in R multiplied by the squares and pro¬ 
ducts of the eccentricities, and multiplying the result by 


4 and — --%cosx + 

6 a. 2 

[ 10 ] 


— ecos ( t — x) + ~ € cos (t + 2 ) — — 6 cos (t + x) 
a, a ‘ a t 

[11] [41] [21] 


— ~ e t cos {t - 2 ) — 2 c, cos 2 

[31] [30] 

and changing b s into b :% in the terms in R multiplied by the squares and pro- 
ducts of the eccentricities, and multiplying the result by — — and the same 
quantity. 

Thus JR 155 results from the combination of the arguments 
51 x 14, 50 x 15, 61 x 16, 10 x 55, and H X 54. 


. 3 (I f 3o , a* i a ; 1 

51 X 14 gives + 32 a< iiv " 2 a} “ 4V M 
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50 x 15 gives + & J ~ 3 ^*m - 4^5 *>.«} 

61 x 16 gives +32'57{4a/ 4, ' s- av**'" ~4o/ is ’ 7 } 

» ° k a * a 3 a i 3.9 a 2 , 3 .3 a J , 

n ~ “ 165? ^ ~ 8V * 3 ’ 5 ~ 165? * 3 ’ 6 ~ 2m V M + 274 V 4,4 


3 a 1 (2a* — 3a,*) L 3 a 3 k 3a* 

2.4.2 a. 5 Si 2.4a/ 5,8 2.4.4a, 


3 5 

changing b$ into — b S) and b 5 into — -g b 7> we have 

3a £ , 3a 9 L . 9 a L . 3.9.5 a 9 ^ 3.3.5a 3 ,, 

655? **•* + 325? Ki + 64 a? + 2. TT 4.6 5* #M " 27576 5? 

, 3.5«'(2«’-3a, , )i , 3.5 o’ t , 3.5 a‘ A 

+ 27572-5!— + 57776 5? + 5757776 5;- 

= 65 Z* 6 " + SS? J% ' + ^5?* ! ' e + O 6i s -%*’■' ~ 7, A ’’} 

- feHSK-M-m§{v - *»} -| s 7?{*’-- *•■•} 

and since 4 = b 7 s — — 5 7 4 — ~ b r f> 

a > * a i ' a i " 

4 i v = | i - 5,,} 5= ° 2 i = 4 a - { *>- - ^ } 

3a, . 3 a* . ,9a, .15 a 1 , ,27a, 15 a* , 3 a / 

= 64 V M 32 V V + 64 5? 6 ^ + 48 5? ^ + 24 V 6i ’ 4 ~ 12 a“ Kb ~ 16 5? ^ 

64 a* " 32 a, J * ’ 64 a, 1 1 


»_a , a- 

— TTTTv o'l 

16a* 8a 1 


. 3a j 3.9a 4 , , 3.3a 1 . 

» As ' 4 *" 16 a,* ,,J 2.4.4 a,* s '* + 2.4 a, 4 6 ' J 


3a e (2a a — 3a»), __ 3a> , _ 3a* 

C- ’ 2.4.2a, 5 *’ 4 2.4 a/ 2.4.4 a, 3 


Similar changes and reductions give 

57 a « 19 a* , fl i 

645? ^ ” 325? * 4 ' 4 ~ 645? &s ’ 6 
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it,i 


_ 3 a 
32 a, 

1 4 a* ' 

« 8 A 

,s 2 a/ di * 4 

- 

L 3 a* / 3 a , a 3 . 

J + 16 a/ IT a/ 5 ' 4 2a/ i,s 

4-?i 
32 a, 

J 3a . 

( 4>, ‘ 

- J^6 58 - 

2 a/ 5 ' 8 


a 2 / 75 a , 27 a* , 

a/164 a/ r> ’ 4 32 a/ 

J 3a 1 

'57 a , 

19 a 2 t. 

a ; 

1 

+ 2" a, i 

.64 a,* 

32 a/ s * 4 

64 a/ ^ 

I 


and adding the terms which depend upon 

/> a i a z , a , ,45 a 3 # 63 a 3 » (21 a 2 4 96 a 3 ) 3 . 

/{ '" = 96^- *»■' -TO^’ 6 - + I5i? + 32 «/ ~32 5? + “128a/ -” *** 


_ 9 «1* 5 - 

64 a/ ’ >fi 128 a/ 

which may be still further reduced. /f 174 , R m , and ^312 niay be obtained 
in a similar manner. 


The following Table shows the arguments which, by their combination with 
the arguments 1, 2, 3, 12, 13, 31, 32, 04, 65, 73, 74, 112, and 113, 
by addition and subtraction produce the arguments 155, 174, 213, 
273, and 312. 


I. • 

2 

3 

12 

13 

31 

32 

64 

65 

. 

73 

74 

112 

113 

i 

J 551 

154 

156 

153 

157 

152 

15« 

53 

52 

. 

. 

11 

-To 

192 

191 



j-155 

174{ 

173 

175 

172 

17*5 

171 

177 

72 

71 


52 

- 30 

- 41 

11 

- 10 

192 

191 

} 174 

«»{ 

212 

214 

211 
215 : 

-210. 

21(5 

111 

1-110 

j 

72 

71 

-231 

. 

-232 

- 30 

- 41 

11 

- 10 

1213 

*»{ 

272 

274 

271 

275 

-270. 

27*5 

131 

-130 


. 

-291 1 

—292 

330 

-331 



1273 

312 j 

311 

313 

— 310. 
3)4 

-321. 

315 



131 

-130 

1 

.1 


-291 

— 292 

330 

-331 

1312 


If 

T 8. -- SSS r', cos («/ — «,0 4 r’.,cos(2tt t — 2n/) 4 r',cos (3 nt — 3 n/) 4 er\ n co&(nt — 4 *n 

4 e r' n cos (2 «t — 3 4 4 Ac. 

^ £ . .L srr/ t cos (» t—n t t) 4 r/,cos ('2nt — 2n t t) 4. r/,cos ( 3 n t—3n t t) 4- er/, .cos (« < — 2 n,t 4 - 
4- er/„cos (2« t — 3n/ 4* or) 4- &c. 

$X = X,sin (n / - n t l) 4 - K sin (2 n t - 2 it,*) 4- a, sin (3 «* - 3 n t t) 4 sin (»J - 2 n,t 4 
4 < A,, sin (2 nl — 3n,t 4 or) 4 Ac. 
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i A, = * tl sin <* * — »,<> 4* A* sin (2 n t 2 nfi 4 K# sin <3 n t — 3 *fi 4 e A n * sin (n I — 2 »,t 4 w) 
4 * Austin (2 n t — 3 »,! 4 *0 4 &c. 

Supposing that the arguments 1, 2, 3, 12, 13, 31, 32, 64, 65, 73, 74, 
112, 113, 155, 174, 213, 273, and 312 are alone sensible in &A, 

h — and i A, the coefficient of e 3 cos (2 n * — 5 n/ + 3 m) in the expression for 
* l Ror % R 155 


=-T{^ + ^} W ' + { 28 '«- 3 M{*'- A 4 -T{ a -^ a + ^ 7 } r '” 

+ Tr{ SRm-7B ‘"} 

4 | H l4a — 4 R li8 1 | A, — A, 3 1 — r \a 4 y *»»* } 

HfiT r\ 3 4 R* |a 13 - J - 4 2R« - A m J 


ad. 
2d a 


® d R lt)H 

TTi ” 


- r ' >0 ~ T R “ { x ‘° “ A ' 10 } - °2tf« a r ” - ~ x '« } “ 

i t> f-v % 1 od.R 0-J 1 / a y d . 1?, M , a, d . 1 * 

l 74 ~ /74 J ~ dfa 7 ~’ J ' 1 

1 /o / d. R 15 g , fl, d. Ri 47 \ t 1 f o t d H, 54 , a t d H l5 „l t a^.R^ , 

-j l ~?tt i “ 2 ~a°r i “ ~2^r *■■ 


_«,d.R s8 „, 

TdoT ‘ 


d. Rg4 t _ g, d ..R fl! . 

2da, 7,1 2 da/ 


' ,0 ~~2dT 


. a A3m r . 

2 da, ' 7 


“TST'' 1 


In the same way the expression for & . R m , &. /? 213 , &. and & . R m may 
be found from the preceding Table. 

If a < a t and 


jl — cos 04 ^=§ 6 , t0 * 4 fc^cosd 46 i>a cos 28 &c. 

( 1 —~ cos $ 4 ^ ss l b 3 o* 4 &s i cos & 4 K * 008 2 ® &c * 

t <*, a,*J 

— ^jr* Ti eco ‘( n i t ~' m ) + ^£tco*(2nt-n 1 t-w) + « ( co*{>i( — 2»,« +w,) 

* a i 


9 The notation is slightly changed from that used befor$. 
t « and § t which accompany n t and n t t are omitted for convenience. 
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+ ^ CO* - 2 ») + CO. (3 „ < _ n, < _ 2 w) - 3 -^« ( c<» (2 -w-.,) “ £ 

the develop- 

+ ^li'««,co»(2»«-2* ( I-Br + ar ( ) + ^ Sif e,» cos (»t - 3 »,«+ 2 «,) ment of R. 

+ «,*co.(n( + n,(-2«r ( )+^.in*i co. (»t + *,i - 2 >,) 

+ m ‘ 2 {“ 27 * + 4^**“*"2 (* W - I + * 3 .i + 1 ) 

+ fL T^ ) ( (3i-l)4iW - ,_(3i+,)4w + , )} C “ i (’ ,,_ ”' 0 

+ m ' 2 { _ 4^‘w->~2^ J W + ^i i 3^ + l} ec0 * (•(*<-«,<) + »‘ 

+ 2 { T ^ *Ai - I “ 2^ *W ~ ?fl 4 V +> }*'""(* (b ‘ - *< + "< '-*<) 

i m x / (2 + i) a , (1 + ») a* j, 

+ m ,i I - -fg- hs- , - 2 V 4 W 

+ - 8 -| 6 9l> ^ { 3 ,i + 1 } «*«« (■ 0 f - n, i) + 2 n< - 2m) 

- A 3 ,, + i} ««!«*(* (»< - «! 0 + nt + n, t - m- 

+ » i2 {._o+3 i )« i3 ._ i 

+ 3(l 8 + 0 £ + 1 } **« c0 *(* (* 4 - V ) + *‘ -M - « + »<) 

, „ x /(8-9i) a k x (1 -i) t 

+ m ‘ 2 V—16“ V ‘w - > + ~2^r *-* 

"Tr ) a 7 i «+'} t ‘'“( l( ' l * v, + 2v ' ! ''‘) 

“ 2 2^» *W “ lT CM (■' (# ,-B ‘ 0 + 2 ", 1 “ 2 ”<) 
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Tbs reader is requested to make the followtag corrections. 
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4- A, cos2 1 

-t- e X 4 cos x See . dec. 

Page 254, line 1, read — A cos (2 1 4- 2*+ z) 

[25] [30] 

Page 260, line 6, read + ^3 — ~ | cos (a: — z — 2y) 

[89] 

Page 262, line 6, read — ~ eef cos (2 1 + x — 3 x) 

32 

[58] 
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Page 291, line 9, read + yg Jt** 00 * (*+ 2*) 
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XVII. On a peculiar class of Acoustical Figures; and on certain Forms assumed 
by groups of particles upon vibrating elastic Surfaces. By M. Faraday, 
F.R.S. MM.I., Corr . Mem . Royal Acad . Sciences of Paris , 'fyc. 8$c. 


Read May 12, 1831. 


1. XHE beautiful series of forms assumed by sand, filings, or other grains, 
when lying upon vibrating plates, discovered and developed by Chladni, are 
so striking as to be recalled to the minds of those who have seen them by the 
slightest reference. They indicate the quiescent parts of the plates, and visibly 
figure out what are called the nodal lines. 

2. Afterwards M. Chladni observed that shavings from the hairs of the ex¬ 
citing violin bow did not proceed to the nodal lines, but were gathered together 
on those parts of the plate the most violently agitated, i. e. at the centres of 
oscillation. Thus when a square plate of glass held horizontally was nipped 
above and below at the centre, and made to vibrate by the application of a 
violin bow to the middle of one edge, so as to produce the lowest possible 
sound, sand sprinkled on the plate assumed the form of a diagonal cross; 
but the light shavings were gathered together at those parts towards the middle 
of the four portions where the vibrations were most powerful and the excur¬ 
sions of the plate greatest. 

3. Many other substances exhibited the same appearance. Lycopodium, 
which was used as a light powder by Oersted, produced the effect very well. 
These motions of lycopodium are entirely distinct from those of the same sub¬ 
stance upon plates or rods in which longitudinal vibrations are excited. 

4. In August 1827, M. Savart read a paper to the Royal Academy of 
Sciences *, in which he deduced certain important conclusions respecting the 
subdivision of vibrating sonorous bodies from the forms thus assumed by light 
powders. The arrangement of the sand into lines in Chladni’s experiments 

* Annales de Chimie, xxxvi. p. 187. 
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shows a division of the sounding plate into parts, all of which vibrate isochro- 
nously, and produce the same tone. This is the principal mode of division. 
The fine powder which can rest at the places where the sand rests, and also 
accumulate at other places, traces a more complicated figure than the sand 
alone, but Which is so connected with the first, that, as M. Savart states, “ the 
first being given, the other may be anticipated with certainty; from which it 
results that every time a body emits sounds, not only is it the seat of many 
modes of division which are superposed, but amongst all these modes there are 
always two which are more distinctly established than all the rest. My object 
in this memoir is to put this fact beyond a doubt, and to study the laws to 
which they appear subject.” 

5. M. Savart then proceeds to establish a secondary mode of division in 
circular, rectangular, triangular and other plates; and in rods, rings, and 
membranes. This secondary mode is pointed out by the figures delineated by 
the lycopodium or other light powder ; and as far as I can perceive, its existence 
is assumed, or rather proved, exclusively from these forms. Hence much of the 
importance which I attach to the present paper. A secondary mode of division, 
so subordinate to the principal as to be always superposed by it, might have 
great influence in reasonings upon other points in the philosophy of vibrating 
plates; to prove its existence therefore is an important matter. But its exist¬ 
ence being assumed and supported by such high authority as the name of 
Savart, to prove its non-existence, supposing it without foundation, is of equal 
consequence. 

6. The essential appearances, as far as I have observed them, are as follows. 
Let the plate before mentioned (2), which may be three or four inches square, 
be nipped and held in a horizontal position by a pair of pincers of the proper 
form, and terminated, at the part touching the glass, by two pieces of cork ; 
let lycopodium powder be sprinkled over the plate, and a violin bow be drawn 
downwards against the middle of one edge so as to produce a clear full tone. 
Immediately the powder on those four parts of the plate towards the four edges 
will be agitated, whilst that towards the two diagonal cross lines will remain 
nearly or quite at rest. On repeating the application of the bow several times, 
a little of the loose powder, especially that in small masses, will collect Upon 
the diagonal lines, and thus, showing one of the figures which Chladni dis- 
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covered, will also show the principal mode of division of the plate. Most of 
the powder which remains upon the plate will, however, be collected in four 
parcels ; one placed near to each edge of the plate, and evidently towards the 
place of greatest agitation. Whilst the plate is vibrating (and consequently 
sounding) strongly, these parcels will each form a rather diffuse cloud, moving 
rapidly within itself; but as the vibration diminishes, these clouds will first 
contract considerably in bulk, and then settle down into four groups, each 
consisting of one, two, or more hemispherical parcels (53), which are in an 
extraordinary condition; for the powder of each parcel continues to rise up at 
the centre and flow down on every side to the bottom, where it enters the mass 
to ascend at the centre again, until the plate has nearly ceased to vibrate. - If 
the plate be made to vibrate strongly, these parcels are immediately broken 
up, being thrown into the air, and form clouds, which settle down as before ; 
but if the plate be made to vibrate in a smaller degree, by a more moderate 
application of the bow, the little hemispherical parcels are thrown into com¬ 
motion without being sensibly separated from the plate, and often slowly travel 
towards the quiescent lines. When one or more of them have thus receded 
from the place over which the clouds are always formed, and a powerful appli¬ 
cation of the bow is made, sufficient to raise the clouds, it will be seen that 
these heaps rapidly dimmish, the particles of which they are composed being 
swept away from them, and passing back in a current over the glass to the 
cloud under formation, which ultimately settles as before into the same four 
groups of heaps. These effects may be repeated any number of times, and it 
is evident that the four parts into which the plate may be considered as divided 
by the diagonal lines are repetitions of one effect. 

7. The form of the little heaps, and the involved motion they acquire, are 
no part of the phenomena under consideration at present. They depend upon 
the adhesion of the particles to each other and to the plate, combined with the 
action of the air or surrounding medium, and will be resumed hereafter (53). 
The point in question is the manner in which fine particles do not merely 
remain at the centres of oscillation, or places of greatest agitation, but are 
actually driven towards them, and that with so much the more force as the 
vibrations are more powerful. 

8. That the agitated substance should be in very fine powder, or very light, 
appears to be the only condition necessary for success; fine scrapings from a 



302 MR, FARADAY ON A PECULIAR CLASS OF ACOUSTICAL FIGURES. 

common quill, even when the eighth of an inch in length or more, will show 
the effect* Chemically pure and finely divided silica rivals lycopodium in the 
beauty of its arrangement at the vibrating parts gif the plate, although the same 
substance in sand or heavy particles proceeds to the lines of rest. Peroxide of 
tin, red lead, vermilion, sulphate of baryta, and other heavy powders when 
highly attenuated, collect also at the vibrating parts. Hence it is evident that 
the nature of Hie powder has nothing to do with its collection at Hie centres 
of agitation, provided it be dry and fine. 

9. Hie cause of these effects appeared to me, from the first, to exist in the 
medium within which the vibrating plate and powder were placed, and every 
experiment which I have made, together with all those in M. Savart*s paper, 
either strongly confirm, or agree with this view. When a plate is made to 
vibrate (2), currents (24) are established in the air lying upon the surface of 
the plate, which pass from the quiescent lines towards the centres or lines 
of vibration, that is, towards those parts of the plates where the excursions 
are greatest, and then proceeding outwards from the plate to a greater or 
smaller distance, return towards the quiescent lines. The rapidity of these 
currents, the distance to which they rise from the plate at the centre of oscil¬ 
lation, or any other part, the blending of the progressing and returning air, 
their power of carrying light or heavy particles, and with more or less rapidity 
or force, are dependent upon the intensity or force of the vibrations, the me¬ 
dium in which the vibrating plate is placed, the vicinity of the centre of vibra¬ 
tion to the limit or edge of the plate, and other circumstances, which a simple 
experiment or two will immediately show must exert much influence on the 
phenomena. 

10. So strong and powerful are these currents, that when the vibrations were 
energetic, the plate might be inclined 5°, 6°, or 8° to the horizon and yet the 
gathering clouds retain their places. As the vibrations diminished in force, the 
little heaps formed from the cloud descended the hill; but on strengthening 
the vibrations they melted away, the particles ascending the inclined plane on 
those sides proceeding upwards, and passing again to the cloud. This took 
place when neither sand nor filings could rest on the quiescent or nodal 
lines. Nothing could remain upon the plate except those particles which were 
so fine as to be governed by the currents, which (if they exist at all) it is evi¬ 
dent would exist in whatever situation the plate was placed. 
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M. M. Savabt seems to consider that the reason why the powder gathers 
together at the centres of oscillation is, “ that the amplitude of the oscillations 
being very great, the middle of each of those centres (of vibration) is the only 
place where the plate remains nearly plane and horizontal, and where, conse¬ 
quently, the powder may reunite, wbilst the surface being inclined to the right 
or left of this point, the parcels of powder cannot stop there.** But the inclina¬ 
tion thus purposely given to the plate, was very many times that which any part 
acquires by vibration in a horizontal position, and consequently proves that the 
horizontally of any part of the plate is not the cause of the powder collecting 
there, although it may be favourable to its remaining there when collected. 

12. Guided by the idea of what ought to happen, supposing the cause now 
assigned were the true one, the following amongst many other experiments 
were made. A piece of card about an inch long and a quarter of an inch wide 
was fixed by a little soft cement on the face of the plate near one edge, the 
plate held as before at the middle, lycopodium or fine silica strewed upon it, 
and the bow applied at the middle of another edge; the powder immediately 
advanced close to the card, and the place of the cloud was much 
nearer to the edge than before. Fig. 1 represents the arrange¬ 
ment; the diagonal lines being those which sand would have 
formed, the line at the top a representing the place of the card, 
and the X to the right the place where the bow was applied. 

On applying a second piece of card as at b, the powder seemed 
indifferent to it or nearly so, and ultimately collected as in the first figure: 
c represents the place of the cloud when no card is present. 

13. Pieces of card 'were then fixed on the glass in the three 
angular forms represented in fig. 2; upon vibrating the plate 
the fine powder always went into the angle, notwithstanding its 
difference of position in the three experiments, but perfectly in 
accordance with the idea of currents intercepted more or less by 
the card. When two pieces of card were fixed on the plate as 
in fig. 3. a, the powder proceeded into the angle but not to the 
edge of the glass, remaining about jth of an inch from it; but b 
en closing up that opening, as at b, the powder went quite up 
into the corner. 

2 R 


Fig. 2. 



Fig- I. 
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14. Upon filing tiro pieces of card m the plate as at c fig. 3, the powder 
between them collected in the middle very nearly as if no card had been 
present * but that on the outside of the cards gathered close up against them, 
being able to proceed so for in its way to the middle, but no further. 

15. Ip all these experiments the sound was very little lowered, the form of 
the cross was not changed, and the light powders collected on die other three 
portions of the plate, exactly as if no card walls bad been applied on die fourths 
so that no reason appears for supposing that the mode in which the plate 
vibrated was altered, but the powders seem to have been earned forward by 
currents which could be opposed or directed at pleasure by the card stops. 

16. A piece of gold-leaf being laid upon the plate, so that It Fig. 4. 
did not overlap the edge, fig. 4, the current of air towards the SjL 
centre of vibration was beautifully shown; for, by its force, the A \/ x 
air crept in under the gold-leaf on all sides, and raised it up into 

the form of a blister; that part of the gold-leaf corresponding -S 

to the centre of the locality of the cloud, when light powder was used, being 
frequently a sixteenth or twelfth of an inch from the glass. Lycopodium or 
other fine powder sprinkled round the edge of the gold-leaf, was carried in 
by the entering air, and accumulated underneath. 

17. When silica was placed on the edge of another glass Fig. 5. 
plate, or upon a book, or block of wood, and the edge of the 

vibrating plate brought as nearly as possible to the edge of Ljgg gggg mijL 
the former, fig. 5, part of the silica was always driven on to the 
vibrating plate, and collected in the usual place; as if in the \/ x 
midst of all the agitation of the air in the neighbourhood of / \ 

the two edges, there was still a current towards the centre of Km . . 

vibration, even from bodies not themselves vibrating. 

18. When a long glass, [date is supported by bridges or strings at the two 

nodal lines represented in fig. 6, and made to vibrate, the lycopodium 
collects in three divisions; that between the nodal lines F * lg 6 

does not proceed at once into a line equidistant from the 

nodal lines and parallel to them, but advances from the 

edges of the plate towards the middle by paths, which are a little curved and 

oblique to the edges where they occur near the nodal lines, but are almost 
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petpendicular to it elsewhere, and the powder gradually forms a line along 
die middle of the plate; it is only by continuing the experiment for some 
time that it gathers up into a heap or cloud equidistant from the nodal lines. 
But upon fixing card walls upon this plate, as in fig. 7> the 
coiuae of the powder within the cards was directly parallel 
to them and to the edge, instead of being perpendicular, 
and also directly towards the centre of oscillation. To prove that it was not as 
a weight that the card acted, but as an obstacle to the currents of air formed, it 
was not moved from its place, but bent fiat down outwards, and then the fine 
powder resumed the courses it took upon the plate when without the cards. 
Upon raising the cards the first effect was reproduced. 

19. The lycopodium sprinkled over the extremities of such a plate proceeds 

towards places equidistant from the sides and near the ends, as at a fig. 8; but 
on cementing a piece of paper to the edge, so as to j»j g 8 . 

form a wall about one quarter or one third of an inch a 
high, by the powder immediately moved up to it, and 

retained this new place. In a longer narrow plate, similarly arranged, the 
powder could be made to pass to either edge, or to the middle, according as 
paper interceptors to the currents of air were applied. 

20. Plates of tin, four or five inches long, and from an inch to two inches 
wide, fixed firmly at one end in a horizontal position, and vibrated by apply¬ 
ing the fingers, show the progress of the air and the light powders well. The 
vibrations are of comparatively enormous extent, and the appearances are con¬ 
sequently more instructive. 

21. If a tuning-fork be vibrated, then held horizontally with the broad sur¬ 
face of one leg uppermost, and a little lycopodium be sprinkled upon it, the 
collection of the powder in a cloud along the middle, and the formation of the 
involving heaps also in a line along the middle of the vibrating steel bar, may 
be beautifully observed. But if a piece of paper be attached by wax to the 
side of the limb, so as to form a fence projecting above it, as in the former ex¬ 
periments (19), then the powder will take up its place close to the paper; and 
if pieces of paper be attached on different parts of the same leg, the powder 
will go to the different sides, in the different parts, at the same time. 

22. The effects under consideration are exceedingly well shown and illus- 

2 r 2 




366 MR. FARADAY ON A PECULIAR CLASS OF ACOUSTICAL FIGURES. 

trated by membranes. A piece of parchment was stretched ami tightly tied, 
whilst moist, over the aperture of a funnel five or six inches in diameter; a 
small hole was made in the middle, and a horse-hair passed through it, but 
with a knot at the extremity that it might thereby be retained. Upon fixing 
the funnel in an upright position, and after applying a little powdered resin to 
the thumbs and fore-fingers, drawing them upward over the horse-hair, the 
membrane was thrown into vibration with more or less force at pleasure. By 
supporting the funnel on a ring, passing the horse-hair in the opposite direc¬ 
tion through the hole in the membrane, and drawing the fingers over it down¬ 
wards, the direction in which the force was applied could be varied accord¬ 
ing to circumstances. 

23. When lycopodium or light powders were sprinkled upon this surface, 
the rapidity with which they ran to the centre, the cloud formed there, the 
involving heaps, and many other circumstances, could be observed very ad¬ 
vantageously. 

24. The currents which I have considered as existing upon the surface of 
the plate, membranes, &c. from the quiescent parts towards the centres or 
lines of vibration (9), arise necessarily from the mechanical action of that 
surface upon the air. As any particular part of the surface moves upwards 
in the course of its vibration, it propels the air and communicates a certain 
degree of force to it, perpendicular or nearly so to the vibrating surface; as it 
returns, in the course of its vibration, it recedes from the air so projected, and 
the latter consequently tends to return into the partial vacuum thus formed. 
But as of two neighbouring portions of air, that over the part of the plate 
nearest to the centre of oscillation has had more projectile force communi¬ 
cated to it than the other, because the part of the plate urging it was moving 
with greater velocity, and through a greater space, so it is in a more unfavour¬ 
able condition for its immediate return, and the other, i. e. the portion next to 
it towards the quiescent line, presses into its place. This effect is still further 
favoured, because the portion of air thus displaced is urged from similar causes 
at tbe same moment into the place left vacant by the air still nearer the centre 
of oscillation; so that each time the plate recedes from the air, an advance of 
the air immediately above it is made from the quiescent towards the vibrating 
parts of the plates. 
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25. It will be evident that this current is highly favourable for the trans¬ 
ference of light powders towards the centre of vibration. Whilst the air is 
forced forward, the advance of the plate against the particles holds them tight; 
hut when the plate recedes, and the current exists, the particles are at that 
moment left unsupported except by the air, and are free to move with it. 

26. The air which is thus thrown forward at and towards the centre of 
oscillation, must tend by the forces concerned to return towards the quiescent 
lines, forming a current in the opposite direction to the first, and blending more 
or less with it. I endeavoured, in various ways, to make the extent of this 
system of currents visible. In the experiment already referred to, where gold- 
leaf was placed over the centre of oscillation (16), the upward current at the 
most powerful part was able to raise the leaf about one tenth of an inch from 
the plate. The higher the sounds with the same plate or membrane, i. e. the 
greater the number of vibrations, the less extensive must be the series of cur¬ 
rents ; the slower the vibrations, or the more extensive the excursion of the 
parts from increased force applied, the greater the extent of disturbance. 
With glass plates (2.12) the cloud is higher and larger as the vibrations are 
stronger, hut still not so extensive as they are upon the stretched membrane 
(22), where the cloud may frequently he seen rising up in the middle and 
flowing over towards the sides. 

27- When the membrane stretched upon the funnel (22) was made to vibrate 
by the horse-hair proceeding downwards, and a large glass tube, as a cylindri¬ 
cal lamp-glass, was brought near to the centre of vibration, no evidence of a 
current entirely through the lamp-glass could he perceived; but still the most 
striking proofs were obtained of the existence of carrying currents by the effects 
upon the light powder, for it flew more rapidly under the edge, and tended to 
collect towards the axis of the tube; it could even be diverted somewhat from 
its course towards the centre of oscillation. A piece of upright paper, held with 
its edge equally near, did not produce the same effect; but immediately that it 
was rolled into a tube, it did. When the glass chimney was suspended very 
carefully, and at hut a small distance from the membrane, the powder often 
collected at the edge, and revolved there; a complicated action between the 
currents and the space under the thickness of the glass taking place, but still 
tending to show the influence of the air in arranging and disposing the powders. 
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28. A sheet of drawing-paper wag stretched tightly over a frame go a& to 
form a tense elastic surface nearly three feet by two feet in extent. Upon 
placing this in a horizontal position, throwing a spoonful of lycopodium upon 
it, and striking it smartly below with the fingers, the phenomena of collection 
at the centre of vibration, and of moving heaps, could be obtained upon a mag¬ 
nificent scale. When the lycopodium was uniformly spread over the surface, 
and any part of the paper slightly tapped by the hand, the lycopodium at any 
place chosen could be drawn together merely by holding the lamp-glass over 
it. It will be unnecessary to enter into the detail of the various actions com* 
bluing to produce these effects; it is sufficiently evident, from the mode in which 
they may be varied, that they depend upon currents of air. 

22. A very interesting set of effects occurred when the stretched parchment 
upon the funnel (22) was vibrated under plates; the horse-hair was directed 
downwards, and the membrane, after being sprinkled over with light powder, 
was covered by a plate of glass resting upon the edge of the funnel; upon 
throwing the membrane into a vibratory state, the powder collected with much 
greater rapidity than without the plate; and instead of forming the semi-glo¬ 
bular moving heaps, it formed linear arrangements, all concentric to the centre 
of vibration. When the vibrations were strong, these assumed a revolving 
motion, rolling towards the centre at the part in contact with the membrane, 
and from it at the part nearest the glass; thus illustrating in the clearest man¬ 
ner the double currents caged up between the glass and the membrane. The 
effect was well shown by carbonate of magnesia. 

30. Sometimes when the plate was held down very close and tight, and the 
vibrations were few and large, the powder was all blown out at the edge $ for 
then the whole arrangement acted as a bellows; and as the entering air tra¬ 
velled with much less velocity than the expelled air, and as the forces of the 
currents are as the squares of the velocity, the issuing air carried the powder 
more forcibly than the ajr which passed in, and finally threw it out. 

31. A thin plate of mica laid loosely upon the vibrating membrane showed 
the rotating concentric lines exceedingly well. 

32. From these experiments on plates and surfaces vibrating in air, it 
appears that the forms assumed by the determination of light powders towards 
the places of most intense vibration, depend, not upon any secondary mode of 
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division, or upon any immediate and peculiar action of the plate, but upon the 
currents of air necessarily formed over its surface, in consequence of the extra- 
mechanical action of one part beyond another. In this point of view the nature 
of the medium in which those currents were formed ought to have great influence 
over the phenomena; for the only reason why silica as sand should pass towards 
the quiescent lines, whilst the same silica as fine powder went from them, is, that 
in its first form the particles are thrown up so high by the vibrations as to be 
above the currents, and that if they were not thus thrown out of their reach they 
would be too heavy to be governed by them; whilst in the second form they are 
not thrown out of the lower current, except near the principal place of oscillation, 
and are so light as to be carried by it in whatever direction it may proceed. 

33. In the exhausted receiver of the air-pump therefore the phenomena 
ought not to occur as in air; for as the force of the currents would be there 
excessively weakened, the light powders ought to assume the part of heavier 
grains in the air. Again, in denser media than air, as in water for instance, 
there was every reason to expect that the heavier powder, as sand and filings, 
would perform the part of light powders in air, and be carried from the qui¬ 
escent to the vibrating parts. 

84. The experiments in the air-pump receiver were made in two ways. A 
round plate of glass was supported on four narrow cork legs upon a table, and 
then a thin glass rod with a rounded end held perpendicularly upon the middle 
of the glass. By passing the moistened fingers longitudinally along this rod the 
plate was thrown into a vibratory state; the cork legs were then adjusted in 
the circular nodal line occurring with this mode of vibration; and when their 
places were thus found they were permanently fixed. The plate was then trans¬ 
ferred into the receiver of an air-pump, and the glass rod by which it was to 
be thrown into vibration passed through collars in the upper part of the 
receiver, the entrance of air there being prevented by abundance of pomatum. 
When fine silica was sprinkled upon the plate, and the plate vibrated by the 
wet fingers applied to the rod, the receiver not being exhausted, the fine 
powder travelled from the nodal line, part collecting at the centre, and other 
part in a circle, between the nodal line and the edge. Both these situations 
were places of vibration, and exhibited themselves as such by the agitation of 
the powder. Upon again sprinkling fine silica uniformly over the plate, ex- 
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hausting the receiver to twenty-eight inches, and vibrating the plate, the silica 
went from the middle towards the nodal line or place of rest, performing exactly 
the part of sand in air. It did not move at the edges of the plate, and as the 
apparatus ways inconvenient and broke dining the experiment, the follow¬ 
ing arrangement was adopted in its place.* 

35. The mouth of a funnel was covered (22) with a well-stretched piece of 
hue parchment, and then fixed on a stand with the membrane horizontal; the 
horse-hair was passed loosely through a hole in a cork, fixed in a metallic tube 
on tbe top of the air-pump receiver; the tube above the cork was filled to the 
depth of half an inch with pomatum, and another perforated cork put* over 
that; a cup was formed on the top of the second cork, which was filled with 
water. In this way the horse-hair passed first through pomatum and then 
water, and by giving a little pressure and rotatory motion to the upper cork 
during the time that the horse-hair was used to throw the membrane into 
vibration, it was easy to keep the pomatum below perfectly in contact with the 
hair, and even to make it exude upwards into the water above. Thus no pos¬ 
sibility of the entrance of air by and along the horse-hair could exist, and the 
tightness of all the other and fixed parts of the apparatus was ascertained by the 
ordinary mode of examination. A little paper shelf was placed in the receiver 
under the cork to catch any portion of pomatum that might be forced through 
by the pressure, and prevent its falling on to the membrane. 

36. This arrangement succeeded: when the receiver was full of air, the lyco¬ 
podium gathered at the centre of the membrane with great facility and readi¬ 
ness, exhibiting the cloud, the currents, and the involving heaps. Upon ex¬ 
hausting the receiver until the barometrical gauge was at twenty-eight inches, 
the lycopodium, instead of collecting at the centre, passed across the mem¬ 
brane towards one side which was a little lower than the other. It passed by 
the middle just as it did over any other part; and when the force of the vibra¬ 
tions was much increased, although the powder was more agitated at the 
middle than elsewhere, it did not collect there, but went towards the edges or 
quiescent parts. Upon allowing air to enter until the barometer stood at 
twenty-six inches, and repeating the experiments, the effect was nearly the same. 
When the vibrations were very strong, there were faint appearances of a cloud, 
consisting of the very finest particles, collecting at the centre of vibration; 
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butnosensible accumulation of the powder took place. At twenty-four inches 
of the barometer the accumulation at the centre began to appear, and there 
wai a sensible, though very slight effect visible of the return of the powder 
from the edges. At twenty-two inches these effects were stronger; and when 
the barometer was at twenty inches, the currents of air within the receiver 
had force enough to cause the collection of the principal part of the lycopo¬ 
dium at the centre of vibration. Upon again, however, restoring the exhaustion 
to twenty-eight inches, all the effects were reproduced as at first, and the lyco¬ 
podium again proceeded to the lower or the quiescent parts of the membrane. 
These alternate effects were obtained several times in succession before the 
apparatus was dismounted. 

37. In this form of experiment there were striking proofs of the existence of 
a current upwards from the middle of the membrane when vibrating in air, 
(24), and the extent of the system of currents (26) was partly indicated. The 
powder purposely collected at the middle by vibrations, when the receiver was 
foil of air, was observed as to the height to which it was forced upwards by 
the vibrations; and then the receiver being exhausted, the height to which the 
powder was thrown by similar vibrations was again observed. In the latter 
cases it was nothing like so great as in the former, the height not being two- 
thirds, and barely one-half, the first height. Had the powder been thrown up 
by mere propulsion, it should have risen far higher in vacuo than in air,: but 
the reverse took place; and the cause appears to be, that in air the current 
had force enough to carry the fine particles up to a height for beyond what the 
mere blow which they received from the vibrating membrane could effect. 

88. For the experiments in a denser medium than air, water was chosen. A 
circular plate of glass was supported upon four feet in a horizontal position, sur¬ 
rounded by two or three inches of water, and thrown into vibration by applying 
a glass rod perpendicular to the middle, as in the first experiment in vacuo 
(34); the feet were shifted until the arrangement gave a clear sound, and 
the moistened brass filings sprinkled upon the plate formed regular lines or 
figures. These lines were not however lines of rest, as they would have been 
In the air, but were the places of greatest vibration; as was abundantly evi¬ 
dent from their being distant from that nodal line determined and indicated 
by'thfe contact of the feet, and also from the violent agitation of the filings. 

MDGCCXXXI. 2 8 
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III fact, the filings proceeded from the quiescent to themoving parts, and there 
were gathered together; hot only forming the cloud of particles over the places 
of intense vibration, but also settling down, when the vibrariohswere weaker, 
into the same involving groups, and in every respect imitating the action of 
light powders in air. Sand was affected exactly in the same manner; and 
even grans of platina could he in this way collected by the currents formed in 
so dense a medium as water. 

3d. The experiments were then made under water with the membranes 
stretched over funnels (22) and thrown into vibration by horsehairs drawn 
between the fingers. The space beneath the membrane could be retained, 
filled with air, whilst the upper surface was covered two or three indies deep 
with water; or the space below could also be filled with water, or the force 
applied to the membrane by the horse-hair could be upwards or downwards 
at pleasure. In all these experiments the sand or filings could be made to 
pass with the utmost facility to the most powerfully vibrating part, that being 
either at the centre only, or in addition, in circular lines, according to the mode 
in which the membrane vibrated. The edge of the funnel was always a line of 
rest; but circular nodal lines were also formed, which were indicated, not by 
the accumulation of filings upon them, but by the tranquil state of those filings 
which happened to be there, and also by being between those parts where 
the filings, by their accumulation and violent agitation, indicated the parts in 
the most powerful vibratory state. 

40. Even when by the relaxation of the parchment from moisture, and the 
force upwards applied by the horse-hair, the central part of the membrane was 
raised the eighth of an inch or more above the edges, the circle not being four 
inches in diameter, still the filings would collect there. 

41. When in place of parchment common linen was used, as becoming tighter 
rather than looser when wetted, the same effects were obtained 

42. Both the reasoning adopted and the effects described were such m to 
lead to the expectation that if the plate vibrating in air was covered with a 
layer of liquid instead of sand or lycopodium, that liquid ought to be deter¬ 
mined from the quiescent to the vibrating parts and be accmnulated rikra 
A square plate was therefore covered with water, and vibrated as in the former 
experiments (2. 6.); but all endeavours to ascertain whether accumulation 
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occurred at the centres of oscillation, either by direct obsemtion, or the 
reflection from its surface of right-lined figures, or by looking through the 
parts, as through a tens, at small print and other objects, failed. 

49. As however when the plate was strongly vibrated, the well-known and 
peculiar crispations which form on water at the centres of vibration; occurred 
and prevented airy possible decision as to accumulation, it was only when these 
were absent and the vibration weak, and the accumulation therefore small, 
that any satisfactory result could be expected; but as even then no appearance 
was perceived, it was concluded that the force of gravity combined with the 
mobility of the fluid was sufficient to restore the uniform condition of the 
layer of water after the bow was withdrawn, and before the eye had time to 
observe the convexity expected. 

44. To remove in part the effect of gravity, or rather to make it coincide 
with, instead of oppose the convexity, the under surface of the plate was moist¬ 
ened instead of the upper, and by inclining the plate a little, 
the water made to hang in drops at a or b or c, fig. 9, at plea¬ 
sure. On applying the bow at x, and causing the plate to vibrate, 
the drops instantly disappeared, the water being gathered up and 
expanded laterally over the parts of the plate from which it had 
flowed. On stopping the vibration, it again accumulated in hanging drops, 
which instantly disappeared as before on causing the plate to vibrate, the force 
of gravity being entirely overpowered by the superior forces excited by the 
vibrating plate. Still, no visible evidence of convexity at the centres of vibra¬ 
tion were obtained, and the water appeared rather to be urged from the 
vibrating parts than to them. 

46. Hie tenacity of oil led to the expectation that better results would be 
obtained with it than with water. A round plate, held horuson- Fig. 10. 
tally by middle (6. 42), was covered with oil over the upper 
surface, so as to be flooded, except at x, fig. 10, and the bow ap¬ 
plied at X as before, to produce strong vibration* No crispation 
occurred in the oil, but It immediately accumulated at o, b , and c, 
forming fluid lenses there, rendered evident by their magnifying power when 
priqt was looked at through them. The accumulations were also visible on 
putthkg a sheet of white paper beneath, in consequence of the colour of the oil 
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bfcingdeeper at the accumulations than elsewhere; and tbeywerealso rendered 
beautifully evident bjr making the experiment in atmdiine^ or by puttiikf a 
candle beneath, ifehe plate, and . placing a screen on the opposite side to receive 
the imagesformed at the focal distance. . 

46. When the vibration of the plate ceased, the oil gradually flowedback 
until of uniform depth. On renewing the vibration, the accumulations were 
re-formed, the phenomena of accumulation occurring with as much certainty 
and beauty as if lycopodium powder had been used. 

. 47. To remove every doubt of the fluid passing from the quiescent to the 
agitated parts, centres of vibration were used, nearly surrounded by nodal lines. 
A square plate, fig. 11, being held at c, and the bow applied at X, 
gave with sand, nodal lines, resembling those in the figure. Then 
clearing off the sand, putting oil in its place, and producing the 
same mode of vibration as before, the oil accumulated at a and 
5, forming two heaps or lenses as in the former experiment (45). 

48. The experiment made with water on the under surface (44) was now 
repeated with oil, the round plate being used (45). The banging drop of oil 
rose up as the water did before, but the lateral diffusion was soon limited; for 
lenses were formed at the centres of vibration just as when the oil was upon 
the upper surface, and, as far as could be ascertained by general examination, 
of the same form and power. On stopping the vibration, the oil gathered again 
into hanging drops ; and on renewing it, it was again disposed in the lens-like 
accumulations. 

49. With white of egg the same observable accumulation at the centres of 
vibration could be produced. 

50. Hence it is evident that when a surface vibrating normally, is covered 
with a layer of liquid, that liquid is determined from the quiescent to the 
vibrating parts, producing accumulation at the latter places; an^ that this 
accumulation is limited, so that if purposely rendered too great by gravity or 
other means, it will quickly be diminished by the vibrations until the depth 
of fluid at any one part has a certain and constant relation to the velocity there 
and to the depth elsewhere. 

51. From the accumulated evidence which these experiments afford, I think 
there can remain no doubt of the cause of the collection of fine powders at the 
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centres or lines of vibration of plates, membranes, &c. under common circum¬ 
stances; and that no secondary mode of division need be assumed to account 
for them. Ibave been the more desirous of accumulating experimental evi¬ 
dence, because I have thought on the one hand that the authority of Savart 
should not be doubted on slight grounds, and on the other, that if by accident. 
it be placed in the wrong scale, the weight of evidence against it should be 
such as fully to establish the truth and prevent a repetition of the error by 
others. 

52. It must be evident that the phenomena of collection at the centres or 
lines of greatest vibration are exhibited in .their purest form at those places 
which are surrounded by nodal lines; and that where the centre or place of 
vibration is at or near to an edge, the effects must be very much modified by 
the manner in which the air is there agitated. It is this influence, which, in 
the square plates (6.12) and other arrangements, prevents the clouds being at 
the very edge of the glass. They may be well illustrated by vibrating tin 
plates under water over a white bottom, and sprinkling dark-coloured sand or 
filings upon various parts of the plates. 

On the peculiar Arrangement and Motions of the heaps formed by particles 
lying on vibrating surfaces . 

53. The peculiar manner in which the fine powder upon a vibrating surface 
is accumulated into little heaps, either hemispherical or merely rounded, and 
larger or smaller in size, has already been described (6. 28), as well also as the 
singular motion which they possess, as long as the plate continues in vibra¬ 
tion. These heaps form on any part of the surface which is in a vibratory 
state, and not merely under the clouds produced at the centres of vibration, 
although the particles of the clouds always settle into similar heaps. They 
have a tendency, as heaps, to proceed to the nodal or quiescent lines, but are 
often swept away in powder by the currents already described (6). When on 
a place of rest, they do not acquire the involving motion. When two or more 
are near together or touch, they will frequently coalesce and form but one 
heap, which quickly acquires a rounded outline. When in their most perfect 
and final fftrm, they are always round. 

54% The .moving heaps formed by lycopodium on large stretched drawing- 
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paper (28), are on so large a scale as to be very proper for critical examine* 
lion. The phenomena can be exhibited also even by dry sand bn such a mem* 
brane, the sand heing In large quantity and the vibrations slow. When the 
surface i& thickly* covered by sand from a sieve, and the papfcrtapped With the 
finger, the manner in which the sand draws up into moving heaps :U very 
beautifuL , . 

8$, When a single heap is examined, which is conveniently dew % holding 
a vibrating tuning-fork in a horizontal position, and dropping some lycopodium 
upon it, it will be seen that the particles of the heap rise up at the centre, over¬ 
flow, fall down upon all sides, and disappear at the bottom, apparently pro¬ 
ceeding inwards; and this evolving and involving motion continues until the 
vibrations have become very weak. 

56. That the medium in which the experiment is made has an important 
influence, is shown by the circumstance of heavy particles, such as filings, ex¬ 
hibiting all these peculiarities when they are placed upon surfaces vibrating in 
water (38); the heaps being even higher at the centre than a heap of equal 
diameter formed of light powder in the air. In water, too, they are formed 
indifferently upon any part of the plate or membrane which is in a vibratory 
state. They do not tend to the quiescent lines; but that is merely from the 
great force of the currents formed in water as already described (38), and the 
power with which they urge obstacles to the place of greatest vibration. 

57. If a glass plate be supported and vibrated (6), its surface having been 
covered with sand enough to hide the plate, and water enough to moisten and 
flow over the Sand, the sand will draw together in heaps, and these will ex¬ 
hibit the peculiar and characteristic motion of the particles in a very striking 
manner. 

58. The aggregation and motion of these heaps, either in dr or other fluids, 
is a very simple consequence of the mechanical impulse communicated to them 
by the joint action of the vibrating surface and the surrounding medium. Thus 
in air, when, in the course of a vibration, the part of a plate under a heap 
rises, it communicates a propelling force upwards to that heap, mingled as it 
is With air, greater than that communicated to the surrounding atmosphere, 
because of the superior specific gravity of the former; upon receding from the 
heap, therefore, in performing the other half of its vibration, it forms a partial 
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vacuum, into which theair, round the heap, enters with more readiness than 
the heap itself ;and as it enters^ carries in the powder sit the bottom edge of 
tbe heap with it. This action is repeated at every vibration, and as they occur 
In snob rapid succession that the eye cannot distinguish them, the centre part 
of the heap is continually progressing upwards; and as the powder thus accu¬ 
mulates above, whilst the base is continually lessened by what is swept in under¬ 
neath, the particles necessarily fall over and roll down on every side. 

89. Although this statement is made upon the relation of the heap, as a 
mass, to the air surrounding it, yet it will be seen at once that the same rela¬ 
tion exists between any two parts of the heap at different distances from the 
centre; for the one nearest the centre will be propelled upward with the greatest 
force, and the other will be in the most favourable state for occupying the 
partial vacuum left by the receding plate. 

60. This view of the effect will immediately account for all the appearances; 
the circular form, the fusion together of two or more heaps, their involving 
motion, and their existence upon any vibrating part of the plate. The manner 
in which the neighbouring particles would be absorbed by the heaps is also 
evident; and as to their first formation, the slightest irregularities in the pow¬ 
der or surface would determine a commencement, which would then instantly 
favour the increase. 

61. It is quite true, that if the powder were coherent, that force alone would 
tend to produce the same effect, but only in a very feeble degree. This is suf¬ 
ficiently shown by the experiments made in the exhausted receiver (36). When 
the barometer of the air-pump was at twenty-eight inches, that in the air being 
about 29.2 inches, the heaps, or rather parcels, formed very beautifully over the 
whole surface of the membrane; but they were very flat and extensive compared 
with the heaps in air, and the involving motion was very weak. As the air was 
admitted, the vibration being continued, the heaps rose in height, contracted 
in diam eter, an d moved more rapidly. Again, in the experiments with filings 
and sand in water, no cohesive action could assist in producing the effect; it 
must have been entirely due to the manner in which the particles were me¬ 
chanically urged in a medium of less density than themselves. 

62. The conversion of these round heaps into linear concentric involving 
parcels, in the experiment already described (29. 31), when the membrane was 
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covered by a plate of glass, is a necessary consequence of t be arrangements 
there made, and tends to show how influential the action of the air or other in* 
eluding* medium is in all the phenomena considered in this paper. No incom¬ 
patible principles are assumed in the explication given of the arrangement of 
the forces producing the two classes of effects in question* and though by varia¬ 
tion of the force of vibration and other circumstances, the one effect can be 
made, within certain limits, to pass into the other, no anomaly or contradiction 
is thus involved, nor any result produced, which, as it appears to me, cannot 
he immediately accounted for by reference to the principles laid down. 

Royal Institution, 

March 21 , 1831 . 
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On the Forms and States assumed by Fluids m contact with vibrating 
elastic surfaces . 

63. When the upper surface of a plate vibrating so as to produce sound (2.6) 
is covered with a layer of water, the water usually presents a beautifully cris- 
pated appearance in the neighbourhood of the centres of vibration. This 
appearance has been observed by Oersted*, Wheatstone f, Weber and 
probably others. It, like the former phenomena which I have endeavoured 
to explain, has led to false theory, and being either not understood or 
misunderstood, has proved an obstacle to the progress of acoustical phi¬ 
losophy. 

64. On completing the preceding investigation, I was led to believe that the 
principles assumed would, in conjunction with the cohesion of fluids, account 
for these phenomena. Experimental investigation fully confirmed this expecta¬ 
tion, but the results were obtained at too late a period to be presented to the 
Royal Society before the close of the Session; and it is only because the philo¬ 
sophy and the subject itself is a part of that received into the Philosophical 
Transactions in the preceding paper, that I am allowed, by the President and 
Council, the privilege of attaching the present paper in the form of an 
Appendix. 

65. The general phenomenon now to be considered is easily produced upon 
a square plate nipped in the middle, either by the fingers or the pincers (2.6), 
held horizontally, covered with sufficient water on the upper surface to flow 
freely from side to side when inclined, and made to vibrate strongly by a bow ap¬ 
plied to one edge, X, fig. 12, in the usual way. Crispations appear 
on the surface of the water, first at the centres of vibration, and 
extend more or less towards the nodal lines, as the vibrations are 
stronger or weaker. The crispation presents the appearance of 
small conoidal elevations of equal lateral extent, usually arranged 

* Libber's Hist of Natural Phenomena for 1813. t Annals of Philosophy, N. S. vi. p. 82. 

% Wcllenlehre, p. 414. 
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rectangularly with extreme regularity ;peraanent* {in appearance), So long as 
a oertamdegreoof vibration is sustained; increasing 1 end diminishing in height, 
with increased or diminished vibration i bat not affected in their lateral ede&t 
by such variations, though the whole crispated surface is enlarged or diminished 
at those titties. If the plate be vibtattd, io ** 

crispations still appear at the centre of vibration, but are smaller lor a high 
note, larger for a low one. The same note produced on different deed plates, 
by different modes of vibration, appears to produce crispations of the same 
dimension, other circumstances being the earner 

66. These appearances are beautifully seen when ink* diluted with its balk 
of water is used on the plate. 

67. It was necessary, for examination, both to prolong and enlarge the effect, 
and the following were found advantageous modes of producing it* Plates of 
crown-glass, from eighteen to twenty-two inches long, and three or four inches 
wide, were supported each by two triangular pieces of wood acting as bridges 
(18), and made to vibrate by a small glass rod or tube resting perpendicularly 
at the middle, over which the moist fingers were passed. By sprinkling dry 
sand on the plates, and shifting the bridges, the nodal lines were found (usually 
about one fifth of the whole length from each end), and their places marked 
by a file or diamond* Then clearing away the sand, putting water or ink upon 
the plate, and applying the rod or fingers, it was easy to produce the crispa¬ 
tions and sustain them undisturbed, and with equal intensity for any length 
of time. 

68* By malting a broad mark, or raising a little ledge 
of bee’s wax, or a mixture of bee’s wax and turpentine, 
it was easy to confine the pool of water to the middle 
pail of the plate, fig. 13*where, of course, the crispations were most powerfully 
produced. Such a barrier is often useful to separate the wet and dry parts of 
the glpas, especially when a violin bow is used as the exciter* 

69. In other experiments, deal laths, two, three, or four feet long, one inch 
and a half wide, and three eighths or more of an inch in thickness, were used 
instead of the glass plates. These could be made to vibrate by the fingers and 
wet rod (6£), and by either shifting the bridges or changing the lath an almost 
• Wwiwi’i Wdtenktee, p 414, 
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Uf d iitti tod change of fi«m thit producing a high note 

^ tiiofte m wUit* cot mone than five or six occurred in a second, could be 
obtained. ThU crispatiaiis were formed upon a glass plate attached to the 
middle of lath, by two or three little pellets of soft cement#. 

fOObtainedin this way the appearanees were vay heauti&l, and the faci¬ 
lities yery great. A glass plate, from four to eight inches square, could be 
covered uniformly' with crisparions of the utmost regularity; for, by attaching 
the plate with a little method, and at points equidistant from the centre of the 
bar, it was easy to make every part travel with the same velocity, find in that 
respect differ from and surpass the bar which sustained it. The conoidal heaps 
constituting the ciispation could be so enlarged by slowness of vibration, that 
three or four occupied a linear inch. The glass plate could be removed, and 
another Of different form Or substance, and with other fluids, as mercury, &c., 
substituted in an instant. 

71. In using laths, it is necessary to confine the parts bearing upon the 
bridges^ either by slight pressure of the fingers, or by loops of string, or by 
weights. . The exciting glass rod need not necessarily rest upon the middle of 
the bar or plate, but may be applied with equal effect at some distance from 
it. hong laths may be made to subdivide in their mode erf vibration, accord¬ 
ing as the rod is applied to different places, and the pressure given by the ex¬ 
citing moist fingers is varied; with each change of this kind an immediate 
change of the crispation is observed. 

72. This form of apparatus was enlarged until a board eighteen feet long 
was used, the layer of water being now three fourths of an Inch in depth and 
twenty-eight inches by twenty inches in extent. The sides of the cistern were 
very much inclined, so that the water should gradually diminish in depth, and 
thus reflected waves be prevented. The vibrations were to slow as to be pro¬ 
duced by the direct application of the hand, and the heaps were each from an 
inch to two inches in extent. Though of this magnitude, they were identical 
in their nature with those forming crispattons on so small a scale as to appear 
merely I8ma dullness on the surface erf the water. 

73. In tbeseexperiments toe proportion of water requires a general adjust- 
snent, the erispations bring produced more readily and beautifully when there 

* Equal parte of yellow wax and turpentine. 
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is a certain quantity than when Nereis less. Forsbudl crispirtioaa, the water 
should flow upon the surface freely. Large c ris pa ti ons require morewater 
than small ones. Too much water sometimes interferes with the beauty ofthe 
appearance, hut the crispation is not incompatible with much fluid, for the 
depth itiay amount to eight, ten, or twelve inches (111), and is probably un¬ 
limited. ‘ > 

74. These crispations are equally produced upon the undef with the upper 
surface of vibrating plates. When the lower surfeoe is moistened, and the bow 
applied (65), the drops Which hang down by the force of gravity are rippled; 
but bang immediately gathered up as described in the former paper (44), a 
certain definite layer is produced, which is beautifully rippled or crispatod at 
the centres of vibration. 

75. Most fluids, if not all, may be used to produce these crispatkma, but 
some with particular advantages; alcohol, oil of turpentine, white of egg*, ink, 
and milk produce them. White of egg, notwithstanding its viscosity, shows 
them readily and beautifully. Ink has great advantages, because, from its 
colour and opacity, the surface form is seen undisturbed by any reflection 
from the glass beneath; its appearance in sunshine is exceedingly beautiful. 
When diluted ink is used for large crispations, upon tin plate or over white 
paper, or mercury, the different degrees of colour or translucency correspond¬ 
ing to different depths of the fluid, give important information relative to the 
true nature of the phenomena (78. 85. 97). Milk is, for its opacity, of similar 
advantage, especially when a light is placed beneath, and being more viscid 
than water is better for large arrangements (72.98), because it produces less 
splashing. 

; 76. Oil does not show small crispations readily (120), and was supposed to 
be incapable of forming them, but when wanned (by which itB liquidity is in¬ 
creased) it produces them freely. Cold oil will also produce large crispations, 
and for very large ones would probably be lretter than water, because of its 
cohesion. The difference between oil and white of egg is remarkable; fertile 
latter. feom common observation, would appear to be a thicker fluid than oil: 
but the qualities of cohesion differ in the two, the apparent thickness of white 
pf egg depending upon an elastic power (probably due to an approach to 

* Wjmatstome, 
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stream), which tends to reatoreits particles to their first position, and co¬ 
existing with great freedom to more through small spaces, whilst that of oil 
'm doe to m removing the particles one by another. It is pos¬ 

sible that the power of assuming, more or less readily, the crispated state may 
be a useful and even important indication of the internal constitution of dif¬ 
ferent fluids. 

77* With mercury the crispations are formed with great facility, and of 
extreme beauty, when a piece of amalgamated tin or copper plate being fixed 
on a lath (69), is flooded with the fluid metal, and then vibrated. A film quickly 
corns the metal, and then the appearances are not so regular as at first; but 
on removing the film by a piece of paper, their regularity and beauty are re¬ 
stored. It is more convenient to cover the mercury with a little very dilute 
acetic or nitric acid; for then the crispations may be produced and maintained 
for any length of time with a surface of perfect brilliancy. 

78. When a layer erf ink was put over the mercury, the acid of the ink 
removed all film, and the summits of the metallic heaps, by diminishing the 
thickness of the ink over them, became more or less visible, producing the ap¬ 
pearance erf pearls of equal size beautifully arranged in a black medium. When 
mercury covered with a film of elilute acid was vibrated in the sunshine, and 
the light reflected from its surface received on a screen, it formed a very 
beautiful and regular image; but the screen required to be placed very near 
to the metal, because of the short focal lengths of the depressions on the mer¬ 
curial surface. 

79. It is sometimes difficult to arrive by inspection at a satisfactory conclu¬ 
sion of the forms and arrangements thus presented, because of multiplied 
reflection and the particular condition of the whole, which will be described 
hereafter (96), When observed, well formed with vibrations so slow as to pro¬ 
duce three or four elevations in a linear inch ( 70 ), they are seen to be conoidal 
heaps rounded above, and apparently passing into each other below by a cur¬ 
vature in the opposite direction. When arranged regularly, each is surrounded 
by eight others, so that, a single light being used, nine images may be sent from 
each elevation to the eye. ^hese are still further complicated, when trans¬ 
parent fluids are used, by reflections from the glass beneath, The use of ink 
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(75) removes * food deal of the difficulty experienced, andtheproduction of 
slotf, reguIar,.8tataiBed vibrations, mom (67.69). ( ' f a 

so. These elevations I wifi endeavourto distinguish henceforth by the term 

heaps. ' ' . ' 

81. Iheerispatien OB the long {date of (dam described (67) always ulti¬ 
mately assumed a rectangular arrangement, i. & the heaps were equidistant, 
and in row* parallel or at ri^ht angles to each other. The ram wwalJyform 
angles of 45° to the rides of tte pl^e at the cooua«»ceinenti tint if die vibra¬ 
tion be continued, the whole system usually wheels round through 46° until 
the rows coincide with the edges of the plate. 

89; The lateral dimension of the heaps remained constant notwithstanding 
considerable variations in the force of vibration. But it was soon found that 
Variation in the depth of water affected their number; that with lew water the 
heaps were smaller, and with more water larger, though the sound and there¬ 
fore the number of vibrations in a given period remained the same. The 
number off heaps could be reduced to eight or increased to eleven and a half 
in the three inches by a change in no other condition than the depth off fluid. 

83. With the above plate (67.81) the appearances were usually in the fol¬ 
lowing order, the pool of water being quadrangular or nearly so, and the ex¬ 
citing rod resting in the middle of it. Ring-like linear heaps concentric to the 
exciting rod first form to the number of six or seven; these may be retained by 
a moderated state of vibration, and produce intervals which measured across 
the diameter of the rings are to the number of ten in three inches, with a cer¬ 
tain constant depth of water. By increasing the force of vibration the altitude 
of these elevations increases, but not their lateral dimension, and then linear 
heaps form across these circles and the plate, and parallel to the bridges, 
having an evident relation to the manner in which the whole plate vibrates. 
These, which like all other of these phenomena are strongest at the part most 
strongly vibrating, soon break up the circles, and are themselves broken up, 
producing independent heaps, which at first are irregular and changeable, but 
soon become uniform and produce the quadrangular order; first at angles of 
45° to the edge* of the plate, but gradually moving round until parallel to 
them. So the arrangement continues, unless the force be so violent ns to break 
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itup altogether* if tbe vibratory force be gradually diminished, then the heaps 
as gradually fell, bat without returning through the order in whieh they were 
produced. The following lines may serve to indicate the course of the phe¬ 
nomena. 

Ffc.M. 



tVhen perfectly formed, the heaps are also to the number of ten in three inches 
with the same depth of water as that which produced the rings. The inter¬ 
vals between the rings and the heaps are the same, other influential circum¬ 
stances remaining unaltered. 

84. then another form of heaps occasionally occurred, but always passing 
ultimately into those described. These heaps were grouped in an arrangement 
still very nearly rectangular, and at angles of 45° to the sides of the plate, but 
were contracted in one direction, and elongated in the other; these directions 
being parallel to the sides and ends of the plate. If the marks 
in fig. 16 be supposed to represent the tops of the heaps, an - 

idea of the whole will be obtained. Three inches along these 
heaps included eight, but across them it included fifteen nearly. ZZZTZTZl 
These numbers are therefore the relation of length to breadth* ZJZZZZZJZ 
But along the lines of the quadrilateral arrangement three * “ 

inches included eleven heaps, which, notwithstanding the difference in form, 
is the same number that was produced by the same plate, with the same 
depths of water, when the heaps were round; therefore an equal number of 
heaps existed In the same area in both cases; and the departure from perfect 
rectangular arrangement, and aljp the ratio of 1:2, is probably due to some 
slight influence of the sides of the plate. 

86. When mercury covered with a film of very dilute nitric add is vibrated 
(77), the rectangular arrangement is constantly obtained. When vibrated 
under dilute ink (78), it is still more beautifully seen and distinguished. The 
tin plate sustaining the mercury was square, and when the whole surface was 
covered with erispatkms , the lines ofthe r^tangular ammgement were always 
at angles of 45° to its edges. 
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86. When sand is sprinkled uniformly over a plate on which large water 
crispations are produced, i.e. four, five or six in the inch, it gives acme wy 
important indications. It immediately becomes arranged under the wfcter, and 
with a little method may be made to yield very regular fonqs. 

It is always removed from under the heaps, passing to thepaito 
between them, and frequently producing therefore the accom¬ 
panying form, fig. 16, of great regularity. As the sand figure re¬ 
mains when the vibration has ceased, it allows of the determi¬ 
nation of position, the measurement of intervals, Ac. very conveniently. 

67* Very often the lines of sand are not continuous, but separated with ex¬ 
treme regularity into portions as represented fig, 17* The portions of these 
lines were sometimes, with little sand on the plate, very small, fig. 18; and 
when more sand was present they were thickened occasionally, fig. 19; then 
assuming the appearance of heaps arranged in straight lines at angles of 45° 
to the lines regulating the position of the water-heaps which formed them, 
and just double in number to the latter. At other times the sand instead of 
being deficient at the intersecting angle would accumulate there only, fig. 20; 
arid at other times would accumulate there principally, but still show the 
original form by a few connecting particles, fig. 21. 



Fig, 17. 
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Fig. 22, 

88. When the heaps were of the form described (84), the sand . „ j— jl.. 

was still washed from under them; it did not however assume t *1 i ~ 
lines parallel to the rectangular arrangemeht of the heaps, but . . L 

was arranged as in fig. 22. Zpl | T j 1“ 

89, When only the circular linear heaps (83) were produced, the sand 
assumed similar circular forms, concentric and alternating with the water 


elevations. , 

90. On strewing a little lycopodium over the water for the purpose of 
gaining information relative to what occurred at* the surface daring the cris- 



OF FLUIDS ON VIBRATING ELASTIC SURFACES. 327 

pation, it moved about over the fluid in every possible direction, whilst 
the crispations existed of the utmost steadiness beneath. The same thing 
occurred with pieces of cork on very large crispations (08). But when much 
lycopodium was put on, so that the particles retained each other in a steady 
position, then it formed lines * parallel to the arrangement of the heaps, the 
powder being displaced from the parts over the heaps, and taking Up an 
arrangement perpendicularly over the sand beneath. As the lycopodium forms 
float on the water they are easily disturbed, and in no respect approach as to 
beauty and utility to the forms produced by the sand; but lycopodium may 
be used with smaller crispations than sand. 

01. The crispations are much influenced by various circumstances. They 
tend to commence at the place of greatest vibration; but if the quantity of 
fluid is too little there, and more abundant elsewhere, they will often commence 
at the latter place first. Their final arrangement is also much affected by the 
form of the plate, or of the pool of water on which they occur. When the 
plates or pools are rectangular, and all parts vibrate with equal velocity, the 
lines of heaps are at angles of 45° to the edges. But when semicircular and 
other plates were used, the arrangement, though quadrangular, was unsteady, 
often breaking up and starting by pieces into different and changing posi¬ 
tions. 

92. When mercury was used (77)> the film formed on it after a few mo¬ 
ments had great power, according to the manner in which it was puckered, 
of modifying the general arrangement of new crispations, 

93. When a circular plate, supported by cork feet attached where a single 
nodal line would occur, was covered with water and vibrated by a rod resting 
upon the middle, the crispations extended from the middle towards the nodal 
line; these were sometimes arranged rectangularly, but had no steadiness of 
position, and changed continually. At other times the heaps appeared as if 
hexagonal, and were arranged hexagonally, but these also shifted continually. 
This and many other experiments (83) showed that the direction and nature of 
the vibration of the plate (i. e. of the lines of equal or varying vibrating force), 
had a powerful influence over the regularity and final arrangement of the 
crispations. 

• Whkatstonc. 

MDCCCXXXI. 2 U 
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04. The beautiful appearance exhibited when the crispations are produced 
in sunshine, or examined by a strong conceit rated artificial light, has been 
already referred to^ (78.70). Wben the reflected image from any one heap is 
examined, (for which purpose ink (75) or mercury (77) te Wy oouvehtent,) it 
will be found not to be stationary, as would happen if the heap was permanent 
and at rest, nor yet to form a vertical line, as would occur it the heap were 
permanent but travelled to and fro with the vibrating plate; but it moves so 
as to re-enter upon its course, forming an endless figure, like those produced 
by Dr. Young’s piano-forte wires, or Whratstons’s kaleadophone, varying with 
the position of the light and the observer, bnt constant for any particular posi¬ 
tion And velocity of vibration. Upon placing the light and the eye in posi¬ 
tions nearly perpendicular to the general surface of the fluid, so as to avoid 
the direct influence of the motion of vibration, still the luminous, linear, endless 
figure was produced, extending more or less in different directions, according 
to the relation of the light and eye to the disputed surface, and occasionally 
corresponding in its extent one way to the width of the heap, i, e. to the di¬ 
stance between the summit of one heap and its neighbours, but never exceeding 
it The figure produced by one heap was accurately repeated by all the heaps 
when the vibrating force of the plate was equal ( 70 ) and the arrangement 
regular. 

95. The view which I had been led to anticipate of the nature of the heaps, 
from the effects described in the former paper, were, that each heap was a per¬ 
manent elevation, like the cones of lycopodium powder (53.58), the fluid rising 
at the centre, but descending down the inclined sides, the whole system being 
influenced, regulated, and connected by the cohesive force of the fluid. But 
these characters of the reflected image, with others of the effects already de¬ 
scribed, ted to the conclusion, that notwithstanding the apparent permanency 
of the crispated surface, especially when produced on a small scale, as by the 
usual method, the heaps were not constant, bnt were raised and destroyed with 


each vibration of the plate; and also that the heaps did not all 
exist at once, but {referring to locality) formed two sets of equal 
number and arrangement, fig. 23, never existing together, bat 
alternating with, and being resolved into each other, and by their 
rapidity of recurrence giving the appearance of simultaneous and 
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fcym* permanent existence. Proridedtbis view were confirmed, it seemed as if 
1% would be easy to explain the productionof the heaps, their regular arrange- 
ment, &c.,and to deduce their recurrence, dimensions, and many other points 
restive to their condition. 

On producing a water crispatson, having four or five heaps in a linear 
indtl, placing a candle beneath, and a screen of French tracing paper above it, 
the phenomena were very beautiful, and such as supported the view taken. By 
placing the screen at different distances, it could be adapted to the focal length 
due to the curvature at different parte of the surface of fluid, so that by ob¬ 
serving the luminous figure produced and its transitions as the screen was 
moved nearer or further, the general form of the surface could be deduced. 
Each heap with a certain distance of screen gave a star of Fig. 24. 
light®, fig. 24, which twinkled, L e. appeared and disap- a^ S ( 
peared alternately, as the heap rose and felL At the comers K X aA/ 
X equidistant from these, fainter starred lights appeared; >?5x / x ' 
and by putting the screen nearer to or further from the sur- J/V V?' 
face, lines of light, in two or even four directions, appeared * Jet - J fG 
intersecting the luminous centres and apparently permanent, whilst circum¬ 
stances remained unchanged. These effects could be magnified to almost any 
scale ( 72 ). 

97. When heaps of similar magnitude were produced, with diluted ink on 
glass (75), and white paper or an illuminated screen looked at through them, a 
chequered appearance was observed. In one position, lines of a Fig. 25 . 
certain intensity separated the heaps from each other, but tbe POESD 
square places representing the heaps looked generally lighter. feoBflE 
In another position, when but little reflected light came from 

the surface of the heaps, their places could be perceived as dark, QOu 
from the greater depth of ink there. By care, another position could be found 
in which the whole surface looked like an alternate arrangement of light and 
dark chequers, fig. 25, not steady, hut with a quivering motion, which further 
a&tonthm qould trace as due to a rapid alternation in which the light spaces 
became dark and the dark light, simultaneously. When, instead of glass, a 
bright tin plate was used under the diluted ink, the chequered spaces and their 
alternations could be seen still more beautifully. 

98. It was in consequence of these effects that very large arrangements were 

2 u 2 
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made (72), giving heaps that weretwo indies and a half wide each*; and 
now it was evident, by ordinary inspection, that the heaps ww* not stationary, 
but rose and fbil; and also that there were two sets regularly and alternately 
arranged, the one set rising as the other descended. f 

99. Sand gave no indications of arrangement with these large heaps (86); 
but when some coarse saw-dust was soaked, so as to s in k in water, and then 
distributed in the fluid, its motions were beautifully illustrative of the whole 
philosophy of the phenomena. It was immediately washed away from under 
the rising and falling heaps, and collected in the places equidistant between 
these spots, as the sand did in the former experiments (86), and by its vibra¬ 
tory motion to and fro, it showed distinctly bow the water oscillated from one 
heap towards another, as the heaps sunk and rose. 

100. When milk (76) was used instead of water for these large arrangements 
in a dark room, and a candle was placed beneath, the appearances also were 
very beautiful, resembling in character those described (97). 

101. Each heap (identified by its locality) recurs or is re-formed in two com¬ 
plete vibrations of the sustaining surface-f; but as there are two sets of heaps, 
a set occurs for each vibration. Use maximum and minimum of height for 
the heaps appears to be alternately, almost immediately after the supporting 
plate has begun to descend in one complete vibration. 

102. Many of these results are beautifully confirmed by the appearances 
produced, when regular crispations have been sustained for a short time with 
mercury, on which a certain degree of film has been allowed to form (77). On 
examining the film afterwards in one light, lines could be seen on it, coinciding 
with the intervals of the heaps in one direction; in another light, lines coin¬ 
ciding with the other direction came into sight, whilst the first disappeared; 
and in a third light, both sets of lines could be seen cutring out the square 
places where the heaps had existed: in these spaces the film was minutely 
wrinkled and bagged, as if it had there been distended; at the lines it was 
only a little wrinkled, giving the appearance of texture; and at the crossing 

* This estimate is given in accordance with the mode of estimating the former and smaller heaps, as 
|f the heaps were formed simultaneously; but it is evident that if only half the number exist at once, 
eachheap mill haw twice the width or four times the area of those which can he formed jf alienist 

togetter.' 

f A vibration is here considered as the motion of the plate, from the time that H leaves Its extreme 
position untd it returns to it, and not the time of Its return to the intermediate position. ‘ ' ■ 



o» mums on viBiuTiNa elastic surfaces. 331 

ofthelines themselves, }t was quite free from mark, and fully distended. 
All these aim natural consequences, if the film be considered as a flexible but 
iaelaetic envelope formed over the whole surface whilst the heaps were rising 
and felling. 

103* The mode of action by which these heaps are formed is now very evi¬ 
dent, and is analogous in some points to that by which the currents and the 
involving heaps already described are produced. The plate in rising tends to 
lift the overlying fluid, and in felling to recede from it; and the force which 
it is competent to communicate to the fluid can, in consequence of the physical 
qualities of the latter, be transferred from particle to particle in any direction. 
The heaps are at their maximum elevation just after the plate begins to recede 
from them; before it has completed its motion downwards, the pressure of the 
atmosphere and that part,of the force of the plate which through cohesion is 
communicated to them, has acted, and by the time the plate has begun to re¬ 
turn, it meets them endowed with momentum in the opposite direction, in con¬ 
sequence of which they do not rise as a heap, but expand laterally, all the 
forces in action combining to raise a similar set of heaps, at exactly interme¬ 
diate distances, which attain their maximum height just after the plate again 
begins to recede; these therefore undergo a similar process of demolition, being 
resolved into exact duplicates of the first heaps. Thus the two sets oscillate 
with each vibration of the plate, and the action is sustained so long as the 
plate moves with a certain degree of force; much of that force being occupied 
in sustaining this oscillation of the fluid against the resistance offered by the 
cohesion of the fluid, the air, the friction on the plate, and other causes. 

104. A natural reason now appears for the quadrangular and right-angled 
arrangement which is assumed, when the crispation is most perfect. The hexa¬ 
gon, the square, and the equilateral triangle are the only regular 
figures that can fill an area perfectly. The square and triangle 
are the only figures that can allow of one half alternating symme¬ 
trically with the other, in conformity with what takes place be¬ 
tween the two reciprocating sets of heaps, fig. 26; and of these 
two the boundary lines between squares are of shorter extent 
than those between equilateral triangles of equal area. It is evi¬ 
dent therefore that one of these two will be finally assumed, and 
that that will be the square arrangement; because then the fluid 
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will offer the least resistance in its «iiduiatipns to the motions of the plate, or 
will pass most readily to those positions into whichthe forces it receives from 
the plate conspire to iflapel it. / ••^ - 

105. AH the phenomena observed and described may, as it appears to me, 
be now comprehended. He fluid may be considered as a pendulum vibrating 
to and lino under a given impulse ; the various circumstances of specific gra¬ 
vity, cohesion, friction, intensity of vibrating force, fee* determining the extent 
of oscillation, or, what is the same thing, the number of heaps m a given inter¬ 
val. When the number of vibrations in a given time is increased, these heaps 
are more numerous, because the oscillation, to be more rapid, must occur in a 
shorter space. The necessity of a certain depth of fluid (73) is evident, and 
also the reason why, by varying the depth (82), the lateral extent of the heaps 
Is changed. The arrangement of the sand and lycopodium, by the crispations, 
and the occurrence of the latter at centres of vibration, and only upon surfaces 
vibrating normally, are all evident consequences. The permanency of the 
lateral extension of the heaps, when the velocity of the vibrating plate varies, is 
a very marked effect, and it is probable that the investigation of these phe¬ 
nomena may hereafter importantly facilitate inquiries into the undulations of 
fluids, their physical qualities, and the transmission of forces through them. 

106. As to the origin or determination of crispations, no difficulty can arise; 
the smallest possible difference in almost any circumstance, at any one part, 
would, whilst the plate is vibrating, cause an elevation or depression in the 
fluid there; the smallest atom of dust falling on the surface, or the smallest 
elevation in the plate, or the smallest particle in the fluid of different specific 
gravity to the liquid itself, might produce this first effect; this would, by each 
vibration of the plate, be increased in amount, and also by each vibration ex* 
tended the breadth of a heap, in at least four directions; so that in less than a 
second a large surface would be affected, even under the improbable supposition 
that only one point should at first be disturbed. 

107.1 have thought it unnecessary to dwell upon the explanation of the cir¬ 
cular linear heaps (83.93. 110) produced on long or circular plates by feeble 
vibration* They are explicable upon the same principles, account being at the 
same time taken of the arrangement and proportion of vibrating foroe in the 
various parts of the plates. 

J00* The heaps which constitute crispation (as the word has been used in 
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this paper) are in form, quality, and motion of their parts, the same with what 
are called stationary undulations ; and if the mercury in a small circular basin 
he tapped at the middle, stationary undulations, resembling the ring-like heaps 
(OB, 110), win be obtained; or if a rectangular frame be made to beat at equal 
intervals Of time on mercury or water, heaps like those of the crispatiotis, ar-* 
ranged quadrangularly at angles of 45° to the frame, will he produced. .These 
effects are in to the same with those described, but are produced by a cause 
differing altogether. The first are the result of two progressing and opposed 
undulations, the second of four; but the heaps of crispations are produced by 
the power impressed on the fluid by the vibrating plate; are due to vibrations 
of that fluid occurring in twice the time of the vibrations of the plate; and 
have no dependence on progressive undulations, originating laterally, as many 
of the phenomena described prove. Thus, when the edges were bevelled (72. 
110), or covered with cloth, or wet saw-dust, so that waves reaching the side 
should be destroyed, or when the limits of the water or plates were round (91) 
or irregular, still the heaps were produced, and their arrangement square. 
When the round plate (93) was used, regular crispations were still produced, 
though, as the water extended over the nodal line, and was there perfectly 
undisturbed, no progressing and opposed undulations could originate to pro¬ 
duce them. Vellum stretched over a ring, and rendered concave by the pressure 
of the exciting rod, produced the same effect. 

109. When a plate of tin, rendered very slightly concave, was attached to a 
lath (69), so as to have equality of vibratory motion in all its parts, and a 
little dilute alkali (which would wet the surface) put into it, the crispations 
formed in the middle, but ceased towards the sides, where, though well wetted, 
there was not depth enough of water, and from whence also no waves could 
be reflected to produce stationary undulations in the ordinary maimer. 

110. When a similar arrangement was made with mercury on a concave tin 
plate, the effects were still more beautiful and convincing. The centre portion 
was covered with one regular group of quadrangular crispations; at some 
distance from the centre, and where the mercury was less in depth, these passed 
into concentric, ring-like heaps, of which there were a great many; and outside 
of these there was a part wet with mercury, but with too little fluid to give 
either Hues or heaps. Here there could be no reflected waves; or, if that were 
thought possible, those waves could not have formed both the circular rings and 
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the square crispation. When this plate was vibrated, the mercury spread in 
all directions up the side, a natural consequence of the production of powerful 
oscillations at the middle, which would extend their force laterally, but quite 
against their being due to the opposition and crossing Of waves originating at 
the sides. 

111. A limited depth of fluid is by no means necessary to produce crispa- 
tions on the surface (73). A circular glass basin about five inches in diameter 
and four inches deep was attached to a lath (69), filled with water and vibrated, 
the exciting rod being applied at tbe side (71). The surface of the water was 
immediately covered with the most regular crispations, i. e. heaps arranged 
quadrangularly. On taking out part of the water and filling it up with oil, 
the oil assumed the same superficies. On putting an inch in depth of mer¬ 
cury under the water, the mercury became crispated. The experiment was 
finally made with water fourteen inches in depth. Particles at a very moderate 
depth in the water seemed to have no motion except the general motion of the 
fluid, and the whole of the lower part of the water may be considered as per¬ 
forming the part of a solid mass upon which tbe superficial undulating portion 
reposed. In fact it matters not to the fluid, what is beneath, provided it has 
sufficient cohesion, is uniform in relation to the surface fluid, and can transmit 
the vibrations to it in an undisturbed manner *. 

112. The beautiful action thus produced at the limits of two immiscible 
fluids, differing in density or some other circumstances, by which the denser 
was enabled most readily to accommodate itself to rapid, regular and alternating 
displacements of its support when that support was horizontal, suggested an 
inquiry into the probable arrangement of the fluid when the displacements 
were lateral or even superficial. 

113. On arranging the long plate (67. 81) vertically, so that the Fig. 27. 
lower extremity dipped about one third of an inch into water, fig. 27 , 
and causing it to vibrate by applying the rod at X,or by tapping the 
plate with the finger, undulations of a peculiar character were observ¬ 
ed; those passing from the plate towards'the sides of the basin were 
scarcely visible though the plate vibrated strongly, but in place of 
such appeared others, in the production of which the mechanical force 

* I hare seen the water in a pail placed in & barrow, and that on the bead of an upright catk in a 
brewer's van patting over stones, exhibit these elevations. 





Of FLUIDS ON VIBRATING ELASTIC SURFACES. 335 

oi the vibrating plate exerted upon the fluid was principally employed. These 
were apparently permanent elevations, at regular intervals, strongest at the plate, 
projecting directly out from it over the surface of the water, like the feeth of 
a coarse comb gradually diminishing in height, and extending half or three 
quarters of an inch in length. These varied in commencing at the glass, Or 
having intervening ridges, or in height, or in length, or in number, or in 
breaking up into violently agitated pimples and drops, &c. according as the 
plate dipped more or less into the water, or vibrated more or less violently, 
or subdivided Whilst vibrating into parts, or changed in other circumstances. 
But when the plate (sixteen or seventeen inches long) dipped about one sixth 
of an inch, then four of these linear heaps occupied as nearly as possible the 
same space as four heaps formed with the same plate in the former way (83) 
and accompanied with the same sonnd. 

114. By fixing a wooden lath (69) perpendicularly downwards in a vice, 
plates of any size or form could be attached to its lower end and immersed 
more or less in water; and by varying the immersion of the plate, or the length 
of the lath, or the place against which the exciting rod ( 71 ) was applied, the 
vibrations could be varied in rapidity to any extent. 

115% On using a piece of board at the extremity of the 
lath, eight inches long and three inches deep, with pieces of 
tin plate four inches by five, fixed on at the ends in a per¬ 
pendicular position to prevent lateral disturbance at those 
parts, very regular and beautiful ridges were obtained of any desired width, 
fig. 28. These ridges, as before, formed only on the wood, and were parallel to 
the direction of its vibration. They occurred on each side of the vibrating 
plane with equal regularity, force and magnitude, but seemed to have no con¬ 
nection, for sometimes they corresponded in position, and at other times not; 
the one set shifting a little, without the others being displaced. 

116, It could now be observed that the ridges on either side the vibrating 
plane consisted of two alternating sets; the one set rising as the other fell. 
For each fro and to motion of the plane, or one complete vibration, one of the 
sets appeared, so that in two complete vibrations the cycle of changes Was 
complete. Pieces of cork and lycopodium powder showed that there was no 
important current setting in the direction of the ridges; towards the heads 
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of the ridges pieces of cork oscillated from one ridge towards its neighbour, 
and back again. Hie lycopodium sometimes seemed to move on the ridges 
from the wood, and between them to it; but the motion was irregular, and 
there was no general current outwards or inwards. There was not so much 
disturbance as amongst the heaps (90). 

117 . A very simple arrangement exhibits these ripples beautifully. If an 
oval or circular pan, fifteen or eighteen inches in diameter, be filled with 
water, and a piece of lath (69) twelve or fifteen inches long be held in It, edge 
upwards, so as to bear against the sides of the pan as supporting points, and 
cut the surface of the water, then on being vibrated horizontally by the glass 
rod and wet finger, the phenomenon immediately appears with ripples an inch 
or more in length. When the upper edge of the lath was an inch below the 
surface, the ripples could be produced. When the vessel had a glass bottom, 
the luminous figures produced by a light beneath and a screen above, were 
very beautiful (96). Glass, metal and other plates could thus be easily expe¬ 
rimented with. 

118. These ripple-like stationary undulations are perfectly analogous as to 
cause, arrangement and action with the heaps and crispations already ex¬ 
plained, i. e. they are the results of that vibrating motion in directions perpen¬ 
dicular to the force applied (105), by which the water can most readily accom¬ 
modate itself to rapid, regular, and alternating changes in bulk in the immediate 
neighbourhood of the oscillating parts. 

119. From this view of the effect it was evident that similar phenomena 
would be produced if a substance were made to vibrate in contact with and 
normally to the surface of a fluid, or indeed in any other direction. A lath 
was therefore fixed horizontally in a vice by one Fig, 29. x 

end, so that the other could vibrate vertically; a 
cork was cemented to the under surface of the free 
add, and a basin of water placed beneath with its 
surface just touching the cork ; on vibrating the 
lath by means of the glass rod and fingers (67), 
a beautiful and regular star of ridges two, three, or even four inches in length, 
was formed round the cork, fig. 29. These ridges were more or less numerous 
according to the number of vibrations, &c. As the water Iras raised, and more 
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of tie cylinder' immersed, the ridges diminished in strength, and at last dis- 
appeared: when the cylinder of cork just touched the surface, they were most 
pewerifaliy developed. This is a necessary consequence of the dependence of 
the ridges upon the portion of water which is vertically displaced and restored 
at each vibration. When that, being partial in relation to the whole surface, is 
at or near the surface, the ridges are freely formed in the immediate vicinity; 
when at a greater depth (being always at the bottom of the cork), the dis¬ 
placement is diffused over a larger mass and surface, each particle moves 
through less space and with less velocity, and consequently the vibrations must 
be stronger or the ridges be weaker or disappear altogether. The refraction 
of a light through this star produces a very beautiful figure on a screen, 

120. A heavy tuning-fork vibrating, but not too strongly, if placed with the 
end of one limb either vertical, inclined, or in any other position, just touching 
the surface of water, ink, milk, &c. (75), shows the effect very well for a mo¬ 
ment. It also shows the ridges on mercury, but the motion and resistance of 
so dense a body quickly bring the fork to rest. * It formed ridges in hot oil, but 
not in cold oil (7^)- With cold oil a very inclined fork produced a curious 
pump-like action, throwing up four streams, easily explained when witnessed, 
but not so closely connected with the present phenomena as to require more 
notice here. 

121. There is a well known effect of crispation produced when a large glass 
full of water is made to sound by passing the wet finger round the edges. 
The glass divides into four vibrating parts opposite to which the crispations 
are strongest, and there are four nodal points considered in relation to a hori¬ 
zontal section, at equal distances from each other, the finger always touching at 
one of them. If the vessel is a large glass jar, and soft sounds are produced, the 
surface of the water exhibits the ridges at the centres of vibration; as the 
sound is rendered louder, these extend all round the glass, and at last break 
up at the centres of vibration into irregular crispations, but both the ridges 
and crispations are effects of the kind already described, and require no further 
explanation. 

122. There are sojne other effects, one of which I wish here briefly to notice, 
as c onnec ted more or less with the vibratory phenomena that have been de¬ 
scribed. If, during a strong steady wind, a smooth flat sandy shore, with 
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enough water on it, either from the receding tide or from the shingles above, 
to cover it thoroughly, but not to form waves, be observed in a place where 
the wind is not broken by pits or stones, stationary undulations will be seen 
over the whole of the wet surface, forming ridges like those already described* 
and each several inches long. These are not waves of the ordinary kind; they 
are accurately parallel to the course of the wind; they are of uniform width 
whatever the extent of surface, varying in width only as the force of the wind 
and the depth of the stratum of water varies. They may be seen at the windward 
side of the pools on the sand, but break up so soon as waves appear. If the 
waves be quelled by putting some oil on the water to windward, these ripples 
then appear on those parts. They are often seen, but so confused that their 
nature could not be gathered from such observations, on the pavements, roads, 
and roofs when sudden gusts of wind occur with rain. The character of these 
ripples, ai>d their identity with stationary undulations, may be ascertained by 
exerting the eye and the mind to resolve them into two series of ordinary 
advancing waves moving directly across the course of the wind in opposite 
directions. But as such series could not be caused by the wind exerted in a 
manner similar to that by which ordinary waves are produced, (the direction 
being entirely opposed to such an idea,) I think the effect is due to the water 
acquiring an oscillatory condition similar to those described, probably in¬ 
fluenced in some way by the elastic nature of the air itself (124) and ana¬ 
logous to the vibration of the strings of the ^Eolian harp, or even to the vibra¬ 
tion of the columns of air in the organ-pipe and other instruments with em¬ 
bouchures. 

These ridges were strong enough to arrange the sand beneath where ordi¬ 
nary waves had not been powerful enough to give form to the surface. 

123. All the phenomena as yet described are such as take place at the sur¬ 
faces of those fluids in common language considered as inelastic, and in which 
the elasticity they possess performs no necessary part; nor is it possible that 
they could be produced within their mass. But on extending the reasoning, it 
does not seem at all improbable that analogous effects should take place in 
gases mid vapour, their elasticity supplying that conditioq necessary for vibra¬ 
tion which in liquids is found in an abrupt termination of the mass by an un¬ 
confined surface. 
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134. If this be so, then a plate vibrating in the atmosphere may have the 
air immediately in contact with it separated into numerous portions, forming 
two alternating sets like the heaps described (95); the one denser, and the other 
rarer than the ordinary atmosphere; these sets alternating with each other by 
their alternate expansion and condensation with each vibration of the plate. 

125. With the hope of discovering some effect of this kind, a flat circular 
tin plate had a raised edge of tin three quarters of an inch high fixed on all 
round, and the plate was then attached to a lath (69), a little lycopodium put 
on to it, and vibrated powerfully, so that the powder should form a mere cloud 
in the air, which, in consequence of the raised edge and the equal velocity ( 70 ) 
of all parts of the plate, had no tendency to collect. Immediately it was seen 
that in place of a uniform cloud it had a misty honeycomb appearance, the 
whole being in a quivering condition; and on exerting the attention to perceive 
waves as it were travelling across the cloud in opposite directions, they could 
be most distinctly traced. This is exactly the appearance that would be pro¬ 
duced by a dusty atmosphere lying upon the surface of a plate and divided 
into a number of alternate portions rapidly expanding and contracting simul¬ 
taneously. 

126. But the spaces were very many times too small to represent the inter¬ 
val through which the air by its elasticity would vibrate laterally once for two 
vibrations of the plate, in analogy with the phenomena of liquids ; and this 
forms a strong objection to its being an effect of that kind. But it does not 
seem impossible that the air may have vibrated in subdivisions like a string or 
a long column of air; and the air itself also being laden with particles of lyco¬ 
podium would have its motions rendered more sluggish thereby. I have not 
had time to extend these experiments, but it is probable that a few, well chosen, 
would decide at once whether these appearances of the particles in the air are 
due to real lateral vibrations of the atmosphere, or merely to the direct action 
of the vibrating plate upon the particles. 

127 . If the atmosphere vibrates laterally in the manner supposed, the effect 
is probably not limited to the immediate vicinity of the plate, but extends to 
some distance. The-vertical plates intersecting the surface of water and vibra¬ 
ting in a horizontal plane (117) produced ripples proceeding directly out from 
them five or six inches long; whilst the waves parallel to the vibrating plate 
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were hardly sensible; and something analogous to this may take pfebe in the 
atmosphere. If so, it would seera likely that these vibrations occurring con¬ 
jointly With those producing sound, would have an important influence upon 
its production and qualities, upon its apparent direction, and many other of 
its phenomena. 

128. Then by analogy these views extend to the undulatory theory of light, 
and especially to that theory as modified by M* Fresnel. That philosopher, in 
his profound investigations of the phenomena of light, especially when polar¬ 
ized, has conceived it necessary to admit that the vibrations of the ether take 
place transversely to the ray of light, or to the direction of the wave causing 
its phenomena. “ In feet we may conceive direct light to be an assemblage, 
or rather a rapid succession, of an infinity of systems of waves polarized 
(i. e. vibrating transversely) in all azimuths, and so that there is as much 
polarized light in any one plane as in a plane perpendicular to it.** Herschel 
says that Fresnel supposes the eye to be affected only by such vibrating 
motions of the ethereal molecules as are performed in planes perpendicular 
to the direction of the rayB. Now the effects in question seem to indicate 
how the direct vibration of the luminous body may communicate transversal 
vibration in every azimuth to the molecules of the ether, and so account for 
that condition of it which is required to explain the phenomena. 

129. When the star of ridges formed by a vibrating cylinder (119) upon the 
surface of water is witnessed instead of the series of circular waves that might 
be expected, it seems like the instant production of the phenomena of radia¬ 
tion by means of vibratory action. Whether the contiguous rarified and con¬ 
densed portions which I have supposed in air, gases, vapour and the ether, are 
arranged radially like the ridges in the experiment just quoted, or whether 
rare and dense alternate in the direction of the radii as well as laterally, is a 
question which may perhaps deserve investigation by experiment or calcu¬ 
lation. 

Royal Institution, 

July dOth, 1831. 
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XVIII, A Table for facilitating the Computations relative to Suspension Bridges. 

By Davies Gilbert, Esq. F.P.R.S. 

Read, May 19, 1831. 

THE following Table is supplementary to those accompanying the paper 
“ On the Mathematical Theory of Suspension Bridges,” printed in the Philoso- 
phicaf Transactions for 1826. It is deduced from the first Table there given, 
by the plain operations of common arithmetic; but this admits of a far more 
ready application than the former, to all cases of practical investigation. 

The first column contains the deflections or versed sines of the curve, ex¬ 
pressed in fractional parts of the double ordinate or Span. It is therefore 2 y 
divided by x, and their reciprocals are added under each. 

The second column gives the lengths of the chain without alteration from 
the former Table, except that the double ordinate or span is taken as the unit. 

The third column has the tensions of the chain at the middle points or 
apices of the curve, when the tensions are least; taking the weight of the 
chain, or that weight augmented by the adjunct weight, or with the adventitious 
weight also, as unity. The numbers are obtained by dividing a by 2 z. 

The fourth column gives the tensions in a similar manner for the extremi¬ 
ties of the chain, where they are greatest; and it is made by dividing T by 2 z. 

The fifth column gives the angles made by the chains at their extremities 
with the plane of the horizon, being the complements of those in the former 
Table. 

As all these numbers are immediately derived from an existing Table, there 
would have been much additional trouble, and without any adequate advan¬ 
tage, in making the denominators of the fractions in the first column or their 
reciprocals (the decimal fractions), to succeed each other by equal differences. 
And I have thought it unnecessary to extend the Table further in either di¬ 
rection ; since no deflection is likely to be so great as a seventh of the span; 
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and in the event of a short and light bridge being constructed with a deflection 
less than one part in forty, the columns may be continued with an accuracy 
quite sufficient, by taking the direct proportion of the denominators for 
columns three and four, and the inverse proportion for column five. The 
numbers in column two may be neglected, as not sensibly differing, in such a 
case, from unity, or they may be found in the Table from which this has 
been derived. 


Deflections or 
Verted Since. 

Length of the 
Chains. 

Tendons at the 
Middle Points. 

Tendons at the 
Extremities. 

Angles with the 
Horison at the 
Extremities. 

One in $9.97 

.02503 

1.00166 

4.992 

5.017 

5 43 

39.17 

.03553 

1.00173 

4.892 

4.917 

5 50 

38.37 

.02007 

1.00181 

4.791 

4.817 

5 58 

37.57 

.02663 

1.00189 

4.691 

4.718 

6 5 

36.76 

.02720 

1.00196 

4.591 

4.618 

6 13 

35.96 

.02781 

1.00206 

4.491 

. 4.519 

6 21 

35.16 

.02844 

1.00215 

4.391 

4.419 

6 30 

34.36 

.02910 

1.00225 

4.290 

4.319 

6 39 

33.56 

.02980 

1.00236 

4.190 

4.220 

6 48 

32.76 

.03053 

1.00247 

4.090 

4.121 

6 58 

31.96 ! 
.03129 

1.00260 

3.989 

4.021 

7 9 

31.16 

.03210 

1.00273 

3.889 

3.921 

7 22 

30.36 

.03294 

1.00288 

3.789 

3.822 

7 31 

29.56 

.03384 

1.00304 

3.689 

3.723 

7 43 

28.75 

.03478 

1.00322 

3.588 

3.623 

7 66 

27.95 

.03577 

1.00340 

3.488 

3.524 

8 9 

27.15 

.03683 

1.00360 

3.388 

3.425 

8 24 

26.35 

.03795 

1.00383 

3.287 

3.325 

8 39 

25.55 

.08914 

! 1.00407 

3.187 

3.226 

8 55 

24.75 

.04041 

1.00434 

3.087 

3.126 

9 12 
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Table (Continued). 


Deflections or 
Versed Sines. 

Length of the 
Chains. 

Tensions at the 
Middle Points. 

Tensions at the 
Extremities. 

Angles with the 
Horizon at the 
Extremities. 

One in 23.95 
.04176 

1.00463 

2.986 

3.027 

9 30 

23.14 

.04381 

1.00496 

2.886 

2.928 

9 50 

22.34 

.04476 

1.00532 

2.785 

2.830 

10 11 

21.54 

.04642 

1.00568 

2.685 

2.731 

10 33 

20.74 

.04828 

1.00617 

2.584 

2.632 

10 57 

19.93 

.05017 

1.00668 

2.483 

2.533 

11 23 

19.13 

.09227 

1.00725 

2.383 

2.435 

11 51 

18.33 

1.00789 

2.282 

2.337 

12 22 

17.52 

.05706 

1.00863 

2.181 

2.238 

12 55 

16.72 

.05980 

1.00947 

2.080 

2.140 

13 31 

15.92 

.06282 

1.01045 

1.979 

2.041 

14 11 

15.11 

.06617 

1.01158 

1.878 

1.943 

14 54 

14.31 

.06989 

1.01291 

1.777 

1.846 

15 43 

13.50 

.07406 

1.01448 

1.676 

1.749 

16 28 

12.70 

.07876 

1.01635 

1.574 

1.652 

17 37 

11.89 

.08411 

1.01862 

1.473 

1.555 

18 45 

11.08 

.09024 

1.02139 

1.371 

1.469 

20 2 

10.27 

.09734 

1.02484 

1.269 

1.363 

21 31 

9.47 

.10563 

1.02893 

1.166 

1.269 

23 12 

8.65 

.11559 

j 1.03474 

1.063 

1.174 

25 11 

7-84 

.12762 

1.04219 

0.960 

i 

1.083 

27 31 

7.00 

.14280 

1.05343 

| 0.854 

1 

0.990 

30 20 
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XIX* An Account of the Construction and Verification of a Copy of the 
Imperial Standard Yard made for the Royal Society. By Captain Henry 
Katbr, F.R.S. 

Read May 19, 18S1. 

THE Royal Society having done roe the honour to request that I would un¬ 
dertake the construction and verification of a copy of the Imperial Standard 
Yard for their use, it becomes necessary to place upon record the manner in 
which this was executed, in order that some judgement may be formed of the 
degree of confidence which may be placed in the result. 

The scale in question is constructed in the manner which I have described 
in the Philosophical Transactions for 1830 * for diminishing the errors arising 
from the thickness of the bar upon which it has hitherto been customary to 
trace the divisions. The support of the scale is of brass, forty inches long, 
If inches wide, and Aths of an inch in thickness. A brass plate of seven 
hundredths of an inch thick was made to slide freely upon the support in a 
dovetail groove formed by two side plates, and was then fixed to the support 
by a screw passing through its middle. 

This plate carries the divisions, which are fine dots upon gold disks let into 
the brass; the scale is divided into inches, and there is one inch to the left of 
zero, which is subdivided into tenths. The scale is the work of Mr. Dollond . 

As the points designating the Imperial Standard Yard are upon a brass bar 
one inch in thickness, it was necessary to be extremely careful that the bar 
during the comparisons should be placed upon a surface as nearly as possible 
plane; since it has been shown in the paper before alluded to, that a curvature 
of which the versed sine is only one-hundredth of an inch in a yard would 
occasion a variation in the length of this standard amounting to nearly five- 
thousandths of an inch. 

* Page 359. 

2 y 2 
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The marble slab formerly used was employed on the present occasion. Its 
surface was examined by means of a wire, the diameter of which was one- 
hundredth of an inch, stretched by a bow with a force of about four pounds; 
but as this wire would suffer a deflexion by its own weight amounting to about 
four-thousandths of an inch, a wire of two-hundredths of an inch diameter was 
placed at each extremity of the marble slab, and the wire of the bow resting 
upon these; the distance of its middle point from the surface of the marble was 
found to be a little less than two-hundredths of an inch, estimated by passing 
beneath it a wire of one-hundredth of an inch in diameter. The marble slab 
being sixty-four inches long, its surface may therefore, perhaps for the extent 
of a yard, be considered as sufficiently approximating to a plane ; and I may here 
remark that no new adjustment of the slab was found to be necessary, as its 
position appeared to have undergone no change since my last measurements. 

The scale was placed upon the marble slab near the Imperial Standard Yard, 
and the comparisons were always made about nine o'clock in the morning, in 
order to ensure as far as possible an equality of temperature in the scale and 
the Standard Yard. It will be seen that seldom more than three comparisons 
were taken on the same morning, lest the proximity of the person of the 
observer might destroy the equality of temperature. 

The microscopic apparatus used on the present occasion is that which was 
employed in the comparison of various British standards of linear measure, an 
account of which is given in the Philosophical Transactions for 1621 , and the 
mode pursued in making the comparisons was the same as that which I have 
there detailed. The value of one division of the micrometer is =.0000428742 
of an inch. As the microscopes invert, an increase in the readings indicates a 
corresponding deficiency in the length of the scale. 
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Date. 

1891. 

Imperial 
Standard Yard. 

From 0 to 36 
on the lloyal 
Society’s Scale. 

Difference. 

Difference in 
Inches. 


microm. readings. 

microm. readings 

div. 

inches. 

April 5 

46 

624 

164 

.0007074 


48 § 

61 

124 

.0005358 


46 

69 J 

13 * 

.0005787 


43 

59 

16 

.0006860 

p.M. 

32 

45 $ 

13 * 

.0005787 

6 

36 

53 

17 

.0007288 


38 $ 

53 

14 * 

.0006216 


37 

54 

17 

.0007288 


39 

52 

13 

.0005573 

7 

26 * 

43 

16 * 

.0007074 


29 

44 

15 

.0006431 


31 

44 

13 

.0005573 

8 

31 

47 

16 

.0006860 


33 * 

47 

13 * 

.0005787 


34 

46 

12 

.0005144 

9 

51 

67 

16 

.0006860 


51 

68 

17 

.0007288 


52 

67 

15 

.0006431 

10 

43 

57 

14 

.0006002 

11 

35 * 

534 

18 

.0007717 


36 

54 * 

18 * 

.0007931 


41 

52 

11 

.0004716 

i 

37 

51 

14 

.0006002 

12 

30 

45 

15 

.0006431 


30 

46 

16 

.0006860 


35 

44 * 

9 * 

.0004072 


30 

44 

14 

.0006002 

13 

39 

55 

16 

.0006860 


37 § 

51 * 

14 

.0006002 


36 

50 

14 

.0006002 

14 

17 

29 

12 

.0005144 


16 

27 * 

11 * 

.0004930 


7 

18 

11 

.0004716 

15 

86 

103 * 

17 * 

.0007502 


91 

106 

15 

.0006431 


92 * 

105 

12 * 

.0005358 

j Mean . 

.0006204 


It will be seen in the above Table that the greatest difference between any 
one of the thirty-six comparisons and the mean is less than two ten-thousandths 
of an inch; the distance from 0 to 36 on the Royal Society’s scale may there¬ 
fore be considered as equal to 35.99938 inches of the Imperial Standard Yard. 
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XX. On the Theory of the Elliptic Transcendents, By Jambs Ivory, A,M, 
F.R.S, Instil. Reg, Sc, Paris, et Soc, Reg . Sc, Gottin., Carresp. 

Read June 9, 1831. 

THE branch of the integral calculus which treats of elliptic transcendents 
originated in the researches of Fagnani, an Italian geometer of eminence. He 
discovered that two arcs of the periphery of a given ellipse may be determined 
in many ways, so that their difference shall be equal to an assignable straight 
line; and he proved that any arc of the lemniscata, like that of a circle, may 
be multiplied any number of times, or may be subdivided into any number of 
equal parts, by finite algebraic equations. These are particular results; and 
it was the discoveries of Euler that enabled geometers to advance to the inves¬ 
tigation of the general properties of the elliptic functions. An integral in 
finite terms deduced by that geometer from an equation between the diffe¬ 
rentials of two similar transcendent quantities not separately integrable, led 
immediately to an algebraic equation between the amplitudes of three elliptic 
functions, of which one is the sum, or the difference, of the other two. This 
sort of integrals, therefore, could now be added or subtracted in a manner 
analogous to circular arcs, or logarithms; the amplitude of the sum, or of the 
difference, being expressed algebraically by means of the amplitudes of the 
quantities added or subtracted. What Fagnani had accomplished with respect 
to the arcs of the lemniscata, which are expressed by a particular elliptic inte¬ 
gral, Euler extended to all transcendents of the same class. To multiply a 
• function of this kind, or to subdivide it into equal parts, was reduced to 
solving an algebraic equation. In general, all the properties of the elliptic 
transcendents, in which the modulus remains unchanged, are deducible from 
the discoveries of Euler. Landbn enlarged our knowledge of this kind of 
functions, and made a useful addition to analysis, by showing that the arcs of 
the hyperbola may be reduced, by a proper transformation, to those of the 
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ellipse. Every part of analysis is indebted to Lagrange, who enriched this 
particular branch with a general method for changing an elliptic function into 
another having a different modulus, a process which greatly facilitates the 
numerical calculation of this class of integrals. An elliptic function lies 
between an arc of the circle on one hand, and a logarithm on the other, 
approaching indefinitely to the first when the modulus is diminished to zero, 
and to the second when the modulus is augmented to unit, its other limit. 
By repeatedly applying the transformation of Lagrange, we may compute 
either a scale of decreasing moduli reducing the integral to a circular arc, or 
a scale of increasing moduli bringing it continually nearer to a logarithm. 
The approximation is very elegant and simple, and attains the end proposed 
with great rapidity. 

The discoveries that have been mentioned occurred in the general cultivation 
of analysis; but Legendre has bestowed much of his attention and study upon 
this particular branch of the integral calculus. He distributed the elliptic 
functions in distinct classes, and reduced them to a regular theory. In 
a M^moire sur les Transcendantes Elliptiques, published in 1793, and in 
hisExercices de Calcul Integral, which appeared in 1817, be has developed 
many of their properties entirely new; investigated the easiest methods of 
approximating to their values; computed numerical tables to facilitate their 
application; and exemplified their use in some interesting problems of geo¬ 
metry and mechanics. In a publication so late as 1825, the author, returning 
to the same subject, has rendered his theory still more perfect, and made many 
additions to it which further researches had suggested. In particular we find 
a new method of making an elliptic function approach as near as we please to 
a circular arc, or to a logarithm, by a scale of reduction very different from 
that of which Lagrange is the author, the only one before known. This step 
in advance would unavoidably have conducted to a more extensive theory of 
this kind of integrals, which, nearly about the same time, was being discovered * 
by the researches of other geometers. 

M. Abel of Christiana, and M. Jacobi of Konigsberg, entirely changed the 
aspect of this branch of analysis by the extent and importance of their disco¬ 
veries. The first of these geometers, whom, to the great loss of science, a pre¬ 
mature death cut off in the beginning of a career of the highest expectations, 
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lumpily conceived the idea of exposing the amplitude of an Elliptic function 
In tedngdf the function itself. By this procedure the sines and cosines of the 
amplitudes become periodical quantities like the sines and cosines of circular 
ares ; and analogy immediately points out many new and useful properties 
which it would be difficult to deduce by any other mode of investigation. This 
new way of considering the subject struck out by M. Abel, not only disclosed 
to him some interesting and original views, but it conducted him to the general 
and recondite theorems which, without his knowledge, had been previously 
discovered by the geometer of Konigsberg. M. Jacobi, following in his 
researches a different method from M. Abel, proved that an elliptic function 
may be transformed innumerable ways into another similar function to which 
it bears constantly the same proportion. In the solution of this problem the 
modulus and the amplitude sought are deduced from the like given quantities, 
by equations which depend upon the division into an odd number of equal 
parts of the definite integral, having its amplitude equal to 90°; and, as any 
odd number may be chosen at pleasure, the number of transformations is 
unlimited. In consequence of this discovery, an elliptic function can have its 
modulus augmented or diminished according to an infinite number of different 
scales. The new process for effecting the same reduction discovered by 
Legendre in 1825, is only the most simple case of the extensive theorem of 
M. Jacobi ; and, although the older transformation of Lagrange is no part of 
the same theorem, it bears to it a close resemblance in every respect. Such is 
the principal addition made to this branch of analysis by M. Jacobi ; but the 
new methods of investigation introduced by him and M. Abel, open a wide 
field of collateral research, which probably will long continue to furnish matter 
for exercising the ingenuity of mathematicians. 

But it seldom happens that an inventor arrives by the shortest road at the 
results which he has created, or explains them in the simplest manner. The 
demonstrations of M. Jacobi require long and complicated calculations; and 
it can hardly be said that the train of deduction leads naturally to the truths 
which are proved, or presents all the conclusions which the theory embraces 
in a connected point of view. The theorem does not comprehend the trans¬ 
formation of Lagrange, which must be separately demonstrated. This is an 
imperfection of no great moment; but it is always satisfactory to contemplate 
hdcccxxxi. 2 z 
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a theory in its* full extent, and to deduce all the connected truths from the 
same principles* On a careful examination it will he found that the sines or 
cosines of the amplitudes used in the transformations are analogous to the sines 
or cosines of two circular arcs, one of which is a multiple of the other; inso¬ 
much that the former quantities are changed into the latter when the modulus 
is supposed to vanish in the algebraic expressions. We may therefore transfer 
to the elliptic transcendent the same methods of investigation that succeed in 
the circle. When this procedure is followed, there is no need to distinguish 
between an odd and an even number; the demonstrations are shortened; and 
the difficulties are mostly removed by the close analogy between the two cases. 
It is in this point of view that the subject is treated in this paper, in which 
it is propbsed to demonstrate the principal theorems without going into the 
detail of the applications. 

1. Elliptic functions of the first kind are of this form *, viz. 

/ <P d <p 

V"1 — k* sin *<p 3 



_ d 4/ 

V 1 — h % sin* 4/ * 


the arcs <p and 4 being the amplitudes, and the quantities k and h, which are 
always less than unit, the moduli of the functions. For the sake of abridging, 
I shall denote the foregoing integrals by K (<p) and H (4), the prefixes K and 
H having reference to the moduli k and h ; and, for the definite integral 

between the amplitudes 0 and--, I shall use indiscriminately either K 

and H or, more simply, K and H. 

The general equation to be investigated is the following, 


J Vi — A*sin 3 4/ v v'f— * 


(0 


|S being a constant quantity equal to the first ratio of the nascent arcs 4/and <p. 


* la what follows, the terms * elliptic functions ’ and ‘ elliptic transcendents ’ are to be ’understood as 
applying to those of the first kind only, which alone are treated of. 
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If we admit that this is a possible equation, and suppose that when $ is succes¬ 
sively equal to the arcs of the series, 

0, -y, 2y-, 3y, &c., 

<p attains the respective values, 

0, X|| ^2, Xg, &C.; 

we shall have, 

H = /3K (Xj), 2H = pKW, 3H= jSK^), Sue.; 
and consequently, 

K(X 2 )=2KW, K(X 3 ) = 3K(X 1 ),&c. 

Thus the arcs Xj, X 3 , &c. are the amplitudes of the multiples of the function 
K (X x ), which itself remains indeterminate. We may therefore suppose 

p X K (X L ) = K P representing any integer number; and, in conse¬ 

quence, we shall have 

K(X.) = j K, K(Xj) = -~-K, ... K(K m ) = ”K. 

Any proposed number being assumed for p, we may determine the amplitudes 
Xj, Xg, X 3 , Sec. by the theory for the multiplication and subdivision of elliptic 
functions: but as the equations to be solved are complicated and impracticable, 
the arcs \ v X^ Sue. may be treated as known quantities without any attempt to 
compute them. 

An elliptic function becomes equal to the arc of its amplitude, when the 
modulus vanishes: and in this case the arcs X 1 , X 2 , X 3 , &c. are obtained by the 

subdivision of the quadrant of the circle, and are respectively equal to 



Having made these observations, we shall for the present dismiss all consi¬ 
deration of the equation to be demonstrated, and turn pur attention to inves¬ 
tigate two variable arcs yp and <p, such that the first shall have the successive 
values, 

0, 3x|, Sec. 


2 z 2 
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when the second becomes respectively equal to the several known amplitudes, 

0| Aj, Xj, Ag, &C. 

2. As we shall have occasion to refer to the, formulas for the addition and 
subtraction of elliptic functions, it will be convenient to premise them. 

Let a and b represent any two amplitudes, and put 

K (a) + K (b) = K (s) 

K (a) - K (b) = K (<r): 


then, according to the formulas of Euler *, 


• _ sin q cos 6 4/1 — k* sin* b -h cos a sin b */1 — k* sin* a 

1 —• £* sin* a&in*b 

, sin a cos b */1 — £* sin* b — cos a sin b t/\~— Psin*q 


sm <r: 


l — k % sin* a sin* b 

From these we immediately deduce, 

. . sin* a — sin* b 4 * 

sm $ sm 9 —■ 1 j g • , * 11 • 

1 — k sin* a sin' o 


(A) 


It may be observed that if a = A m , b = X*; then $ = A* er = A*_„: for 
it is obvious that 


K (K m ) + K (A*) = (m + n) K fa) = K (A**.) 
K (A m ) — K (A*) = (w — «) K (A x ) = K (X»_n) 


3. In order to avail ourselves of the analogy between the elliptic functions 
and the arcs of a circle, we must take that view of the matter first suggested 
by M. Abel. Let 


u=r* — 

J 0 V 1 — sin* <p 


K(p); 


then, as u is a variable quantity depending upon the amplitude <p, reciprocally 
this latter quantity will depend upon the first; which dependence we shall 
express in this manner. 


<p =ss amplitude of u = A «, 
sin p = sin A u. 


• Traits des Fonctions Elliptiques, tom. i. p. 22.- 
f This equation is called by M. Abel “ la propr&td fondamentale/ 
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For the sake of abridging, let <y = K; so that X l9 7^ 9 X^, &c. will be the 
respective amplitudes of », 2 », 3 m 9 &c.; and A? = amplitude of p * = amp. of 
K = 90 ° ; and X Sp = amp. of 2p<v = arap. of2 K = 180 °*. From the nature of 
the integral, it follows that when u receives an addition equal to 2pu or 2 K, 
the amplitude of u will be increased by 180 °. 

To the indeterminate quantity u let there be added the several even multi¬ 
ples of u less than 2pu\ and let us consider the sines of the amplitudes of the 
functions so formed, viz. 


sin An, sinA(n + 2 ^), sinA(n + 4»), .... sin A (u + 2 p« — 2 ») : 

in this series, if we substitute in place of u, the successive quantities u -f 2 a, 
u + 4 *, u + 6 », &c., the same sines will constantly recur in periodical order, 
abstracting from the change of sign when an amplitude becomes greater than 
180°, or than a multiple of 180°. Thus, if we put u + 2 » in place of w, the 
second term of the foregoing series will stand first, and the last term will be 
sin A (u + 2 p ») ss — sin A (u). In like manner, if u + 4 * be substituted for 
u y the third term of the series will stand first, and the two last terms will be 
— sin Aw, — sin A (w + 2 »); and so on. 

Let us now put 

y = sin A<w X sin A(3a>) X sin A (5 <v) .... X sin A (2 — *) 


or, which is the same thing, 

y = sin X x X sin X 3 X sin A$-X sin; 

* 

and further, let us assume. 




sin A u x sin A (u + 2 m) X sin A (u -f 4 a) .... x sin A (u + 2p m — 2 a>) 


(B) 


In this expression, if we substitute for ti, the several odd multiples of * in suc¬ 
cession, viz. 

Of, 3 Vy 5 «, 7 &c* 

it follows, from what has been said, that the products in the numerator will 
always be the same, and equal to the denominator, but that their signs will 
change alternately as the successive quantities are substituted. Thus, when 
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any odd multiple (2»+ 1)* is substituted for w in the expression (B), the 
value of y is always + 1 or — 1, according as (2 n + 1) <» holds an odd or an 
even rank in Hie series of the odd multiples of 
On the other hand, when u is zero, or equal to 2 not any even multiple of 
we shall have y = 0, one of the factors of the numerator necessarily vanishing; 
for in a sequence of the even multiples of a, of which the number is p y there 
must be one equal to 2pa, or to a multiple of 2; and therefore when 
u s= 2 n *, one of the factors must be the sine of an amplitude equal to 180° or 
to a multiple of 180°. 

Further, let * — z be substituted for u in the expression (B), z being less 
than *; then, 

sin A (a — z) sin A (8 cu — s).... sin A (2 p to — » — z) 
y s= —■— - 1 - -- 

J y 

Now, in the numerator, the partial products, of the first and last factors, of the 
second and last but one, and so on, are as follows: 

sih A (<v — z) sin A (2paf — * — z) = sin A (* — z) sin A (<v + z), 

sin A (3 at — z) sin A (2p» — 3 * — z) = sin A (3 »*- z) sin A (3* -f *), &c* 

to which we must add the single factor sin A (pen — z), when p is an odd ntim* 
ber. All the partial products, it will be observed, have the same value whe¬ 
ther z be positive or negative; and they are all greatest, when z = 0, as will 
readily appear from what is proved in § 2. Wherefore y has the same value 
and the same sign, when u is at equal distances from the limits 0 and 2 *>; and 
it attains its greatest magnitude, equal to 1, when u = a>. And, if we substi¬ 
tute (2n + l) v — z for a, this substitution will nbt change the foregoing 
factors, but only their order, and the sign of their product, which sign, while 
u is contained between the limits 2nu and 2 n a + 2 *, will be + or accord¬ 
ing as (2 n + 1) o) holds an odd or an even rank in the series of the odd mul¬ 
tiples Of 

We may now conclude, from what has been proved, that y, in the expression 
(B), represents the sine of an arc which increases from zero with the elliptic 
function u y and coincides with the successive terms of the series, 

0, y, 2 y, 3 &c. ad infinitum. 
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at the same time that u attains the values, 

0, u, 2 », 3 <v, &c. ad infinitum, 

or, when the amplitude of u becomes equal to the several known arcs, 

0, &£* f^d infinitum: 

and further, that there is but one value of y, or of sin 4, between the two con¬ 
secutive terms m x ~ and (m + 1) X for any given value of u between the 
limits mu and (m + 1) <v, or for any given amplitude between the arcs X* and 

-f- 1 • 

4. In what has been proved, p may be either an odd or an even number; 
but we must now distinguish between the two cases, in like manner as it is 
necessary to do when we investigate the sine of a multiple of a circular arc. 
Representing the amplitude of u by <p 9 we shall have, u = K (<p), and sin <p 
= sin A «. When p is odd, there will be an even number of factors after the 
first in the numerator of the expression of y or sin ^; and any one of these, 
as sin A (w + 2 n «), will have another, namely, sin A (u + 2 p u — 2 n u) 
= sin A (2 nu — u) 9 answering to it; and the product of this pair of factors, 
viz. sin A (u + 2 n u) X sin A (2 nu — u), will be found by the formula (A) of 
§ 2, observing that sin a = sin A (2 n u) = sin X 2 „, sin b = sin A « = sin p, sin s 
= sin A (2 7i v + u), sin <r = sin (2 n u — u ): 
thus we have, 

sin 9 A 0 —sin*« 

sin A(m + 2nu) sin A (u + 2pu — 2«*) = -— 

v V jr ' I —sin® \ g H sra* $ 

Wherefore, by taking in all the factors and writing z for sin <p, we shall obtain, 

sind,— JL sin^-z* sm*Ap-~i - *» 

^ y * 1 — k* z* sin 9 Ag ’ I — z 9 sin 9 A* * * ’ 1 — k*z* sin **p - i* 

The expression of y, viz. 

y =s sin Xj. sin X 3 . sin Xg... sinX 2p -. i, 
may be written in this form, 

y = sin^. sin 2 X 3 . sin 2 X 5 -sin 2 A,,- 1 , 

omitting the factor sin x p = 1: wherefore, if we assume. 
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g «- ««*%» «a a A4*«n*Ag. ..sm*Ap„ t 
" sin* A!. sin* Ag. sin 9 . ..sin ^ _ % 

we shall have, 

p being an odd number. 


1 - -T-T 

sin* 


f __ z, „ sin* Ag sin A^ sin Ap — 1 /o\ 

sinyp — fiz. i _ ^ (2) 

When p is an even number, if we leave out the first factor in the numerator 
of the expression of y or sin there will remain an odd number of factors, 
that which occupies the middle place, being sin A (u + p *) : and any factor, 
as sin A (u + 2 nai), between the first and the middle one, will have another, 
viz. sinA(w + 2 p<y — 2 «<w), corresponding to it after the middle one; and 
the product of this pair of factors will be obtained as before, viz. 

sin* A fl — sin* e 

sin A (u + 2 n ») sin A (« + 2 p » — 2 n ») = — 

With regard to the middle factor, we shall have, in the formulas of ^ 2 , 
sina = sinA(j»») = sin90°, sin b = sin Au as sin <p, sin« =s sin A (w + pai) ; 
and 

• a r i \ COSp 

sin A (u + p ») = . y:--- . r^= 

v r ' i/l — £*sin*f 

Wherefore, by proceeding as before, we shall have, 
p being an even number. 


@z s/ 1 —• ** 

: 1/T^WW'T 


sin* Ag _ sin* A a 

a «*sin*A^* 1 — k* z* sin 4 A 4 


n _ sin* Ag. sin* A 4 . sin* Ag... sin* Ap — g 

” sin*Aj. sin* Ag. sin* Ag... sin* ApUT 


_ sin* Ay - 3 

1 — &* ** sin* Ap _ » 


In both the formulas ( 2 ) and (3), it is obvious that |3 is tbe quotient of the 
product of the sines of all the even amplitudes, h, &c. between the limits 
0 and 180°, divided by the product of the sines of all the odd amplitudes, 
x lf A 3 , &c. contained between the same limits. The general expression of j3, 
common to the two cases, is therefore as follows, 

__ sin ^. sin \. sin Ag... sin \s P — a 
v, P sin A l . sin Ag. sin Aj... sin Xzp- i' 


( 4 ) 
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In the formula (2) let P and R stand for the products of the binomials in 
the numerator and denominator; then, 


and. 


a - « _ /3*P 

sin y — —g—; 


a 1 _ R«— 0**«P* 
COS 2 y]s — - -^ -. 


The numerator of this expression is a rational function of » 2 , and it will vanish 
whenever cos 2 = 0, or sin 2 4= 1, that is, when z 2 is equal to sin 2 X 2 n + i, 
2 n + 1 being 1 any odd number less than 2 p. Suppose that 2 n + 1 is any odd 
number less than p, the numerator of the value of cos 2 ^ will be divisible by 

z* 


sin a X2 P - 2 




and as these binomials are 
2 


( , -554m)' andals0by ( 1 " 

equal, it will be divisible by their product ; and, p being itself 

an odd number, to the double divisors there must be added the single one 
(l — = 1 — z 2 . The numerator is therefore divisible by the product. 






sin® bp — 2 / 

and, as the two expressions have the same absolute term and the same dimen¬ 
sions, they must be identical. Wherefore we have, 

p being an odd number, 

1 _ Z* X* . 

COSyp 


sin 4 A, 


1 - 


sin 8 ^ 


sin* \p — 2 


1 — A^sin 3 ** * 1 -**x*sin*A 4 * ’ # 1 — ¥ z*sin*- i ’ 


(5) 


In like manner, if P and R represent the rational binomial products in the 
numerator and denominator of the formula (3), we shall have 


and 


j _ /9 % 1 — z* w P . 

sul4 - x X ’ 


C0S 2 J, - (1 - in') R»-?*0-*)!»■ 

COS ^ (1 —Vz 3 ) R 8 


Proceeding as before, it will appear that the numerator of this expression is 
mdcccxxxi. 3 A 
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divisible by tbe double divisor ^1 — 2n +1 being any odd num¬ 

ber less than'jp; and in this case when p is an even number* all the divisors 
are double. Wherefore the product 

(>-sk)'(‘ Ergn)' 

will divide the numerator of the value of cos 2 <4; and it will be identical to it, 
because both the expressions have the same dimensions. Thus we obtain, 
p being an even number, 


cos 4/ = 


sm* A, 


«in a A3 

* 1 — k* z* sin 8 \ ' 


Prom the equations (2) and (5) we deduce. 


_sin* Ap -1 


1 — ****sin* Ap-s 


_ fix sm* Ag 

1 sm*X 1 


but it will readily appear that 

sin 8 ? tan 8 ? 

1 ~ sin^T 1 ““ tan* Ag, 

sin*? 35 tan 8 9 * 

sin^Agn-f j 1 

wherefore we obtain, 

p being an odd number, 

tan*? tan*? 

, ___ a 4___ . . * tan® A* 1 tan 8 \ 

Um4=(itmpx - ^ ■ 

1 ”* ten* >4 1 tan* Ag 


1 sin 8 A/, - i 


1 sin* - a 


! - 

tan* Ap — i 
4 tan* Ap - 9 


And in a similar manner we deduce from the equations (3) and (6), 
p being an even number, 


tan* ? tan* ? 

tan-; - _ 1 ~ 1 ~ 

^ 2 __ up* 9 ♦ j tan 8 ? j ^ tan* ? 


tan*? 
tan* Ap~i 


The formulas (2), (5), (7), in which is an odd number, are those used in 
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the theorems of M. Jacobi $ the other three, (3), (6), and (8), have been added 
here. All the formulas will be true in the circle, if we make k se 0, and derive 
the arcs \ l9 ^ &c. from the subdivision of the quadrant, in like manner as 

they have been obtained from the subdivision of the definite integral k 

The coefficient /3 is the expression of the first ratio of the nascent arcs ^ and p ; 
and it is equal to p in the circle. 

All the formulas are, however, imperfect in one respect: they all suppose 
that the amplitudes h> * 2 , &c., derived from the subdivision of the definite 

integral are known. By means of these amplitudes, the general solu¬ 

tion of the problem has been deduced from a particular case: but the formulas 
cannot be considered as complete till all the coefficients have been expressed 
in functions of the modulus k ; and, with respect to this point, the researches 
of analysts have not yet been entirely successful. 

5. Having now investigated the relation between the arcs and p, we have 
next to demonstrate that the equation (1) is true when these amplitudes are 
substituted in it, and a proper value is assigned to the indeterminate modulus 
h ; but this requires some preparation, in order to avoid complicated operations. 
First, p being an odd number, we have, 

sin -ipss ■ , cos yp =-g—- ; 

R, P, Q, representing the rational binomial products in the denominators and 
numerators of the equations (2) and (5): we therefore obtain, 

R2 = £***P2 + (1 -**)Q2. 

This equation has been found on the supposition that z is less than 1; but, as 
it contains no radical quantities, it will be true for all values of z . We may 

therefore substitute j~ z for z; and, in the resulting equation, the symbol z will 
still represent a quantity unrestricted in its value. Now, the substitution of 
for z being made, we shall obtain, 

R 2 - p*h*z*¥*=: (i - k ***) R* 

3 A 2 
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in which expression R and P denote the same functions of z as before, and the 
values of the new symbols A and R' are as follows, 

A = JPsin 4 *!. sin 4 *3 .sin 4 A*•. .sin*^_ s , 

W as<l — A»a s sin*A l ) (L — A^aPsfu*?^) .. 


We thus have 


,/R 2 - f3 2 W- s 2 P 2 = ^1 - i 2 z 2 . R'. 


} 


(C) 


* Secondly, when p is an even number, R, P, Q will stand for the rational 
binomial products in the denominators and numerators of the equations ( 3 ) 
and ( 6 ): thus 


sin^ s= 


pz vr^# p_ 
Vi-**z* * R 3 


COB y(/ 


i Q. 

Vi -Pz* * 1 * 


consequently 

(I - A 2 z 2 ) R 2 = (3 2 * 2 (1 - * 2 ) P 2 + Q*. 

And if in this equation we substitute j~ z in place of *, we shall obtain this 
result, 

(1 -A2**)R*=:/3**2(l -* 2 )p 2 +R '2 

R and P representing the same functions of z as before, and the new symbols 
A and R' standing for these values, 

A =s k p . sin 4 Xj . sin 4 X 3 . sin 4 \ 5 . . . sin 4 ^ t 
R' = (1 — A 2 z 2 sin 2 X|) (1 — A 2 « 2 sin 2 Kj) . . . (1 — A 2 * 2 sin 2 
From what has been proved we now have 


n /0 - ¥ a 2 ) R 2 - (3 2 z 2 (1 - **) P 2 = Q, 'l 
,/(l - ¥ * 2 ) R 2 —/3 2 A 2 z 2 (l — z 2 ) P* = R' J 

To these formulas we must add the following principle of analysis, on which 
the demonstration we have in view mainly turns. Let V and U denote rational 
functions of z : we shall have this identical equation, 
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(u) 


u* 


= i-{(V + «U) 


j.(V-aU) 

dz 


(V - all) 


dz 


} 


from which it follows, that every double binomial factor either of V + « U, or 

d -(l) 

of V — a U, is a simple binomial factor of —— U 2 ; and further, if V+ a U 


and V — a\J have no common divisor, that every double binomial factor 
of (V + a U) X (V — a U) = V 2 — a 2 U 2 , is a simple binomial factor of 



6. The differential of the equation (1) may now be readily demonstrated, 
supposing that (3 has the value investigated in § 4, and h , the value assigned to 
it in § 5. And first when p is an odd number, we obtain from the equation (2), 


sin \p = 


fl.zP 

T ’ 


z = sin <p : 


and with these values the equation (1) will become 


R' A 
di d ' Illy 


and, on account of the formulas (C), 
R* 


dz 


__ ... 1 . 


Q.R' 


Now it is evident that R + /3 . z P and R — /3 . * P, have no common divisor: 
for, as R contains only the even powers of z , and * P only the odd powers, if 
\ + cz be a factor of R + /3 . as P, 1 — c z will necessarily be a factor of 
R — /3 . % P. Wherefore, according to what has been proved above, every 
double binomial factor of R 2 — /3 2 z 2 P 2 , that is, every factor of Q, will be a 
factor of the function in the numerator of the left side of the last equation. In 
the very same manner it is proved that every double binomial factor of 
R2 — f3 2 h % a 2 P 2 , that is, every factor of R', will be a factor of the same function. 
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Wherefore the numerator of the left side of the last equation is divisible by 
the product Q X R 1 in the denominator; and, as both the expressions have 
the same dimensions and the same absolute term, they are identical; which 
verifies the equation. Wherefore the equation (1) is demonstrated when p is 
an odd number. 

Secondly, when p is an even number, we have by equation (3), 

•„ « Q x V' 1- xf* P •_ - 
Sin if/ — — SU 1 ^ —» % . 


and the differential of equation (1) will become by substitution, 

(l-i»« s )E 1 j /a VT - —**. P \ 

- T* - 


((1 - i* *») R« - F z‘ (1 - *’) P*) ((1 - it* *•) R* -13* A ! ** (1 - **) P>) 
~j==== L : and, on account of the formulas (D), 

Vl~/. 1 - Ara* x 7 


(1 -F**)R a ^ /**/i-*».P\ 

dz ‘ VvT^WTr/ _ i 

<J7IP ~ vT^TT^F?* 


It will be proved, by the like reasoning as before, that the numerator of the 
left side of this equation is divisible by the product in the denpminator. Now 
if we perform the differentiation indicated, we shall find, 


S = (1 - 2 z*+ k* s 4 ) PR+ * (1 - *2) (1 - ft***)*!* 


<( 1 ) 
dz 9 


(1 -PQ R» A / * V'1 - *» P\ __ S 

dz * Wi-£*** * R/ V1 — . 1 — A* jb* * 


and it is evident that all the rational factors of the left side of this last formula, 
and consequently all the factors of Q X R f , will be factors of S. By substi¬ 
tution the differential equation (1) will now become 

sinr- 1 ' 


which is manifestly verified: for, as Q X R ; divides S, and the two expressions 
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have the same dimensions and the same absolute term, they are identical. 
The equation ( 1 ) is therefore demonstrated when p is an even number. 

7* The transformation expressed by the equation, 

/: 

has now been demonstrated for any number whether odd or even, the constant 
(2 being determined by the formula (4), and the modulus h by the special for¬ 
mulas in $ 6 , or, generally without distinguishing whether p is odd or even, by 
this formula, 

hzzlf . (sinXj sin A 3 sin Xg . .. sin^^j) 2 , (9) 

the sines multiplied together being those of all the odd amplitudes less than 
180°. The relation between the variable amplitudes %// and <p is expressed by 
the several equations in § 4. 

In order to render the solution of the problem more complete, it may be 
proper to add a useful method of computing the amplitude 
In § 6 we have obtained this equation, 

R2 ==(3 2 2 2 P 2 + (l_ i5 2)Q2, 



And, if we represent by N and M the products of the binomials in the nume¬ 
rator and denominator of the equation (7), we shall have 

. /3 tone N 

tan yp ss —jjf-. 

Let x = tan <p, then z 2 = sin 2 <p = p- ; and, observing that 
i_ t _ 

~ (i + *•) > 


it will readily appear that 


p 8 p= . ifE yrri?.Q = 

(! + »•)* 


M 

(I + *»)* 


These values being substituted in the foregoing equation, we get 
M 2 + 0* x* N* ss (1 + x») p . R 2 : 
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And if R be transformed into a function of x 2 , we shall obtain , 

M* + (3***N» = (1 + x 2 ) (1 + c 2 * ^) 2 (1 + c 4 * **)*.,.. <1 + cV** 2 ) 2 , 
the new symbol c s « being determined by this formula, 

= l - ^sin 2 **,. 

The last equation may be resolved into these two, 

M + |3*N,/=~1 as (1 + * (1 + c g *^l)* .... (1 + c^x^y^l) 2 , 

M - flx'N^/^l l = (1 - x,y^l) (1 - c 2 x^f=~ i) 2 .... (1 - c f _,x*/~ I)*: 
the second of which being divided by the first, there will result. 


1 — tan tp a/ — 1 
1 -f tan 4/ \/ — 1 


1 — X a/ — 1 / I —CjX i/ — 1 \ 2 / l *— V' — 1 \ 8 

1 + — 1 *\1 + 4 / — 1 / \1 + c^x */ ^ 1 / 


Now u being an arc of a circle, we have this well known formula, 

“ — 2 ✓ * ° g ' (l + tanu ^-l) : 

wherefore, if we take the logarithms of the factors of the foregoing expression, 
and substitute the equivalent circular arcs, we shall obtain, 

p being an odd number, 

4> = 9 + 2*2 + 2 <p A + 24 .... ( 10 ) 

the arc <p 2n being determined by the equation, 
tan <p Sn = Ca H X tan p. 

When p is an even number, we have this equation in § 5, 

(1 -& 2 **) R 2 = ( 3 * ** (1 - **) P * + Q 2 . 

And, using N and M to denote the products of the binomials in the numerator 
and denominator of the equation (8), we have 

tan^= 


By the substitution of 


Szjl-z* . P 


for % as before, it will be found that. 


M 


. , Q — 

(*. + *) s’ (1+**)^ 
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Wherefore we have, 

M 2 4*/3* 4W as (l + (1 - A 2 * 2 ) R 2 ; 

and by converting (1 — A 2 s 2 ). R 2 into a function of a?, we get 

M 2 + /3 2 ai 2 N 2 s= (1 -f x*) (1 + tf 2 * 2 ) (1 + c 2 2 a 2 ) 2 .... (1 + cV** 2 ) 2 , 

A' 2 = 1 —• A 2 , c^ 2 = 1 - A^in 2 ^.. 

By treating this equation as before, we get 

1 — tanifr — 1 1 — J 1 1 — W x s/ — 1 / I — c 9 x — l\ 2 

1 -f tarnfr 1 + « V'-l 1 + tfx </~ 1 \1 + c 2 x /^l/ 

and from this we deduce, 

p being an even number, 

^ ss= ^ + ^ f + fc + ft*"' + $?-*> 0 0 

tanp' = A' tanp, tan? 2<l = c 2n tan <p . 

8. In what goes before, our attention has been confined to two related 
functions, which, for the sake of abridging, we have denoted by the prefixes 
H and K; but as we shall have occasion, in what follows, to compare several 
functions differing from one another in their moduli and amplitudes, it will be 
proper to adopt the usual and more general notation, by means of the cha¬ 
racteristic F prefixed to the modulus and amplitude. According to this nota¬ 
tion, the equation (1) will be thus written, 

F (*, *) =|SF (*,*)» F(*f)*jF (*,*). 

The modulus A being given, we can compute the amplitudes, \ l9 X 2 , &c., at 
least by approximation; and the amplitude <p being supposed known, the fore¬ 
going formulas will determine the modulus h, the multiplier /3, and the ampli¬ 
tude 4 /; so that the function F (A, <p) will be reduced to the similar function 
F (A, ^), of which the modulus h is less than the given modulus k. And in 
like manner as the three quantities A, /3, ^ were determined from the two 
k, <p> we can deduce, from the two A, three new quantities. A, /3,, which 
will satisfy the equations, 

F (h„ 4) «= ft F (h, 4), F(i,f)=ixF (h„ 4,); 

3 B 
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the modulus h { being less than the modulus h. Continuing the like operations, 
we can pass along a scale of decreasing moduli, till we arrive ajt. Qne which, 
being as small as we please, will make the function F (k, <p) approach to a cir¬ 
cular arc as near as may be required. 

If we wish to apply the same theorem to reduce the given function F(A, $) 
to a logarithm, through a scale of increasing moduli, the process is not so 
direct. For, in the first place, the greater modulus k is not immediately do- 
ducible from the less h , by means of the formulas that have been investigated; 
and, in the second place, the amplitude <p cannot be found when $ is given 
without solving an equation of p dimensions. The theorem is, no doubt, 
mathematically sufficient for effecting the reduction; but tbe operations re¬ 
quired are practically impossible, except in a few cases when p is a small 
number. But the ingenuity of M. Jacobi has provided a remedy for this in¬ 
convenience by a new transformation, which we shall now briefly explain, as 
it discloses a new set of remarkable properties of the elliptic functions. 

If we put y = tan x = tan <p, A' 2 = 1 — h\ K* ss 1 — A 2 , the differential 
of the equation (I) will assume this form, 

_ dy _ ft dx __ 

v \ +yM + ~~ VT+1F7TTW7* 1 

and, for solving this equation, we shall have by the formula (7), 
p being an odd number, 

i _ „*L.. i ** 

tan* \ tan* tan* \p — i 

tan 9 Xj tan*Ag tan^Xp - 2 

But if this value of y solve the differential equation, it will still solve it, if we 
change +a? and into — x 2 and — y 2 ; for it is obvious that, if the ex¬ 
pression of y make the two sides of the equation identical in one case, it will 
necessarily make them identical in the other case. Wherefore the equation 

dy _ fidx ^ 

V'l-y* .1- ti*y* ~~ */1 - x*. 1 - PjP 

will have for its solution. 


y = 0 * x 


i — 


i — 
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l + tS * A , 1 :+ SE * 7 ; 1 + ***-"> 

In this equation the values of y and x are between 0 and 4; 1, which limits 
they both attain at the same time. If we make x = i 1, and attend to the 
value of /3, we shall find y = + 1. Let y = sin r, x = sin v: then the inte¬ 
gral of the differential equation will be 


F(A’,r)=:/3F(*» 
1 + 

sin r = |3 sin <r X- 

l + 


sin*<r 

*”5 

8in*<r 

tan 8 


1 + 
1 + 


gin 8 <r 
tan* \ 
gtn*<r 
tan 8 Ag 


1 + 


1 + 


8m*q- 

tan 8 *p — i # 
gin* <r * 
tan 8 Ap - 2 


( 12 ) 


the amplitudes r and <r increasing together from zero, and becoming equal to 
one another at 90°, and at every multiple of 90°. 

A property of considerable importance in this theory, results from the com¬ 
parison of the equations (1) and (12). Recalling the notations before used, 

viz. K = F (k, and H = F (h, we obtain from what has already been 
said in § 1, 

P X H = 0xK: 

and if we put similarly K' = F and H' = F and observe that in 

the equations (12), r and <r are equal to 90° at the same time, we shall have, 

H' = /3K'. 

By combining the two equations, we readily obtain, first, 

H _ 1 K n H /in\ 

ir — ^ — v 13 ' 

and secondly, 

o fli M n , 1 IF nf /• jv 

pp p- j-n* p-jf (i4) 

For any number p, the first of the formulas (13) determines k , and the second 
determines /3, when A; is given. Both the formulas involve transcendent quan¬ 
tities ; they are nevertheless of great practical utility in this theory; and they 

3 b 2 
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express succinctly the conditions necessary, in order that the transformations 
in the equations (I) and (12) take place. A little attention will show that the 
formulas (14) and (13) are entirely similar, the quantities ft, h 1 , & occupying 
the same places in the first, that (3, k, h do in the other. From this we learn 
that the equations (1) and (12) will still be true if we change (3, k , h for 
ft, U, U, respectively. Thus we have, 

F(tf,4)=/3'F (#,*), (15) 

the letters 4* and <p, it need hardly be noticed, although used on a former occa¬ 
sion, here express simply the variable amplitudes of the related functions. If 

therefore we divide H' = F ^ h ', ^ into p equal parts, and put f* u p 2 , /* 3 , &c., 

for the respective amplitudes of ~ IT, ~~ IV, ~ H', &c.; we shall have by the 
formulas (4) and (9), 


sin sin /t 4 -sin _ 2 

^ == suif^sin ^ .... sin{t 2p _ * 

K = W* (sin (a x sin -sin _ t ) • 

The multipliers f3 and ft being similar functions, the first of the amplitudes 
h> x 2 > h> &c > an( * the other of the amplitudes f* l9 ft,, &c., the equation 
(3 ft ss p, expresses a curious property of those functions. 

And, in like manner, if we change (3, k , h , respectively for /3', A', A/ in the 
equation (12); or, which is the same thing, if we derive an equation from (15) 
in the same manner that (12) was obtained from (1), we shall get 



F(A,r)=/3'F(A,<r), “J 

sinV sin 8 er ttn*<r I 

sin r = p' sin <r x -- ■ »"> . -1®**-j 1 

1 sin 8 <r sin 9 ** »mV I 

* + tan*f<.j * tan*/xp —"3 J 


Although, in the investigations of this we have supposed that p is an odd 
number, yet it is obvious that they will succeed equally when p is an even 
number, the formula (8) being used instead of (7). 

The analysis by which the equation (12), of which those that follow are con¬ 
sequences, l^as been deduced from the equation (1), is precisely that by which 
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the expression of a circular arc is made to pass into a logarithm; so that the 
whole of this analytical theory rests on one principle, namely, the analogy 
which an elliptic function bears to a circular arc and to a logarithm, which 
are its extreme limits. 

.10. Of the transformations in the last $, the principal one is contained in 
the formulas (17), which constitute what is called the second theorem of M. 
Jacobi. One of its chief uses is to supply the defect of the first theorem by 
furnishing a direct process for reducing an elliptic function to a logarithm, 
through a scale of increasing moduli. In the function F (h, <r), the modulus 
h being given, we know k (= ^/l — h 2 ) named the complement of h for the 
sake of abridging; we shall therefore obtain the amplitudes ^ &c., by the 

subdivision of the function H' = F (k y ^ i we next compute the quantities 

ft and k by the formulas (16); and, the amplitude <r being given, we deduce 
from the formulas (17), the amplitude r, which will satisfy the equation, 

F (A, <r) = . F (k , r), 

the modulus k of the new function being greater than A, because the comple 
ment k is less than the complement h!. Taking now k the complement of k , 
we deduce from it, by means of the formulas (16) and (17), the three quanti¬ 
ties |3 /, k\ y r„ in like manner as |3', k , r were deduced from hi ; and we shall 
have these equations, 

F (*, r) = 0/ F (*„ r,) : F (h, ') = X F (*„ r,); 

the modulus k i being greater than k , because the complement k’ t is less than 
k. The like operations being continued, we shall at length arrive at a mo¬ 
dulus k H9 as near the limit 1 as may he required. 

Another use of the second theorem, when combined with the first, is to find 
any multiple of an elliptic function, or any aliquot part of it. By the first 
theorem, we have 

F(^)=/3F (*, p); 

and by the second, making <r = ^ in the equations ( 17 ), 

F(k>r)~pF(h t 4); 
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aad, by* com timing the two equations, observing that j3 sc p, we get 

F (k,r)'*v P T(*,p). 

Up been odd number, the amplitudes are obtained by the formulas (2) and 
( 17 ), viz. 

1 __ _ sin 8 ? 

sm^=/3sin?>X -— u .*1°**? „ ■■ ■. —& . * 

I »tFsm*^8m 8 A 8 1—^sm^wn 8 ^-* 


sin r = /3' sin ^ X 


l + 


l + 



l + 


l + 


tan 8 ftp -1 
sin 8 4* 
tan 8 ftp - s 


When a multiple is required, we pass directly, by means of the two equa¬ 
tions, from the given amplitude <p to r which is sought. In the case of an 
aliquot part, the amplitude r being given, the solution of the second equation, 
of which p is the dimensions, will determine sin ^; and the amplitude <p which 
is sought, will then be found by solving the first equation, which is also of p 
dimensions. From the nature of the second equation, it has only one real 
root, and p— 1 impossible roots, for every real value of sin r; and therefore 

it follows from the first equation, that the amplitude <p of the function—F (k } r) 
admits in all of p 2 values, of which only p values are real quantities, and the 
rest impossible. 

If p be an even number, the expression of sin will contain radical quan¬ 
tities, but instead of it we may take the value of tan 4 & the formula (8); and 
the two equations for the amplitudes will be, 


tan tp = 


0 tan $ 


_ tan*? 
tan% 


• & sin 4> 

sm r 5 = — -- , 

i . sm * 

4 + tan 8 ftj 


tan 8 f 

1 — 

tan 8 <p 

tan 8 Xj 

tiin 8 - 9 

tan* <p 

1 - 

tan 8 ? 9 

tan 8 A3 

tan 8 Ap -1 

sin* 4* 

1 + 

sin 8 ^ 

tan 8 fts 

tan 8 ftp - 9. 

sin* 4 * 

1 + 

sin 8 4 ^ * 

tan 8 * 8 

tan 8 ftp -1 


from which the same general properties may be deduced, as when p is an odd 
number. 
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IK We hare nowdemonstrated, as wm proposed, the principal and leading 
points of this theory, for which we are indebted to Mi Jacobi. For the sub- 
ordinate details, and for many curious and important collateral researches that 
have been suggested by the new views laid open in this branch of analysis, we 
must refer to M. Jacobi’s own work, to the papers of M.Abel, and to the 
writings of Legendre. We shall conclude this paper by applying the formulas 
that have been investigated to two particular instances, taking for p the most 
simple values, namely 2 and 3. 

Example 1. Supposing p = 2. 

By the formulas (3) and (6) we have these equations between the amplitudes 
4* and <p, z being = sin <p, 

. ** 

. , px */\ - ** , ~~ 

sm 4/ = ; cos 4> = ^ _ fr-g * 

wherefore 

l-**** = (3* a *(l- Z *) + (l -a^) 2 : 

and 

P 2 = sk,; Jr,-/ 31 ****- 

We now get 

V*=l - (3=1+*'; sin*X,= 

Also, by the formula (9), 

, T.9 • A y g 

A * sin 4 ^ = (TTW - f+~F ; 
from which we deduce 

(1 + h) (14-#)=: 2. 

The equation (1), viz. 

F(A,4O=0F(*,p), 

may now be put in one or other of these two forms, 

F(*,*) = H-* F 

F(A,^) = (l+*')F(A, ? ): 
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by the first we pass from the greater modulus k to the less h ; and by the 
second, from the less modulus h to the greater k. . 

In the first of the two cases we must derive the amplitude ^ from p : and; 
for this purpose we immediately obtain from the formula ( 11 ); 

tan (yp — p) = k' tan p. 

Wherefore, if 

k } h 9 h v Aj, &c. 

represent a series of decreasing moduli, of which the complements are, 

U, k' } A/, hi , &c. 

the successive quantities being derived from one another by these formulas, 

h — T+r#, hi — T+~h n — f+1?’ : 

and, if we likewise deduce a series of amplitudes in this manner, 

tan (4* — p) = H tan p 
tan (4>i — 4>) = h! tan 
tan (yp 2 — 'M = V tan . yp l9 See. 

we shall have these successive transformations, by which the value of the given 
function F (k, p) is made to approach indefinitely to the arc of a circle, 

p(M) = i r i P (*»*> 

F (fc, <f>) = — 5 — • — 1 F (A,, ^i) 

P(M) = 4^ • Hr 1 • 4^ • P (*»*>» «*• 

In the second case, when we would pass from the less modulus A to the 
greater A, the amplitude p must be deduced from 4- For this purpose we 
have 
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2 gin 2 $ 

but (3 sbc ; cos p sin p =s ; 


and 1 — 


sinifr _ singf 

cob ij/ A + cos 2 0 ’ 


and, sin (2 <p 


2 sin 8 <p =s cos 2 <p: wherefore, 
— 4) ^ ^ sin 4* 


Wherefore if the quantities, 
h, k, k v k v &c. 


represent a series of increasing moduli derived from one another by these 
equations. 


k = 


1 + A» 




1 

1 + k> 


k 1 — 


1 - k x 
t + k x 


, &C. 


and further, if the amplitudes 4> & <Pi> ^ &c* he deduced from the formulas, 
sin (2 p — 4) = ^ sin 4> 

sin (2 ipj — <p) = A: sin <p, 
sin (2 <p 2 — <Pi) = k\ sin p x : &c. 

we shall have these transformations in which the successive moduli tend to 
the limit 1, 

F(A, 4)*0 + F)F (k,p)y 
F(A,+) = (l+*)(l + A/)F(A I ,ft), 

F (A, 4) = (1 + k) (1 + A,') (1 + A 2 ') F (A* ft), &c. 


Example 2 . Supposing p = 3. 

By the formulas ( 2 ) and (5) we have these equations between the amplitudes 
4 and p, 


sin 4 = — 


K 1 "^) 


1 - - 


k % at* sin 1 * Ag 


-, sin - X, 

COS^= v /l-*2. rrFF 


B^Xg * 


wherefore, 

(1 — k 2 z 2 sin 2 ^) 2 = (3 2 z 2 ^1 
from which we get 


sm* x f 


)« + (l-*>(l- a gSs)’: 


3 A 2 sin* Xj = ^ + 1-/32, 
3 c 
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A 4 sin 4 X, 2 =SS 


g/3 9 

sin 2 A^ 





/2B ^ 

Now, observing that we obtain b Y equating the values of 

A 4 sin 4 Xjj, 

/ 1 , 1 -/ 3 V _L_ . r-g) ' 

\sin* Aj 2 ) sin 4 X, • sin 9 A, * 


from which we deduce 


sin A. 


1. 


In order to simplify the formulas I shall put = 1 + e: then f3 = 1 -f~ *2 g, 
1 4 - 2 8 

and sin 2 X 2 = j3 sin 2 Xj = : and, having substituted these values in the 

first of the foregoing equations, we shall get. 


£ 4 + 26 3 ~ 2 ^ 8 -^ = 0 . 


This equation may be resolved by the usual method into the two following 
quadratic factors, 

= 4 A 2 A 72 , 

« 2 + (i + yr^f) t - Wf* + 4** - if = 0 , 
e 2 + (i- N /r=7) S + i( yjr+TP_ if== o. 

The second of these equations has two impossible roots : the first has two real 
roots, one being negative and foreign to the question, and the other positive, 
which solves the problem. Thus t has only one value, which may be con¬ 
structed geometrically, but the algebraic expression of it need not be written 
down. 

We have next to derive the amplitude yp from <p. We readily obtain from 
the foregoing biquadratic equation, 


- a + «r(i-«) 
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and hence, 

1 — k 2 sin 2 *2 = c 2 2 = s 2 . 

And the formula (10) will determine $ when <p is given. 

Finally, therefore, we have these determinations, 

(3 =s 1 -|- 2 f, h = ( y - | - t y 4 , tan (^r*) = «tan ?; 

F(*.rt = rnr,xF(*,4-). 

the modulus h being less than A 3 . By repeating the like operations, a suc¬ 
cession of moduli rapidly decreasing may be formed, by means of which the 
given elliptic function will be reduced to a circular arc as near as may be 
required. 


3 c 2 
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XXI. On the Tides in the Port of London . By J. W. Lubbock, Esq., 
V.P. and Treas. R.S. 

Read June 16, 1831. 

I HAVE the honour to present to the Society a discussion of observations 
of the tides made at the London Docks, in the form of various Tables, which 
show the time and height of high water, not only at different points of the 
moon’s age, but also for the different months of the year, for every minute 
of the moon’s parallax, and for every three degrees of her declination. This 
work has been accomplished by Mr. Dessiou of the Admiralty; but for the 
arrangement of the Tables, and the methods employed, I alone am responsible. 

The tides take place in the river Thames with extreme regularity, and, as 
the rise is considerable*, the observations are made with facility. Those upon 
which the annexed Tables are founded are made at the entrance to the London 
Docks ; the time of high water, or the time when the water has just made its 
mark, is there noted on a slate by the watchman on the pier-head, generally 
only to the nearest five minutes ; this is afterwards copied in a book kept for 
the purpose by Mr. Peirse. I am enabled, through the kindness of Mr. Solly, 
the worthy Chairman of the London Dock Company, to present to the Society 
the books containing the observations which serve as the foundation of 
Mr. Dessiou’s Tables. These observations are not made with sufficient care; 
but they are valuable from the extent of time during which they have been 
carried on, as they were instituted soon after the opening of the Docks in 
1804, and have been continued without interruption to the present time. I am 
not aware of any series of observations of the tides so extensive, except that 
made at Brest by order of the French Government. Mr. Peirsb informs me 
that the observations of the night are generally more correct than those of 

* I believe about nineteen feet. 1 tun not however able to speak with precision, not having yet been 
able to examine the observations of low water. 
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the day, (which I was not aware of until lately,) because the persons in 
attendance at night have nothing else to do than to look out for high water; 
but in the day, owing to the press of business at the top of the tide, the water 
has fallen an inch or two at times before it has been noticed. The water 
remains stationary for some little time at high water, and therefore it is diffi¬ 
cult to fix the time of that phenomenon precisely, without the aid of some 
mechanical contrivance; this will however I hope soon be supplied both at 
the London and St. Katherine Docks. 

I have also to present to the Society some observations of the tides made 
during one year at the East India Docks, under the superintendence of Captain 
Eastfield, and which were kindly undertaken at my suggestion: these obser¬ 
vations were made with great care, and may, I believe, generally be depended 
upon to the minute. 

When the variations in the time and height of high water due to changes in 
the parallax and declination of the luminaries are neglected, the theories of 
Bernoulli and of Laplace lead to the same results, and these results agree 
most remarkably with observation. The same agreement is manifested in the 
circumstance that the variations of the interval between the time of the moon’s 
transit and the time of high water, and the variations of the height of high 
water from the mean height, are greatest at the equinoxes, and least at the 
solstices, or soon after; and also that the height of high water increases as 
the distance of the moon decreases, that is, as her parallax increases. The 
difference between the heights when her parallax is greatest and least may 
be considered nearly a foot at the London Docks. 

The changes in the declinations of the sun and moon, and in the parallax of 
the moon, have a sensible effect both on the time and on the height of high 
water; the law however of these changes is so complicated, and the observa¬ 
tions are so imperfect, that for the present I think it will be necessary to have 
recourse to empirical tables for their calculation. They are not in conformity 
with the theory of Bernoulli, which has, I believe, never before been com¬ 
pared with observation; nor can I reconcile them to the theory of Laplace. 
The constants which might be supposed the same for this port and for Brest, 
determined by means of these observations, do not agree with those determined 
by Laplace from the observations at Brest. The comparison would be ex- 
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tremely interesting, if the results of the observations at Brest were arranged in 
Tables similar to those which accompany this paper. In a classification of this 
kind it is necessary that the epoch of the phenomena should be defined by the 
minute of the moon*s transit; the day of the moon's age is quite insufficient. A 
complete classification of this kind is desirable, because erroneous conclusions 
may be drawn from isolated portions of the curve; and it is necessary, in order to 
ascertain the agreement between theory and the fact, to compare them through¬ 
out the whole period or extent of the inequality whose effect is considered. 

According to the theory of Bernoulli, and the Tables founded upon it, 
which are given in various works on navigation *, the variation in the interval 
between the time of the moon’s transit and the time of high water, due to 
changes in the moon's parallax, vanishes or is equal to zero when the moon 
passes the meridian at 2 o’clock or 8 o’clock (or when d — 0, — X + \ = 0 or 
180°). This is directly contrary to our observations, according to which the 
variation is the greatest at this age of the moon. See Table XV. 

According to our observations, the time and the height of *high water are 
the same, whether the moon’s declination be north or south; if any difference 
obtain, it must be determined by more delicate means: nor is there any sensi¬ 
ble difference whether the moon’s transit be superior or inferior, as may be 
seen by Table XIII., where the observations for one month are separated, those 
corresponding to the superior and those corresponding to the inferior transits 
being kept distinct. 

The Tables XV, XVI, XVII, XVIII, XIX and XX are intended to fur¬ 
nish the means of calculating empirically the time and height of high water, 
taking into account the changes in the different months of the year, and also 
those due to changes in the moon’s parallax and declination. By means of 
these Tables, Mr. Dessiou has calculated the times and heights of high water 
for the year 1826; and, having classed all the observations made at the London 
Docks in that year according to the different winds, has found for each a 
correction, which is given in Table XXI. The variation or correction due to 
the wind depends, of course, also on its rapidity or force; it appears however 

* I have had occasion in the Preface to my “Account of the Traits sur le Flux et Reflux de la Mer/* 
of Daniel Bernoulli, to point out an error which exists in several Tables of this kind, from the heading 
being reversed > but this error does not remedy the discrepancy in question. 
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generally to have but little effect on the tide. North-westerly gales raise the 
tide} south-westerly winds depress it 

Two maps are annexed to this paper, drawn by Mr. Walks*; the one chew¬ 
ing the time of high water on the coast of Great Britain, the other throughout 
the world, or at least in as many places as it has been ascertained. 

The following are the authorities from which these maps have been compiled. 

Hie Chart of the British Isles is taken from the observations and surveys of 
Messrs. McKenzie, Spence and Murray on the South coast of England ; from 
those of Captain Hewett and Mr. Thomas on the East coast; France and the 
North Sea have been copied from the Admiralty Charts; the coast of Scot¬ 
land is from M'Kenzie, Captain Huddart and the Admiralty Charts; and 
Ireland has been drawn from the surveys of Captain White, Captain Huddart, 
Mr. Nimmo, &c. &c. 

In the Chart of the World, the Coast of France, Spain and Portugal is copied 
from the Admiralty Charts and the surveys of Tofino ; Africa from those of 
Captain Owen ; Newfoundland is from Captain Bullock ; Nova Scotia and 
the coast of the United States are from the Admiralty Charts; South America 
and the west coast of North America have been copied from the Spanish Charts, 
and from the surveys of Captains King, Beechey, Vancouver, &c. &c. The 
coasts of Persia, India and the Indian Seas have been taken chiefly from 
Captain Horsburgh’s Charts and Book of Directions; Australia is from 
the surveys of Captain Flinders, King, &c. &c. 

It will be seen that the continents alter the direction of the cotidal lines, (I 
mean the series of points at which it is high water at the same instant,) and 
that the progress of the tide is not always from east to west: in the Atlantic 
it is from south to north; so that it is high water at nearly the same time on 
the coast of Portugal and on the opposite coast of America. This remarkable 
circumstance is noticed by Bacon*. 

The map of the world is offered as a mere sketch, for our information on this 
subject is at present lamentably deficient. The map of Great Britain presents 

* De Fluxu et Refluxu Maris. Bacon's Works, vol. ii. p. 81 . u Idque non fortuito notatum, sod de 
industria inquisitum atque repertum, aquas ad littora adveraa Europe et Florid* iisdem boris ab utroque 
Httore refluere, neque deserere littus Europe cum odvolvautur ad littora Florid*, more aqus (ut supra 
diximus) agitate in pelri, sed plane simul ad utrumque littus attolli et demitti.” 
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more details, and is, I trust, more accurate; the time of high water being gene¬ 
rally well ascertained (as a first approximation) and easily observed on these 
coasts. Lines are drawn round the coast to mark the depth of the water: it 
is to be regretted that this method of indicating the soundings, which, accord¬ 
ing to Captain Alexander *, is adopted by the Russians in their charts, is not 
more general. The tide which reaches the port of London is principally due 
to the tide which descends along the eastern coast of Scotland and England: 
this branch of the tide meets the tide which comes up the Channel off the sand 
called the Kentish Knock. 

If when the tide is single, the height of the water is represented by a series 
of cosines, affected with constant coefficients; when the tide results from the 
union of two branches, each of this kind, the height of the water will still be 
represented by a series of cosines of angles, affected with other constant coeffi¬ 
cients, the periods of the inequalities being the same as before, but the epochs, 
or the times when they arrive at their maxima and minima, different. This is 
shown by Laplace in the M£c. Cel. vol. ii. p. 225. Fresnel has applied the 
same method (M&noire sur la Diffraction de la Lumifere, p. 279.) to finding the 
resultant of any number of luminous waves of the same length. This method 
rests upon the superposition or coexistence of small oscillations, which may not 
be rigorously true; but it may be stated generally, that when the tide results 
from the union of any number of partial tides, the resultant of the whole may 
be considered as one tide, affected with inequalities, of which the periods are 
the same as the periods of the inequalities of the partial tides of which it is 
composed, but of which the magnitudes and the epochs are different It is 
owing to this cause that the high water in some places takes place only once 
in twenty-four hours, which is a case of interference. 

I shall now proceed to explain the manner in which the annexed Tables were 
formed. 

Table f. was made by classifying all the transits of the moon which took 
place in the years 1808 to 1826 inclusive, and in each half hour; thus, all the 
transits were found from the Nautical Almanac which took place between 
twelve o'clock (a.m.) and half-past twelve (a.m.), the moon being above the 

♦ See Alexander’s Travels to the Seat of War in the East, vol. ii. p. 101. 

t If A cos (® — A) represent any inequality, the constant A determines its magnitude, the variable 
0 its period, and the constant X its epoch. 
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horizon; the inferior transits of the moon between the same limits were inter¬ 
polated, and added to the rest. The mean of these transits for the month of 
January, with the equation of time, was found to be twenty-four minutes, and 
the mean corresponding time of high water 2 h 9 m ; the transits between half¬ 
past twelve and one, and in every succeeding half-hour, were treated in the 
same way. The columns underneath are given to explain more felly the 
method employed, which was the same for all the Tables. 

All the details of these calculations are deposited in the library of the Society. 


Table I. 



The equation of time was generally taken for the 15th of the month. 
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Hence I infer that aegieeting the inflate of the moon’s parallax and de¬ 
clination, when the moon passes the meridian at twenty-four minutes past 
twelve mean solar time in January, the time of high water at the London 
Docks is nine minutes past two. 

The other Tables, which result immediately from the observations, were 
formed in the same manner, and are, I trust, sufficiently explained by the head¬ 
ing which accompanies each. 


Let m be the mass 

& . . declination 

6 . . hour angle 

r . . distance from the centre of the earth 

II . . mean horizontal parallax 

/ . . longitude 

n . . mean motion in its orbit 

u . . obliquity of the ecliptic 


In the notation of the Mtc, Cel. 


>of the sun. 


L 

v 

fit + nr — yp 

r 

<P 

m 

€ 


The same letters accented at foot refer to the moon, u i being the inclination 
of her orbit to the equator; let also <p denote the geographical latitude of the 
port, in the notation of the M6c. Cel. 90° — 6. 

Considering only the terms which arc multiplied by the cube of the parallax, 
the forces which produce the phenomena of the tides are the partial differences 
of the function 

f, ™ | (sin <p sin & + cos <p cos $ cos 0) 9 — ~ J See the M6c. Cel. vol. v. p. 168. 

According to the theory of Laplace, this function being equal to 
2 A cos (0 — X), 6 being any variable angle depending on the time, and A and X 
constants, the height of the water at any given time is equal to 2 (A cos (0 — X'), 
6 being the same angle as before, and A* and X 1 other constants. 

f . . * , * . 1 3 sin 3 <p . cos 3 <p . cos 3 $ n A r sin 3 <p cos 3 <p 1 M 0 , 

< sm <p sm $ -f cos <p cos $ cos 5 > = - -\ - - — H- •— cos 2 9 — -j -- ~ ~ -Z V cos 2 5 

+ | con (2 9 — 2 5) + cos (2 8 + 2 i) J + sin 2 S cm S. 


3 d 2 




386 MR. LUBBOCK ON THE TIDES IN THE PORT OP LONDON. 

If the longitude of the sun be introduced by putting for i its value from the 
equation 

sin I ss tin w *ui l 

l being reckoned from the first point of Aries, 

{ .in * ain * + coa f co. t coa 9 } *« (1 - 

+ E2^£(i_‘J^5)coi2J 

+ ”*** 8 *—“ {coa (29 - 2 l) -f cos (2 9 + 2 i) | 

+ .in* „{£?£?-»!££}«>. 29 
+ ain29cos 9 

Considering the results of many years so as to destroy the effects of changes 
in the moon’s parallax and declination, and taking the mean of the times of 
high water when the moon passes the meridian at any given time, and twelve 
hours later, the tides, owing to the united action of the sun and moon, depend 
on the terms 

+ 3mn»co,»p.in^ | eot(2) _ 2i)+co , (2t+2<) j 

SmtTsinV /cos 9 p 

2 l 4 2 J 

+ 3m,n,»co.«^ | _am^^ cog29< 

and the height of the water will be represented by 
a m n»{i - co» (2 9 - 2 x) 

+ ain 9 tv|coi (20 — 29 —2A) + eoa(29 + 29-2A) 


+ C II s sin 9 » coa 2 9 
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^ coi ( 20 / — 2 X,) 

This expression coincides with that given by Laplace, (M&j. Cel. vol. v. 
p. 169, at foot,) when the terms multiplied by sin 4 -j are neglected, nt+w~mt 

(in the notation of the M 6 c. Cel.) being equal to the hour angle 6 at the equi¬ 
noxes and solstices, that is, when / = 0 , 90°, 180° or 270°; but Laplace neg¬ 
lects the term cos 2 1. 

Laplace supposes that 

Am(\+nx)B 4=(i + V )B 

n being the mean motion of the luminary in its orbit, and x an indeterminate 
quantity, to be determined by the observations. Making these substitutions, 
differentiating the expression for the height to find the time of high water, and 
supposing d 6 = d 6, and * = 




tan (2 — 2 k t ) i 


4 - C sin (2 fl, — 2 A, — 2 Q 


, ^ (lJ^)co,(2j 28-2X ( +2 a) + -^S1 

m,n,’ (I + 2*>,IV 


sm , wco«2/ 


(i+V)(i-!!S!2J 

Z 


cos(20,-20-2A,+2/j 


+ C co* (2 0 ,- 2 A,- 2 1) 

C being a constant different from C, 6 and $ t being the values of those varia¬ 
bles at the instant of high water. 

If we consider the mean of all the months of the year, column A, Table III. 


. .. 


The constants which enter into this expression may be determined by means 
of column A, The mean of this column is l h 25 m ; I therefore take 


A, = l h 25 m , A-\»2 h > A«3 h 25 ra 

"*4 = tangent of twice the difference of the interval when the moon 
t», n , 3 (! + »/*) 5 

passes the meridian at 2 h and at 5 h . I take 


log. 


mil*(1 4- n a:) _ 
m / 11 /( 14 - n,x) 


9*5784858 
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When the moon passes the meridian at three o’clock, 0 r- 4 t — X + = 15°. 

log. sin 30° m 9.6989700 
0.5784853 

* 9J27Um 
log, 1,3281 ?= .1232308 

9.1542250 »log. tan 8° T or 32' 38" in time 

2 0, — 2 \ = - 32' 38", 0, - X, = 16J', 0, = 1>* 25 m - 16** al 1 *^ 

In this way the following Table was calculated. 


Time of 
Moon’s 
Transit. 

Interval between the Moon’s Transit 
and the Time of High Water. 

Error 

of 

Calculation. 

Observed. 

CalcuUted. 

h 

b. m. 

h. ro. 

m. 

0 

1 57 

1 56 

- 1 

1 

1 42 

1 41 

- 1 

2 

1 26 

1 25 

- 1 

3 

1 11 

1 9 

- 2 

4 

56 

54 

- 2 

5 

45 

44.1 

- 0.9 

6 

42 

41 

- 0 

7 

52 

53.7 

+ 1.7 

8 

1 23 

1 25 

+ 2 

9 

1 56 

1 56.3 

+ 0.3 

10 

2 10 

2 9 

- 1 

H 

2 8 

2 6.5 

1*5 


According to Table III. the establishment* of the London Docks is l b 5 7 m - 
Adding ten minutes, the establishment of London Bridge is 2 h 7 m . The esta¬ 
blishment of the London Docks according to Mr. Bulpit, who has calculated 
the times and heights of high water in the river for many years, is 2 h . 
Mr. Bulpit’s calculations are founded on tables constructed by the late Captain 
Huddart, which have not been published. 

In the Philosophical Transactions, vol. xiii. p. 10, Flamsteed gives “ A 
correct Tide-table, showing the true times of the high waters at London Bridge 
to every day in the year 1683” It appears from,his remarks that the earliest 
Tide-tables which were calculated for the Port of London were made on the 
supposition that the tide always followed three hours after the moon’s transit. 

* By the establishment of any port is meant the time of high water at new and full moon. 


log. cos30 c, s»?.9S?5806 

9.5784858 ‘ - - 

9.6180194 3* log. -mi 
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The Annuaire du Bureau des Longitudes andvarious: works onnavigation 
give 2 h 45 m for the establishment of the Port of London; it seems therefore 
probable that the high water takes place now much earlier than it did formerly. 
It is generally admitted that the constant X — X, is the same at different ports; 
this, however, requires to be confirmed by accurate determinations, and is one 
of the most interesting questions in the theory of the tides. Bernoulli makes 
this constant 20° or l h 20 m only in time; Laplace adopts the same value, 
though not expressly. Bernoulli’s Table for finding the time of high water, 
which is given in the Annuaire du Bureau des Longitudes, and in works on 
navigation, is quite inapplicable to the Port of London on this account, even in 
the mean distances of the moon, as the following comparison will show : 


Time of 
Moon'* 
Transit. 

Interval between the Moon’s Transit 
and the lime of High Water. j 

Error 

of 

Calculation. 

Observed. 

Calculated. 

h 

h m 

h m 

aa 

0 

1 57 

1 57 

0 

2 

1 26 

1 231 

- 24 . 

4 | 

56 

55 

- 1 

6 

42 

54J 

+ m 

8 

1 23 

2 0 

+ 37 

10 

i 

2 10 

2 20 

+ 10 


The Table in the Annuaire for the year 1829 was made use of; the Table in 
that for 1831 differs from that only in form. 

If X = x, the greatest tide takes place at new and full moon. 

The quantity X is called by Laplace the fundamental hour of the port.— Ex¬ 
position du Syst&me du Monde, p. 289. 

I shall now compare the heights of high water, calculated by means of the 
same constants with those given by observation column B, Table V. 
According to the preceding theory, the height of high water 

+ £ {cos 2 (0, - A,) + .3788 cos 2 (0 - A)} 

D and E being constants to be determined by observation. 

When the moon passes the meridian at two o’clock, 20,—2A,= 0, 20-2X=O 
----- eight o’clock, 20, — 2X,= 0, 20-2X=18O # 
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Hence by colama B. Table V. 

, i ■ V. , «B0=©+U788JB 

.. . 19.43sfl+ .6212£ 

Whence D tm 16.68 and log. E = .64819, E as 4'448 
When the moon passes the meridian at . 


fa. fa. 

2 the height of high water a 16.68 + 4*448 { 1 + .3788} = 22.80 


3 or 1 

do. 

do. 

= 16.68 + 4.448{cos8° T + .3788cos 22°} = 42.64 

4 or 0 

do. 

do. 

= 16.68 + 4.448{cos 15° 25' + .3788cos44° 30'} = 22.I7 

5 or It 

do. 

do. 

= 16.68 + 4.448{cos 20° 45' + .3788 COS 69° 30*} = 21.42 

6 or 10 

do. 

do. 

= 16.68+ 4.448{cos22° 2'- .3788 sin 8°} =20.56 

7 or 9 

do. 

do. 

= 16.68 + 4.448{cos 15° 45'— .3788sin44°} = 19.79 

8 

do. 

do. 

= 16.68 + 4.448{ 1 - .8786} = 19.43 


The following Table gives a comparison between theory and observation. 


Time of 
Moon's 
Transit. 

Height of High Water* 

Error 

of 

Calculation. 

Observed. 

Calculated. 

fa. 

Ft. 

Ft. 

Ft. 

0 

22.46 

22.17 

- .29 

1 

22*72 

22.64 

- .08 

2 

22*80 

22.80 

0 

3 

22.69 

22.64 

+ .05 

4 

22.10 

22.17 

+ .07 

5 

21.28 

21.42 

+ .14 

6 

20.37 

20.56 

4* .19 

7 

19.56 

19.79 

+ .23 

8 

19 43 

19.43 

0 

9 

20.10 

19.79 

— .31 

10 

20.92 

20.56 

- .36 

11 

21.86 

21.42 

- .43 


I shall now endeavour to show that the expression for tan (2 0, — 2 p. 38/, 
line 13, does not satisfy the observations. 

When the moon passes the meridian at 2 o’clock & — 0 t — X + X, = 0. 

tan (28 — 2 x,) = nearly. 

When the moon passes the meridian at 8 o’clock, 6 — 6 t — x + x, = 90° 

tan (2 8, - 2 \) = -- nearly. 

1 _*S_ + eco«21 

i • »,n, 5 
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At the end of May l = 45° nearly, and then according' to Table lit. when 
the moon passes the meridian at 2, the interval between her transit and H. W. 
is l h I6 m nearly; when the moon passes the meridian at 8, the interval be- 
tweeri her transit and H. W. is l h 38 m nearly. The variation or difference being 
in the one case —5 m , (l h 20 m — l b 25® as — $ m ), and in the other 4* 1®% 
(l b 38® — l b 25 m sb + 13 m ). 

The formula gives in the one case 

tan (20,-2/,) = - C* 

and in the other 

tan (2*, - 21,) = 

m,n,» 

according to which the variation or difference should be in both cases of the 
same sign: hence the variations or differences — 5 m and + 13 m are not owing 
to this inequality. 

It is possible that this discrepancy may be owing to the terms which have r* 
in the denominator; but the observations are made so carelessly that I shall 
not attempt to take these terms into consideration. 

The discrepancy which I have pointed out is sufficient to show that Table III. 
cannot be represented by the expression of p. 387, line 13, whatever value be 
given to the constants employed: this discrepancy is not confined to the epoch 
I have noticed, but extends throughout the year. 

Neglecting this discrepancy which not only prevents the expression above 
from representing the observations, but must also I think vitiate any conclu¬ 
sions to be drawn respecting the mass of the moon; in April when / = 0, and 


when the moon passes the meridian at 5 b , the interval is O 11 34 m 
.11.2 14 

2 b 14 m — 34 m a- ib 40 m 

I may suppose 

sin* to * 


tan 


^ 40 ® — ton 25° = 4**) + —-*- 

+»,*) + »a> + 7 ®^) 

•4663 a -3788 + _H2* _-- 

W (l 


3 E 
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from winch equation combined with the equation 

m W .37s$ 

: , . . » *,0/(1+ » f *) ' 

1 4*« # may "be determined. 

The theory of Laplace differs essentially from that of Bernoulli, in sup¬ 
posing the constants to be modified by local circumstances, which considera¬ 
tion introduces the factor —■ — . 


According to the observations at Brest, l+»r=l .01891,1 +«, x = 1.95291 


log. 


m W (1 -f nx ) 
»MV (I + n t xj 


= 9.5385031 > 


m IP (1 +n x) 
m 4 Il* (l + «/) 


= . 3455 . 


Whence 


log. ?LS1 =9.6283227 

6 m,n* 


which gives the mass of the moon equal to that of the earth divided by 74.946. 
If m„ be the mass of the earth, by an extension of the third law of Kepler, 

is nearly equal to the ratio of the squares of the periodic times of 

the moon about the earth, and of the earth about the sun, or of their mean 
motions. This ratio is known very accurately to be .0748013. Hence neglect¬ 
ing m tt with regard to m, we have 


(«, + »„) a, 9 


= (.0748013)*. 


1 Ml X 

If we neglect the factor | q — c which is nearly unity; 


^■^- 9£7M6 

'“*■ {mi +Z) n ? - 774782 lo *' Hr *= , - 83964 

_ _L, 

4* 67.7 

which gives the mass of the moon equal to that of the earth, divided by 66 J. 

Astronomers will, no doubt, concur in following the opinion of Laplace. 
“ £n cousid£rant la p£titesse des quantity qui m’ont servi & determiner l’ac- 
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eroissement de Faction lunaire ot en rgflechissant qtie ces quantity eont do 
n&ne ordreque lea pgtites erreure dont Implication du principe de U coexist¬ 
ence des oudulations tr&s pgtites aux phgnom&nes del marges est susceptible; 
je n’ose garantir Fexactitude de cette valeur de la masse lunaire, et j’incline 
k penser que les pMnpm&nes astronotniques sont plus propres a le fixer.” 

A very alight change in the interval employed produce a considerable 
alteration in the mass of the moon. 

After differentiation d 6 was supposed = d but since the time of the moon’s 
synodic revolution is 29.530 days, and that in this time the hour angle of the 
moon is less by one circumference than that of the sun. 


dfi= 2 !: 3 ?0 d9 

28.530 ' 


The observations of the times and height of high water in different months 
of the year may be nearly represented by neglecting in the expression for the 
height, the term of which the argument is 2 6 + 2 / — 2X, but it is not easy to 
see why the coefficient of this inequality differs so much from that of the in¬ 
equality of which the argument is 2 6 — 2 l — 2 the cause of this difference 
must be clearly established before the theory can be considered complete. 

If l ( be the longitude of the moon reckoned from her perigee, and increased 
by a constant, considering the terms depending on the changes of the moon s 
parallax, the height of the water may be represented by 


or 


tn n 3 cos (26 — 2 A) 

+ m, rv { cos (2 », - 2 \) + c (ax (2 t, - 2 X, - 1,) + cos (2», - 2 \ + l,)j } 


ron*cos(2e~2X)+m / rv(l ■+- Ccos l t } cos(20 4 — 2A,) 


tan(2 0, — 2A,)ss 


m IF sin (2 fl, — 2 fl — 2 A, + 2 A) 
m n, s (I + Ceos l,) 

m rr cos (2 $,—2 d — 2 A, + 2 X) 
»w,lV (l + Ccos/J 


According to this formula, the variation in the interval which elapses between 
the time of the moon’s transit, and the terra of high water, is equal to zero 
When the moon passes the meridian at 2 o’clock or 8 o’clock; and this is the case 
.whatever value be given to the constant C, or the constant which I have sup- 

3 e 2 
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posed to be included in the angle l t : this result is directly contrary to obser¬ 
vation, as may be seen by Table VUL. This, difficulty may be got over by sup¬ 
posing the coefficients (C) of the angles — and 2^—2^+/, to bo 

different * it remains however to assign the cause of this difft^nre. 1 v 
Nothavingbeen able to satisfy myself with respect to this abd other dlscre* 
pandes, I shall not attempt to form any Tables from theory for tfee purpose of 
calculating the effects due to changes in the declination of the luminaries, and 
in t^pa^Uaxof the moon; but l hope that no great tength of time wiU elapse 
before the results contained inM* Dessiou’s Tables will be ; confirmed by more 
accurate observations here and elsewhere, and that the problem of the tides 
will meet with the attention it deserves, no less practically than in connection 
with Physical Astronomy, and particularly with the determination, even if im¬ 
perfectly, of the mass of the moon. “ Les marges ne sont pas moins inheres- 
santes ^. connoitre, que les inEgalitEs des mouveapens celestes. On an£glig& 
pendant long-teuips de les suivre avec une Exactitude convenable, h cause des 
irrEgularites qu’elles prEsentent; mais ces irrEgularitEs disparaissent en raul- 
tipliant les observations."—Exp. Syst. du Monde, p. 289, ■ * 

The Tables XV. XVI. &c. present irregularities, owing to the comparative 
paucity and the imperfection of the observations. M. Dessiou has therefore 
formed Tables from these, in which these irregularities are arbitrarily removed: 
these Tables are published in the Companion to the British Almanac for 1832, 
and too doubt represent the phenomena rather better than the former. As, 
however, these alterations are arbitrary, I have preferred giving here the re¬ 
sults of the observations without any change. The observations employed were 
taken in all cases indiscriminately from the Dock books* 

I have now only to express my acknowledgements to the Committee of 
tbe Society for the Diffusion of Useful Knowledge, and to Mr. Vom the late 
superintendent of the Nautical Almanac, who have given me M. Dessiou’s 
assistance in forming the annexed Tables. 
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Table I. Showing tUe t^m of High Wafer at tbeLwJpn Hocks, cprmpcodt 

iag to jlhc mean, time (reckoned from npop) of the Mooa’q Transit m caph 
month of the year* from 13,073 observations made between t|e4st-of 
January l$Q8aud theSlst of Decemhpr 1826., , , 

II, (Interpolated from Table I.) Showing the interval between theMoon’s 
Transit and the time of High Water at the London Docks, f6r every 
month in the year. lV ' 

III- Formed from the preceding, by taking the mean of the interval when the 
Moon passes the meridian at any given time, and twelve hours later. 

IV. Showing the height of High Water at the London Docks, corresponding 
to the mean time of the Moon’s Transit in each month of the year; from 
6638 observations made between the 1st of January 1808 and the 31st of 
December 1826. 

V. (Interpolated from Table IV.) Showing the height of High Water at the 

London Docks. 

VI. Showing the time and the height of High Water at the London Docks, 

corresponding to the mean time of the Moon’s Transit for every minute of 
her horizontal parallax; from 5414 observations made between the 1st of 
January 1808 and 31st of December 1826. , 

VII. (Interpolated from Table VI.) Showing the interval between the Moon’s 
Transit and the time of High Water at the London Docks, for every 
minute of her horizontal parallax. 

VIII. (Interpolated from Table VI.) Showing the height of High Water at 
the London Docks for every minute of the Moon’s horizontal parallax. 

IX. Showing the time and height of High Water at the London Docks, 
corresponding to the mean time of the Moon’s Transit for every three 
degrees of her declination north and south; from 5372 observations made 
between the 1st of January 1808 and the 31st of December 1826. 
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X. (interpolated from Table IX.) Showing the interval between the Moonte 
Transit and the time of High Water, and the height of High Water at 
the London Docks for every three degrees of her declinatioh. north and 
south* 

XI. (Interpolated from Table DC.) Showing the interval between the Moon’s 

Transit and the time of High Water at the London Dock§, for every three 
degrees of herdeclination north or south. , { 

XII. (Interpolated from Table IX.) Showing the height of High Water at the 
London Docks for every three degrees of the Moon’s declination north 
or south. 

XIII. Showing the time of High Water at the London Docks corresponding 
to the mean time of the Moon’s superior and inferior Transits ; and also 
the heights of High Water in the month of June; from 1090 observations 
made between the 1st of January 1808 and 31st of December 1826. 

XIV. (Interpolated from Table XIII.) Showing the interval between the 
Moon’s Transit and the times of High Water, and the height of High 
Water in the month of June ; the interval and heights corresponding to 
the Moon’s superior and inferior Transits being distinguished. 

XV. Showing the difference in the interval between the time of the Moon’s 
Transit and the time of High Water, and the mean interval (Column A. 
Table III.) in different months of the year. 

XVI. Showing the difference in the height of High Water and the mean height 
(Column B. Table V.) in different months of the year. 

XVII. Showing the difference in the interval between the time of the Moon’s 
Transit and the time of High Water, and the mean, interval (Column A. 
Table III.) for every minute of the Moon’s horizontal parallax. 

XVIIL Showing the difference in the height of High Water and the mean 
height (Column B. Table V.) for every minute of the Moon’s horizontal 
parallax. 
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XIX. Showing the difference in the interval between the time of the Moon's 
. Transit and the time of High Water, and the mean interval (Column A. 

Table HI.) for every three degrees of the Moon’s declination. 

XX. Showing the difference between the height of High Water and the mean 
height (Column B. Table V.) for every three degrees of the Moon’s decli¬ 
nation. 

*. 

XXI. Showing the influence of the direction of the Wind on the time and 
height of High Water. 
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Table I. 

Showing the time of High Water at the London Docks corresponding to the mean time 

vations made between the 1st of January 
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Table I. 

(reckoned from noon) of the Moon’s Transit in each month of the year; from 13,073 obser- 
1808 and the 31st of December 1826. 
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Table II. (Interpolated from Table I.) 

Showing the Interval between the Moon’s Transit and the time of High 
Water at the London Docks for every month in the year* 
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Tabus III. 

Formed from the preceding by taking the mean of the interval when the 
Moon passes the meridian at any given time, and twelve hours later. 


Ss& 

Jail. 

F«t>. 

CSS 

BBS 

May. 

tcs**! 

IBS 

ES3 

133 


Nov. 

Dec. 

Mean. 

MaaofoUt 

Tim#- 

High 

Water. 

High 

Water. 



High 

Water. 

High 

Water. 

High 

Water. 


IE 

IBS 

High 

Water. 

High 

Water. 

A. 

b m ' 

tl tn 

h m 

h m 

h m 

h m 

h m 

h m 

MM| 

MM 

h m 

*» m 

h m 


0 0 

1 5ft 

1 58 

8 1 

ft 4 

1 55 

1 50 

1 53 

1 57 

2 6 

ft 4 

1 54 

l 50 

1 57 

0 90 

1 45 

1 51 

1 57 

1 54 

1 48 

1 43 

1 45 

1 56 

1 58 

1 55 

1 44 

1 44 

1 50 

1 0 

l 38 

1 45 

1 48 

1 48 

1 39 

1 35 

1 41 

1 50 

1 50 

1 45 

1 34 

1 35 

1 42 

1 90 

! 33 

I 38 

l 40 

1 38 

1 81 

1 28 

1 34 

1 43 

1 43 

1 37 

1 SB 

I 29 

1 35 

ft 0 

1 25 

1 29 

1 34 

1 29 

1 20 

1 20 

1 25 

1 37 

1 34 

1 28 

I 16 

1 19 

1 36 

ft 90 

1 90 

1 24 

1 25 



1 1ft 

1 19 

1 29 

1 25 

1 18 

1 8 

1 9 

i 18 

9 0 

1 13 

1 17 

1 18 

fj * 

m 

1 6 

1 13 

1 21 

1 18 

1 7 

1 0 

1 3 

1 11 

ft 90 

1 8 

) 11 

1 7 



1 0 

1 9 

1 14 

1 8 

0 56 

0 50 

0 57 

1 3 

4 0 

1 0 

1 3 

0 58 



0 55 

1 6 

1 8 

I 0 

on 

0 42 

0 53 

0 56 

4 90 

1 2 

0 57 

O 5ft 



0 58 

1 3 

1 1 

0 51 

0 40 

0 40 

0 49 

0 51 

5 0 

0 58 

0 49 

O 4ft 

0 34 

0 37 

0 51 

1 1 

0 55 

0 43 

0 31 

fl t 

Oil 

0 45 

5 90 

0 50 

0 43 

0 34 

0 29 

0 86 

0 53 

0 59 

0 51 

0 37 

0 26 

0 35 

0 50 

0 43 

6 0 

0 58 


0 30 

0 28 

0 88 

0 56 

1 0 

0 47 

0 82 

0 34 

0 38 

0 55 

0 42 

6 30 

0 56 


0 28 

0 80 

0 45 

1 2 

1 2 

0 45 

0 30 

0 39 

0 42 

1 9 

0 44 

7 0 

1 5 

0 41 

0 30 

0 40 

0 59 

1 13 

1 6 

0 47 

0 33 

0 38 

m 

1 8 

0 52 

7 30 i 

1 11 

0 46 

0 37 

0 58 

1 16 

1 28 

1 18 

0 56 

0 47 

1 5 

1 2ft 

1 21 

1 5 

8 0 

1 23 

0 56 

0 57 

1 19 

1 87 

ypi 

1 28 

1 12 

1 10 

1 39 

1 41 

1 37 

1 23 

8 80 

1 35 

1 14 

1 25 

1 41 

1 56 

1 48 

1 38 

1 29 

1 34 

1 46 

1 55 

1 51 

1 30 

8 0 

1 48 

1 33 

147 

2 1 

ft 9 

1 59 

1 48 

1 45 

1 55 

ft 9 

ft 11 

ft ft 

1 56 

8 30 

1 58 

1 46 

ft 1 

2 13 

2 16 

2 5 

1 55 

1 56 

ft 6 

ft 30 

ft 18 

ft 6 

2 5 

10 0 

ft ft 

ft 2 

jyCT 

CS3 

ft 17 

2 7 

1 59 

2 5 

f f J 

9 24 

ft 15 

ft 6 

EZUI 

10 30 

ft a 

ft 8 

riff 

H 1 

2 14 

ft 6 

2 2 

ft 6 

oil 


2 14 

ft 7 

2 10 

11 0 

m 


Bit 

of J 

ft 12 

3 1 



if 1 


ft 11 

ft 5 

ft 8 

11 30 

ED 


EH 

39 

EH! 

m 



S3 


ft 3 

1 57 

2 3 


3 F 2 
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Table IV. 

Showing the Height of High Water at the London Docks corresponding to the mean 
time of the Moon’s Transit in each month of the year; from 6638 observations made 
between the 1st of January 1808 and the 31st of December 1826. 
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Table V. (Interpolated from Table IV.) 
Showing the Height of High Water at the London Docks. 



JtB. 

Feb. 

March. 

ApriL 

May, 

June. 

July. 

Aug. 

Sept. 

Oct. 

Not. 

Dec. 

Mean. 

Moon’» 

Transit. 

T 

Tide. 

■sr 

Tide. 

Height 

Tide. 

Height 

Tide. 

Tide. 

“T 

Tide. 

He^bt 

Tide. 

“sr 

Tide. 

Tide. 

ay* 

Tide. 

“ur 

Tide. 

Tide. 

B. 

h m 

0 0 

Feet. 
22 AO 

Feat. 

22.23 

Feat. 

22.44 

Feet. 

22.67 

Feet. 

22.75 

Feet. 

2230 

Feet. 

21.95 

Feet. 

22.13 

Feet. 

2236 

Feet. 

22.97 

Feet. 

22.68 

Feet. 

22.49 

Feet. 

22.46 

0 SO 

92.07 

22.78 

22.85 

2230 

22.75 

22.43 

2234 

2235 

22.74 

23.00 

23.08 

2237 

22.68 

1 0 

2236 

22.70 

22.85 

23.00 

2237 

2233 

22.48 

2236 

22.87 

23.12 

28.04 

2231 

22.72 

1 80 

22A7 

22.75 

22.95 

22.91 

22.91 

2237 

22.62 

22.67 

22.86 

23.11 

23.00 

2239 

22.76 

2 0 

22.76 

22.71 

22.78 

2232 

2235 

2234 

22.71 

22.65 

23.03 

22.98 

2232 

22.72 

22.80 

9 80 

22.62 

22.97 

22.72 

22.93 

22.70 

2234 

22.66 

22.77 

22.96 

22.60 

2234 

2231 

22.72 

8 0 

22.67 

22.72 

22.48 

22.63 

2237 

2234 

2237 

22.69 

22.85 

2238 

22.79 

2235 

2239 

3 80 

22.41 

2239 

22.48 

22.28 

22.23 

22.14 

22.48 

22.49 

22.73 

22.62 

2236 

22.11 

2239 

4 0 

22.14 

2232 

22.29 

21.98 

21.89 

22.05 

2237 

22.08 

2230 

21.94 

21.94 

2137 

22.10 

4 80 

21.89 

21.79 

21.78 

21.64 

21.49 

21.69 

22.07 

21.66 

21.84 

21.61 

2136 

21.64 

21.72 

5 0 

2139 

2134 

21.40 

2132 

2034 

2131 

21.63 

21.60 

2132 

20.86 

20.90 

2131 

21.28 

5 80 

21.06 

21.18 

21.11 

2039 

2037 

20.86 

2138 

21.19 

20.85 

20.65 

2038 

20.95 

20.88 

6 0 

20.89 

2036 

20.46 

20.08 

20.03 

2038 

2031 

20.72 

2030 

19.72 

19.89 

20.47 

20.37 

6 80 1 

20.11 

1939 

19.80 

1932 

19.87 

20.34 

2035 

20.14 

19.79 

19.84 

1933 

20.14 

1933 

7 0 

19.83 

1937 

1930 

19.01 

19.79 

1938 

20.19 

19.82 

1930 

1930 

19.18 

19.82 

1936 

7 80 

19.64 

18.68 

1933 

18.93 

19.74 

19.79 

19.99 

1936 

19.11 

19.05 

1937 

1939 

19.40 

8 0 

19.33 

19.09 

18.88 

19.07 

1938 

1935 

20.03 

1936 

19.00 

19.15 

19.63 

19.67 

19.43 

8 30 

19.86 

18.96 

1936 

1938 

2032 

20.28 

20.07 

19.42 

1939 

19.83 

19.65 

2030 

19.70 

9 0 

19.93 

1932 

19.48 

18.98 

20.68 

20.62 

20.24 

19.72 

19.80 

2030 

20.65 

20.68 

20.10 

9 30 

20.24 

19.86 

20.14 

20.70 

21.12 

20.88 

2035 

20.04 

2033 

21.16 

20.78 

21.11 

2034 

10 0 

2031 

20.20 

2038 

2135 

2133 

21.18 

20.67 

20.48 

20.81 

2138 

21.17 

2138 

20.92 

10 30 

21.14 

20.98 

21.14 

21.75 

22.08 

2131 

20.99 

20.89 

2139 

22.08 

21.81 

21.49 

21.43 

11 0 

21.45 

21.45 

21.64 

2234 

2235 

2134 

2137 

2137 

21.94 

22.19 

22.45 

21.72 

21.85 

11 30 

21.66 

2131 

22.16 

22.63 

22.63 

22.11 

21.71 

21.85 

2234 

22.47 

2238 

21.97 

22.10 


21.29 

21.12 

2135 

21.34 

2131 

21.43 

2133 

21.26 

2133 

21.43 

21.42 

21.39 

2134 
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Table VI. 

Showing the Time and the Height of High Water at the London Docks, corre¬ 
sponding to the mean time of the Moon’s Transit for every minute of Hori¬ 
zontal Parallax, from 5414 observations made between the 1st of January 
1808 and 31st of December 1826. 
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Table VII. (Interpolated from Table VI.) 

Showing the Interval between the Moon*s Transit and the Time of High Water 
at the London Docks, for every minute of her Horizontal Parallax. 



Table VIII. (Interpolated from Table VI.) 

Showing the Height of High Water at the London Docks for every minute of 
the Moon’s Horizontal Parallax. 


Moon’* 

Tramit. 

H. P. 54'. 

H. P. 56'. 



H. P. 58'. 

H. P. 59'. 

H. P. 6C Y. 

H. P. 61'. 

h m 

Feet. 

Feet. 

Feet. 

Feet. 

29.47 

Feet. 


Feet. 

Feet. 

0 0 

21.85 

22.04 

22.07 

22.43 

29.60 

22.70 

99 AO 

0 30 

22.06 

22.28 

22 A0 

22.64 

22.73 

22.97 

22.92 

98 A9 

1 0 

22.16 

22 A0 

22.65 

22.67 


22.98 

23.05 

23A5 

1 30 

22.22 

22.31 

22.80 

22.70 

23.00 i 

23.00 

93.18 

23A4 

2 0 

22.24 

22.29 

22.66 

22.76 

22.93 

23.05 

23A1 

23.56 

2 30 

22.19 

22.28 

22.45 

22.83 

29.81 

93.07 

23.42 

23M2 

3 0 

21.87 

22.18 

22 A0 

22.61 

22.60 

22.97 

98 A8 


3 30 

21.64 

22.04 

22.14 

22A5 

22.40 

22.83 

2337 


4 0 

21.37 

21.06 

21.82 

22.08 

22.14 


92A2 


4 30 

21.08 

21.28 

21.44 

21.80 

2234 

22 A3 

22.40 


5 0 

90.70 

20.80 

20 A0 

21.45 

21.73 

22.00 



3 30 

20.25 

90.82 

20 A5 

21.09 

2L22 

21.58 



6 0 

19.78 

19.95 

20.04 

20.50 


21.00 



6 30 

19.31 

19.04 

19.76 

19.90 

20.25 

20.47 

20.28 


7 0 

18.95 

19.30 

19.48 

19.64 

19.90 

90.13 

90.12 


7 30 

18.75 

19.02 

19.22 

19.51 

19.65 

19.83 

90.08 


8 0 

18.90 

19.98 

19.33 

19.63 


19.50 

90.19 


8 30 

19.27 

19.54 

19.55 

19.82 

19.61 

2033 

r 

90JW 


9 0 

19.90 

19.93 

19.95 

20.05 

19.93 

19.40 

20.55 


9 80 

90.58 

20 A1 

20.40 

20.29 

20.46 

20.85 

21.00 

91.49 

10 0 

20.85 

20.64 

20.83 

20.80 


21 AO 

21.43 

21.63 

10 30 

91.13 

90.90 

21.26 

21A6 

21.65 

21.69 

21.81 

91.88 

11 0 

21.38 

91A8 

21.55 

21.90 

21.95 

21.95 

92 AO 

99 AO 

11 30 

21.00 

21.81 

21.78 

22 AO 

22.16 

| 22.17 

99.49 

99.71 
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Table IX. 

Showing the Time and Height of High Water at the London Bocks corre¬ 
sponding to the mean time of the Moon’s Transit for every three degrees of 
her declination north and south; from 5372 observations made between 
thfe 1st of January 1808 and the 31st of December 1826. 
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Table DC. (Continued). 


|l0° ay to 13° ay North Dec 

[J 13° SO' to 16° ay North Dec. 

Jj 16° SO' to 10° 30' North Dec. 

*2£ 


Heigfat 

Tide. 

No. 

<£ 

Moon'* 

TrtMit 

41& 

■sr 

Tide. 

Ko. 

of 

Ob*. 

Moon’* 

Transit. 

w& 

Height 

Tide. 

No. 

of 

Ob* 

It m 

h m 

S' 

in. 


h m 

h m 

ft. 

in. 


h m 

h m 

III. 

la. 


0 88 

§ 2S 

22 10 

17 

0 37 

2 27 

22 

6.7 

28 

0 32 

2 21 

W 

7.2 

37 

i ao 

3 8 

@2 

8 

27 

1 28 

3 8 

22 

9 

23 

1 23 

2 58 

U 

33 

2 m 

3 56 

P2 11 

25 

2 37 

3 57 

22 

7 

21 

2 31 

8 52 

23 

0 

39 

a 28 

4 87 

22 

8 

24 

3 28 

4 35 

22 

53 

24 

3 27 

4 31 

22 

53 

45 

4 87 

5 84 

21 

53 

91 

4 34 

5 23 

21 

73 

30 

4 36 

5 28 

21 

93 

36 

5 as j 

6 25 

20 

9 

26 

5 88 

6 18 

21 

2 

24 

5 373 

6 133 

20 

83 

81 

6 84.5 

7 24 

20 

03 

26 

6 363 

7 203 

20 

1 

20 

6 42 

7 223 

19 

7.7 

34 

7 80 

8 41 

10 

63 

21 

7 28 

8 37 

19 

33 

27 

7 37 

8 38 

19 

13 

40 

8 m 

10 19 

20 

7 

26 

8 85 

10 20 

20 

1 

22 

8 41 

10 22 

19 

7 

38 

0 37 

11 54 

21 

1 

19 

9 37 

11 42 

20 

7 

31 

0 42 

11 45 

20 

5 

40 

10 84 

12 46 

21 

0 

19 

10 40 

12 533 

21 

8 

29 

10 38 

12 44 

21 

4 

44 

H 87 

13 43 

22 

8 

29 

11 35 

13 43 

21 10 

28 

111 37 

13 89 

22 

2 

86 

1 10° 80 / to 13° 3 & South Dec. 

13° 30' to 16° 30' South Dec. 

1 16° SC/ to 19° SC/ South Dec. 

0 40.6 

2 26.4 

22 

8.7 

25 

0 32 

2 20 


0 

25 

0 30 

2 17 

22 

73 

39 

1 21 

3 2 

22 

9 

20 

1 23 

3 2 

22 

11 

26 

1 20 

2 52 

22 

10 

38 

2 82 

3 58 

23 

0 

24 

2 26 

3 45 

22 

103 

28 

2 29 

3 42 

22 

11 

34 

8 20 

4 28 

22 

6.8 

20 

8 253 

4 27 

22 

7 

29 

3 21 

4 22 

22 

03 

35 

4 81 

5 81 

21 

8.2 

22 

4 27 

5 17 

21 

113 

28 

4 25 

5 15 

21 

11 

39 

5 80 

6 263 

20 

11 

21 

5 24 

6 9 

20 

9 

28 

5 28 

6 103 

31 

03 

39 

6 88 

7 35 

90 

23 

23 

6 82 

7 19 

19 

103 

26 

0 28 

7 5 

20 

0.2 

38 

7 20 

8 35 

10 

7 

22 

7 23 

8 30 

19 

3 

26 

7 24 

8 19 

19 

6 

42 

8 82 

10 22 

90 

4 

24 

8 36 

10 18 

20 

1 

25 

8 32 

10 12 

19 

9 

36 

9 83 

11 43 

20 

10 

29 

9 35 

11 38 

20 

9 

22 

0 36 

11 85 

20 

8 

45 

10 85 

12 50 

21 

8 

18 

10 34 

12 41 

21 

43 

25 

10 36 

12 38 

21 

5 

89 

11 84 

13 40 

22 

10 

14 

11 88 

13 38 

22 

4 

25 

11 32 

13 30 

22 

2 

86 

_ 

119° 9CK to M° 8(7 North Dec. 

22° 9C? to 25° SO' North Dec. 

| Above 25° SO' North Dec. 

h m 

h n 

ft. 

In. 


h m 

h m 

ft. 

in. 


h m 

b m 

ft. 

in. 


0 28.5 

9 10 

22 

7 

26 

0 81 

2 16 

22 

63 

25 

0 31 

2 13 

22 

53 

17 

1 28 

9 56 

22 

0 

30 

1 24 

2 57 

22 

9 

26 

1 25 

2 51 

22 

8 

18 

2 88 

8 49 

29 

6 

28 

2 33 

3 49 

22 

7 

24 

2 29 

3 40 

23 

0 

22 

8 25 

4 25 

29 

5.2 

24 

3 23 

4 19 

22 

3 

22 

3 20 

4 15 

22 

43 

23 

4 82 

5 14 

21 

93 

28 

4 35 

5 14 

21 

4.7 

26 

4 27 

5 5 

21 

83 

23 

5 85 

6 15 

20 

5 

30 

5 35 

6 43 

20 

8.8 

25 

5 40.7 

6 10.2 

20 

8 

23 

6 87 

7 10 

10 

0 

32 

6 433 

7 9.7 

19 

3 

22 

6 35 

7 1 

19 

1 

23 

7 843 

8 33.8 

18 

5 

27 

7 38 

8 23 

10 

03 

23 

7 41 

8 15 

18 

10 

22 

8 86 

10 10 

10 

4 

19 

8 41 

10 3 

10 

5 

29 

8 40 

10 0 

18 

10 

20 

9 41 

11 84 

20 

3 

26 

9 40 

11 28.7 

19 

10 

21 

9 47 

11 42 

20 

4 

19 

10 88 

19 43 

21 

2 

20 

10 39 

12 42 

21 

4 

24 

10 37 

12 88 

20 

11 

18 

11 88 

13 32 

22 

3 

30 

11 87 

13 26 

21 

8 

17 

11 33 

13 25 

21 

9 

21 

| 19° 80' to 22° so* South Dec. | 

22° SO' to 25° 30' South Dec. j 

Above 25° 30' South Dec. 

0 81 

9 13 

22 

4.7 

27 

0 34 

2 15 j 

22 

6.8 

16 

0 26 

2 4 

22 

5 

22 

1 24 

2 54 

23 

1 

28 

1 17 

2 47 | 

22 

8 

30 

1 26 

2 48 

21 

11 

16 

2 25 

8 37 

22 

7 

31 

2 29 

8 38 | 

22 

6 

21 

2 21 

3 32 

22 

6 

21 

822 

4 203 

22 

7.8 

28 

3 19 

4 133| 

21 

L13 

24 

3 20 

4 li 

22 

2 

21 

4 28 

5 14 

11 

8.7 

31 

4 19 

5 0 

21 

93 

22 

4 15 

4 47 

21 

93 

24 

5 983 

6 03 

90 

93 

28 

5 24.4 

6 0.4| 

20 113 

28 

5 23.8 

5 603 

20 

6.7 

26 

0 803 

7 8 

W 

3 

28 

6 30 

6 59 

19 

8 

22 

6 28 

6 48 

19 

9 

26 

7 20 

8 15 

19 

43 

23 

7 94 

8 11 

19 

43 

24 

7 25 

7 58 

18 

5.3 

23 

8 81 

10 8 

19 

7 

28 

8 39 

10 2 

19 

4 

27 

8 38 

9 55 

19 

4 

18 

9 87 

II 44 

20 

5 

96 

9 34 

11 83 [ 

20 

8 

20 

9 33 

11 29 

20 

1 

21 

10 89 

J 43 

11 

33 

28 > 

10 34 

3 40 i 

n 

33 

27 

10 89 

12 82 

20 

L03 

19 

H M3 

t8 25 

12 

4 

27 

11 35 

13 22 jj 

ii it | 

29 

11 85 

18 25 

11 

8 

21 
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MR. LUBBOCK ON TOE TIDES IN TOE PORT OP LONDON, 


Table X. (Interpolated from Table IX.) 

Showing the Interval between the Moon's Transit and the Time of High 
Water, and the Height of High Water at the London Docks for every three 
degrees of her Declination, North and South. 


Time or 
Moon’i 
Transit. I interval. 



22 

6.4 

1 

87 

22 

4.8 

22 

7.9 

1 

21 

21 

11.4 

22 

G 

1 

8.6 

22 

6.6 

21 

10.8 

0 

47J 

22 

1.2 

21 

8.4 

0 

2&8 

21 

7.4 

20 

9 3 

0 

26 

20 

5.5 

19 

8 

0 

20 A 

19 

7.5 

19 

4.8 

0 

88 

18 

6.4 

19 

4.1 

1 

22 

19 

8 

20 

1.7 

1 

44 

90 

0 

21 

2 J> 

1 

68 

90 

9 

21 

10.4 

1 

61 

21 

73 
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Table XI. (Interpolated from Table IX.) 

Showing the Interval between the Moon’s Transit and the Time of High Water at 
the London Docks, for every three degrees of her Declination, North or South. 



Table XII. (Interpolated from Table IX.) 

Showing the Height of High Water at the London Docks for every three 
degrees of the Moon’s Declination, North or South. 



3 g 2 
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' ' " Table XTO. ‘ ' ' ’ ‘ 

Showing the Time of High Water at the London Docks corresponding to the 
Mean Time of the Moon's superior and inferior Transits, and also the 
Heights of High Water, in the Month of June, from 1090 Observations, 
made between the 1st of January 180S and 31st of December 1836. 


| Superior. 

| Inferior. \ 

I Moan's 

I Transit. 

Time of 

4SS. 

B T‘ 

Tide. 

No, 

of 

Ota. 


Time of 

4Sfc. 

Tide. 

m 

Es3 

ns 

b IB 

ft. 

la. 


to m 


lira 

la. 


mLM 

2 3.2 

22 

5 

20 

0 15 


fcy 

37 

19 

Bel 

2 22.5 

22 

5 

20 

0 45 


m 

5 

20 

1 11.8 

2 45 

22 

8 

22 

1 147 

9 447 

22 

77 

10 

1 41.8 

3 10.2 

22 

77 

23 

1 45 

3 97 

22 

67 

23 

2 15.2 

3 307 

22 

67 

20 

2 17.7 

8 33.6 

22 

7.6 

22 

2 46.8 

3 55.6 

22 

77 

26 

2 44 

8 53.1 

22 

67 

16 

3 177 

4 22.6 

22 

6.4 

17 

3 13 

4 147 

29 

47 

27 

3 44.8 

4 40.3 

22 

37 

29 

8 46.7 

4 43 

21 10.1 

28 

4 16.9 

5 1U 

91 

107 

19 

4 12.7 

5 7.1 

21 

11.1 

26 

4 44.6 

5 35.9 

21 

47 

29 

4 467 

5 877 

21 

47 

21 

5 17.6 

6 107 

21 

37 

23 

5 14.4 

6 57 

21 

1.7 

Q 

5 447 

6 377 

20 

77 

26 

5 47.4 

6 42.7 

20 

8.1 


6 15.7 

7 16.6 

20 

2.7 

25 

6 15.4 

7 107 

20 

5.6 

m 

6 457 

7 517 

20 

0.8 

26 

6 457 

7 50.7 

20 

27 

29 

7 16 

8 357 

19 

8.7 

24 

7 167 

8 37 

19 

07 

22 

7 45.3 

9 16 

19 

97 

25 

7 467 

9 217 

19 11 

23 

8 15.6 

9 587 

□ 

17 

24 

8 157 

9 577 

19 

107 

28 

8 45.4 

10 447 

20 

2.6 

23 

8 457 

10 397 

20 

77 

25 

9 16 

11 21 

E3 

97 

25 

9 177 

11 197 

20 

87 

29 

9 46.1 

11 56 

21 

1.1 

20 

0 457 

11 507 

L 

□ 

10 167 

12 21.7 

21 

47 

23 

10 14 

12 22.7 

rm 

ezi 


10 43 

12 52.7 

21 

8.1 

20 

10 487 

12 467 

21 

EZf 

□ 

11 16.1 

13 11.1 

22 

17 

22 ; 

11 157 

13 187 

21 

9.6 

18 

11 45.6 

13 40.7 

22 

Eft 

20 

11 457 

18 387 

22 

2.6 

22 
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Table XIV. (Interpolated from Table XIII.) 

Showing the Interval between the Moon’s Transit and the Times of High 
Water, and tbe Height of High Water in the month of June; the Interval 
and Heights corresponding to the Moon’s superior and inferior Transits 
being distinguished. 



Superior. 

Inferior. 

Difference. | 

Moon's 

Transit. 

High 

Water. 

Height. 

High 

Wafer. 

Height. 



h m 
0 0 

h m 

1 59 

Feet. 

2231 

b m 

1 49 

Feet. 

2235 

m 

+3 

-.04 

0 80 

1 48.8 

22.42 

1 42.1 

2235 

+U 

+37 

1 0 

1 853 

2236 

1 84.4 

2231 

+1.1 

+.05 

1 80 

1 803 

22.80 

1 273 

2237 

+3.1 

+38 

3 0 

1 913 

2239 

1 203 

2238 

+03 

+.01 

3 80 

1 12.3 

2236 

I 12.8 

2238 

-0.6 

+.02 

8 0 

1 7 A 

2236 

1 4.6 

22.46 

+2.8 

+.1 

3 80 

1 1.4 

2239 

0 58.7 

22.12 

+*7 

+37 

4 0 

0 55 

22.11 

0 553 

9130 

-03 

+31 

4 80 

0 59.9 

21.66 

0 52.7 

21.64 

+ 03 

+.02 

5 0 

0 51.9 

2134 

0 51 

2136 

+03 

+.08 

5 80 

0 59.9 

20.99 

0 58 

2032 

-0.1 

+ .07 

0 0 

0 563 

20.45 

0 55 

2038 

+ 13 

-.18 

6 80 

1 33 

20.15 

1 0.1 

2033 

+83 

-.1* 

7 0 

1 153 

1930 

1 193 

20.01 

+ 33 

-.11 

7 80 

1 993 

19.74 

1 273 

19.87 

+2.7 

-.13 

8 0 

1 86.8 

1936 

1 383 

19.89 

-1.7 

+.07 

8 80 

1 50.8 

20.19 

1 48.1 

2035 

+2.7 

—.06 

9 0 

2 9 

20.47 

1 573 

20.64 

+4.1 

-.17 

9 30 

2 73 

30.92 

2 8.7 

20.84 

+8.8 

+.06 

10 0 

2 7.8 

2132 

2 7 

21.10 

+0.8 

+.12 

10 80 

2 7.7 

2138 

2 8.8 

2139 

+** 

+.14 

11 0 

2 23 

2131 

2 0.1 

21.70 

+23 

+31 

11 80 

1 55 

22.08 

1 57.8 

22.00 

-2.8 

+.08 
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Table XV. 

Showing the Difference in the Interval between the Time, of the Moon’s 
Transit and the time of High Water, and the Mean Interval (Column A. 
Table III.) in different Months of the Year. 


Moon's 

JSfciMfci 

B 

B 


«g§j 

May. 

June. 

July. 

Aug. 

Sept. 

Ocu 

Nov. 

Dec. 

h m 

» 

m 

m 

m 

n 

vn 

m 

n 

m 


m 

m 

0 0 

- 5 

+ 2 

+ 4 

+ 7 

— 2 

- 7 

- 4 


+ 9 

+ r 

- 8 

- 7 

0 so 

— 5 

+ 1 

+ 7 

+ 4 

- 2 

- 8 

- 5 

+ 6 

+ ® 

+ 8 

- 6 

- 6 

1 0 

- 3 

+ 8 

+ 8 

+ 4 

- 8 

- 7 

- 1 

+ » 

+ 8 

+ * 

- 8 

- 7 

1 so 

- 2 

+ 8 

+ # 

+ 8 

- 4 

- 7 

— 1 

+ 8 

+ 6 

+ 2 

- 9 

- 6 

2 0 

- 1 

+ 8 

+ 8 

+ 3 

- 6 

- 6 

- 1 

+ 11 

+ » 

+ 2 

Bill 

- 7 

2 30 

+ » 

+ 6 

+ 7 

+ 2 

- 8 

- 6 

0 

+ 11 

+ 7 

0 


- 9 

ws 

+ 2 

+ 6 

+ « 

+ 1 

— 9 

- 5 

+ 2 

+ 10 

+ 7 

- 4 

-11 

- 8 

I 8 80 

+ 5 

+ » 

+ 4 

- 4 

- 8 

— 4 

+ 6 

+ 11 

+ 5 

- 7 

-13 

- 6 

mKu 

+ 10 

+ 7 

+ 2 

- 6 

- 8 

- 1 

+ 10 

+ 12 

+ 4 

- 9 

-14 

- 3 

BEl 

+ 11 

+ « 

+ 1 

- 8 

- 9 

+ 2 

+ 12 

+ 10 

0 

—11 

-11 

- 2 

5 0 

+13 

+ 3 

- 4 

-12 

- 9 

+ 5 

+ 15 

+ » 

- 8 

-15 

-11 

+ 1 

5 30 

+16 


- 9 

-14 

- 7 

+ 9 

+ 16 

+ 8 

- 6 

-17 

- 8 

+ 7 

6 0 

+ 16 

- 2 

-19 

-14 

- 4 

+ 14 

+18 

+ 8 

-10 

-18 

- 4 

1 +13 

6 30 

+ 12 

- 4 

-15 

-14 

+ 1 

+ 18 

+ 18 

+ 1 

-14 

-15 

— 2 

+ 18 

7 0 

+ 13 

-11 j 

-22 

—12 

+ 7 

+21 

+ 14 

- 5 

-19 

-14 

+ 8 

+ 16 

7 30 

+ 5 

-20 

-29 

s - 8 

+ 10 

+22 

+ 12 

j —10 

-19 

- 1 

+ 16 

+ 15 

8 0 

0 

-27 

-26 

- 4 

+ 14 

+ 16 

+ 5 

-11 

-13 

+ o 

+ 18 

+ 14 

8 30 

— 4 

-25 

-14 

+ 2 

+ 17 

+ 10 

— 1 

-10 

- 5 

+ 7 

+16 

+ 12 

9 0 

- 7 

-23 

- 9 

+ 5 

+ 13 

+ 3 

— 8 

-11 

- 1 

+13 

+ 15 

+ « 

9 30 

- 7 

-19 

- 4 

+ 8 

+ 11 

0 

-10 

- 9 

+ 1 

+ 15 

+ 13 

+ 1 


- 8 

— 8 

+ 2 

+ « 

+ 7 

- 3 

-11 

— 5 

+ 4 

+ 14 

I + 5 

| - 4 

10 30 

- 7 

- 7 

+ 6 

+ « 

+ 4 

- 4 

- 8 

— 4 

+ 7 

+ 10 

+ 4 

! - 3 

|IWB| 

- 6 

- 1 

+ 3 

+ 6 

+ 4 

- 7 

- 7 

- 2 

+ 7 

+ 8 

+ 3 

- 3 

| 11 30 

- 6 


+ 4 

+ 7 

+ 2 

- 6 

— 5 

- 1 

+ 7 

+ 7 


i - 3 


Table XVI. 

Showing the Difference in the Height of High Water and the Mean Height 
(Column B. Table V.) in different Months of the Year. 


Moon’s 
Tran (tit. 

Jan . 

a 


Bi3| 

B 

m 


Aug . 

Sept . 

Oct . 

Nov . 

Dec . 

h in 

TO 

i33 

BES 

s 


M | 

■PI 

tn 

TO 

TO 

m 


0 0 

-.16 

- A3 

-.02 

+*21 

+.29 

—16 

— A1 

- A3 

+.10 

+ A1 

+ A2 

rxci 

0 30 

-A 6 

+.10 

+ A2 

+•27 

+.12 

— .20 

— A9 

-.28 

+.11 

+ A7 

+.45 

- A6 

1 0 

- A6 

—02 

+.18 

+.28 

+ .15 

—19 

— A4 

-.10 

+.15 

ezj 

+ A2 

— A1 

1 80 

-.29 

—01 

+.19 

+.15 

+.15 

—19 

-.14 


+.10 

+ A5 

+ A4 

-.37 

2 0 

iWrl 


—02 

+.12 

+.15 

—.26 

-.09 

—15 

+ A3 

+.18 

+.12 

-.08 

2 30 

-.10 

+ A5 

0 

+•21 

—02 

—18 


+.05 

+.26 

-.12 

-.18 

-.11 



+.13 

-.16 

51 

-.12 

-AS 

—02 

+.10 

+ .26 

—.01 

+ A0 

- A4 


Ssuyl 


+.09 

-.u 

-.16 

— AS 

+.09 

+.10 

+ .34 

+.23 


- A8 



+.12 

+.19 

-.12 

-.21 

igj 

+.27 

—02 

+ A0 

-.10 

-.10 

-.18 


gitia 

+.07 

+.06 

—08 

-.23 



-.06 

+.12 

—11 

-.16 

-.08 


BPjB 

!EZ&1 

+•12 

-.06 

-.34 

-.07 

+ A5 

E221 


-42 

- A8 

+.08 


+.17 

+•30 

+*38 

-.29 

— A1 

-.02 

+.40 

+•31 


— A3 

-AO 

+.07 

6 0 

+ A2 

m 

(S3 

- A9 

- A4 

+ A1 

+ A4 

+.35 

-.07 

—65 

-48 

+ .10 

6 30 * 

+.18 

- A4 

+.07 

-.41 

—06 

+.41 

+.02 

+•21 

-.14 

—09 

-40 

+.21 

7 0 

+.27 

—19 

-.26 

-AS 

+ .23 : 

+.42 

+.63 

+ A6 

- A6 

- A6 

- A8 

+ A6 

7 30 

+.24 

-.72 

-.17 

—47 

+ .34 

+ A9 

+ A9 

+.10 

- A9 

- A5 

+.17 

+.10 

8 O 

—10 

—34 

-AS 

- A0 

+ A5 

+ A2 

+.60 

—07 

—43 

—28 

+ A0 

+.24 

8 30 

-.16 

—74 

-.44 

- A2 

+ A2 

+ A8 

+<37 

- A8 

-.41 

+.13 

—05 

+ A0 

9 0 

-.17 

—78 

-.67 

-.12 

+ A8 

+ A2 

+.14 

- A8 

-AO 

ESBi 

+ A5 

+ A8 

9 80 

— A0 

—68 

— A 0 

+ .16 

+.58 

+ A4 

-.19 

- A0 

—31 

+.62 

+.10 

+ A7 

10 0 

-.41 

—72 

-.34 

+ A3 

+.01 

+.26 

- A5 

-.44 

-.11 

+46 

+ A5 

+ A7 


—29 

-.45 

-.29 

+ A2 

+.65 

+.08 

-.44 

— A4 

Wfrl 

+.65 

+ A8 

+.06 

| 11 0 

-.40 

—40 

- A1 

+49 

+ A0 

+.09 

-.48 

-48 

+.09 

+ A4 

+.60 

-.13 

11 80 

—.44 

-.89 

Essa 

+ A8 

+ A3 

+.01 

- A9 

-AS 

+.14 

+ A7 

+48 

-.18 
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ME* LUBBOCK ON THE TIDES IN THE POET OP LONDON. 

Table XVII. 

Showing the Difference in the Interval between the lime of the Moon's Transit 
and the Time of High Water, and the Mean Interval (Column A. Table III.) 
for every Minute of the Moon's Horizontal Parallax. 



Table XVIII. 


Showing the Difference in the Height of High Water, and the Mean Height 
(Column B. Table V.) for eveiy Minute of the Moon’s Horizontal Parallax. 
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MR. LUBBOCK 1 ON THE TIDES IN THE PORT OP LONDON. 
Tabus XIX. 


Showing the Difference in the Interval between the Time of the Moon's Transit 
and the Time of High Water, and the Mean Interval (Column A. Table III.) 
for every three degrees of the Moon's Declination. 



Tabus XX. 

Showing the Difference in the Height of High Water, and the Mean Height 
(Column B. Table V.) for every three degrees of the Moon’s Declination. 
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Table XXI. 

Showing the Influence of the Direction of the Wind on the Time and Height 

of High Water. 


Direction 
of Wind. 

Number 
of Tide* 

Sum of 

Time* of High Water. 

Mean 

Error. 

Sum of 

Heights of High Water. 

Mean 

Error. 


Calculated. 

Oburvod. 

Calculated. 

Observed. 

N 

38 

h m 
202 43 

h m 
201 43 

m 

-2 

it 

812 

in. 

4 

ft. 

813 

in. 

4 

inch**. 

NNE 

53 

271 20 

272 45 

+2 

1150 

2 

1148 

4 


NE 

81 

359 50 

362 25 


1766 11 

1772 

9 

+ 1 

ENE 

43 

230 54 

229 55 

-1 

938 

3 

951 

4 

4-4 

E 

38 

126 8 

127 0 

+1 

829 

7 

834 

9 

4-9 

ESE 

16 

96 47 

95 25 

-5 

348 

5 

344 

5 

-3 

SE 

23 

125 0 

125 5 

. 

485 

6 

485 

8 


SSE 

18 

117 34 

117 55 

+1 

372 

8 

369 

3 

-2 

6 

29 

148 58 

149 30 

+1 

608 

8 

603 

6 

-2 

SSW 

36 

262 25 

264 40 

+4 

734 

3 

736 

1 


8W ] 

148 

877 29 

874 0 

-1 

3129 

2 

3123 

2 


WSW 

55 

286 52 

283 35 

-4 

1189 

8 

1179 

8 

-9 

w 

36 

221 57 

220 0 

—3 

771 

9 

771 

1 


WNW 

10 

70 40 

69 55 

—4 

210 

7 

209 10 


NW 

37 

189 51 

188 35 

-2 

810 

4 

810 11 


NNW 

36 

197 41 

197 10 

-1 

755 

9 

754 

JL 
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XXII. On the extensive Atmosphere of Mars . By Sir Jambs South, F.ILS. 
Communicated by His Royal Highness the President 

Read June 16, 1881. 


That several of the planets as well as that which we inhabit are surrounded 
by atmosphere, astronomical observations have long since established; the 
extent, however, to which in particular planets such atmospheres are diffused, 
is as yet not satisfactorily determined. The former rests principally upon phe¬ 
nomena observed on the planets' discs, whilst the latter derives its support 
chiefly from those detected at or near their respective limbs. Every night, nay 
almost every hour, may give us indication of the one, whilst years are some¬ 
times necessary, as in the case of planets unattended by satellites, to help us 
to the other; thus the hypothesis of the extensive atmosphere of Mars derives 
its origin from the observations of Cassini and Roemer, and has stood more 
than a century and a half without refutation or support. 

The observations to which I allude formed part of a series undertaken for 
the determination of the parallax of Mars, and are recorded in the M£moires 
de FAcad&nie des Sciences. Cassini’s were made at Briare and at La Charit6 
sur Loire; whilst Roemer’s was obtained at the Royal Observatory of Paris. 

Of the Briare observation Cassini says, “ Le premier Octobre 1672 k 2 h 45“ 
du matin k Briare, Mars vft par une lunette de trois pieds, sembloit toucher par 
son bord septentrional, la ligne droite tir£e par la premiere et par la seconde 
de l’eau d’Aquarius marquee d’oh il n’^toit plus £loign6 que de six minutes. 
Cette 6toile paroissoit si diminu6e et si affoiblie de lumikre, qu’on ne la pouvoit 
plus distinguer ni k la vue simple, ni par une lunette un peu plus foible.”— 
M4m. de FAcad. tome vii. p. 357. 

The La Charity and Paris observations entitled “ Eclipse de la Moyenne ^ 
dans Feau d*Aquarius ” are thus narrated: “ Quoique le ciei fut alors assez beau 
de part et d’autre, et que Fon vit Mars pendant un assez long espace de temps, 

3 h 2 
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on ne vit point l’4toile moyenne qui devoit 6tre cacMe par son disque. Le 
diametre de Mars 6toifc alors de 25 seconder—M6m. de VAcad. tom. vit. 
P- 3*8. 

, <c Les quages qui survinreat ne perrairent pas d’en voir la sortie; et Top no 
sqait pas meme si on Fauroit p& voir imm^diatement, car trois quarts d’heure 
apr&s le ciel s’6tant d^couvert k Paris, M. Roemer la chercha attentivement 
autonr de Mars, et il ne la tronva qu’aprfes l’attentioa de deux minutes, quand 
elle 6»it d6j5, 6ioign*;e bu bord oriental de Mars de deux tiers de son diam&tre. 
C4toit alors ll h 15 m , et le parall&le de l’^toile coupoit le diamfetre de Mara 
en raison de 2 A 3. II commenga de la voir sans difficult*;, quand elle 4toit 
41oign6e de Mars de trois quarts de son diametre.”—M&n. de FAcad. tom. vii. 
p. 359. 

Hence we learn that a star of the fifth magnitude at the distance of six 
minutes from the planet Mars became invisible to Cassini ; and that after 
occultation by the planet, the same star could not be detected by Roemer, till 
the planets limb had receded from it, almost seventeen seconds of a degree. 
Experience, however, has long shown us that stars of the same magnitude are 
visible even when in actual contact with the moon’s enlightened limb; to 
what cause then is the invisibility of the star when in the vicinity of Mars 
referable ? Cassini attributed it to the atmosphere of Mars; and although it 
seems difficult to imagine one of such enormous extent as the Briare observa¬ 
tion would require, still, as any other hypothesis would involve us in greater 
difficulty, I shall adopt it, and shall present it, as also the comments which 
precede it, in Cassini’s own words : “ Cette difficult*; de voir cette *!toile de la 
cinqui&me grandeur tr&s proche de Mars est considerable, d’autant qu’il n’y a 
point de difficult^ k voir des £toiles de la m£me grandeur jusqu’au bord de la 
lune. Ce qui pourroit fair juger que Mars est environn*; de quelque atmo¬ 
sphere”—M*;m. de FAcad. tom. vii. p. 359. 

Admitting, then, that an extensively diffused atmosphere of Mars is indicated 
by the observations above quoted, let us see if modem observations can con¬ 
firm it. 

On the 27th October 1783, Sir William Herschel, with a new 20-feet 
Reflector of 18.7 inches aperture, saw a star of the 13th or 14th magnitude at a 
distance of two minutes and fifty-six seconds from the planet, “ not otherwise 
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affected by the approach of Mars, than what the brightness of its superior light 
might account for,"—-Vide Phil. Trans, vol. Ixxiv. p. 272. 

On the 19th erf February 1822, in Black man-street, a star of the 9th or 10th 
magnitude ms for several hours seen in the held of the 5-feet Equatorial 
with the planet Mars. At a distance of one minute and forty-three seconds of 
a degree from the planet, (which took place at 1 l h 15“ sidereal time,) its splen¬ 
dour suffered no sensible diminution. 

On the following night a star 42 Leonis, of the 6th magnitude, was in the 
field of the same instrument with Mars, and the planet’s progress towards the 
star was observed micrometrically for several hours ; nor did the star suffer 
any loss of its brilliancy as its distance from the planet diminished. 

Fatigued by previous watchings, at about two in the morning I retired to 
rest; but thinking it probable that the star would undergo occultation, accom¬ 
panied by my brother Mr. Henry South I returned to the instrument Etbout 
4 o’clock, and found Mars about half his own diameter from the star. The 
planet had about twenty-four degrees of altitude ; its limb was at times well 
defined and steady, at other times extremely unsteady; the star was compara¬ 
tively steady # , could be kept tolerably well upon the micrometer-wire, and was 
of a beautiful blue colour. At 15 h 3“ 23\3 sidereal time, it was seen admirably 
defined, and was distant from the limb of the planet a diameter of one of the 
micrometer-wires, equal nearly to one second of a degree; from which time 
till 15 h 3 m 53 8 the planet’s limb was so extremely unsteady and ill defined, 
that the precise moment of occultation could not be obtained. 

After emersion, at 15 h 20® 38*.3 the star was seen when it was about 1J 
diameter of the wire, or one second and a half from the limb; it was almost 
indigo blue; and the contrast between it and the planet, which was of a deep 
red, was exquisitely beautiful. By reference to the double star 48 # Cancri, 
some idea of it may be entertained, if we regard the larger of its stars as 
Mars, and the smaller as 42 Leonis. At the time of observation the planet 
had passed his opposition only forty-seven hours, and his apparent diameter 
as measured with the micrometer, was sixteen seconds and six tenths. 

* This steadiness of one sidereal object, as contrasted with the extreme unsteadiness of another, 
seen under similar circumstances of atmosphere and altitude, has long been familiar to me, and is a 
phenomenon to which, on some future occasion, I shall probably invite the Society’s attention. 
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The phenomena, were also witnessed by Mr. Henry South, and bis obser¬ 
vations strictly accorded with my own. To render our results as independent 
as possible of optical misrepresentation, his instrument was my Gregorian 
reflector, by Watson, of six inches aperture and thirty inches focus 5 the figure 
of its metal was exquisitely perfect, whilst twelve years of constant use, had 
not occasioned the slightest tarnish of its almost colourless surface. 

Accustomed as the first business of the night, to point a telescope to such of 
the principal planets as are above the horizon, on the 17th of March of the 
present year 1 had the satisfaction of seeing in the field of the 5-feet Equa¬ 
torial, with the planet Mars, several stars, some of them minute, but one of the 
5th and another of the 6th magnitude. Convinced that the planet would 
pass close by, or perhaps occult the larger, I took its place, and found it to be 
37 Tauri. The covering under which the dome for my large equatorial was 
being built, unfortunately rendered the 5-feet equatorial useless, when the 
planet had approached within forty seconds of the star. The observations 
therefore were continued with the 12-feet Achromatic of 7| inches aperture, 
and also with the 42-inch of 2f aperture, till the star was one diameter 
and a half of the planet from his nearest limb; when, fearing lest the trees 
to the north-west of my grounds, might intercept the planet from my view, 
at the instant of nearest appulse or oecultation, the 8-feet Achromatic of 
six inches aperture previously placed on the top of the house, was recurred 
to. The star, from being a full diameter distant from the planet when 
first observed with this telescope, was watched most unremittingly till the 
planet, having been in contact with it, had receded from it a quantity equal 
to its own semi-diameter. The star suffered not the least change of colour, 
nor the least diminution of its lustre, except what of the latter might fairly 
be attributed to the splendour of the planet; its rays were certainly in con¬ 
tact with the planet’s limb, but only at their circumference; at times the 
planet and star were very steady, at other times far otherwise; but at no 
period was there such contrast between the steadiness of the star and the un¬ 
steadiness of the planet, as occurred at the oecultation of 42 Leonis. As the 
star’s distance from the planet diminished, the former seemed to undergo not 
the slightest alteration; and when in actual contact, both the star and the 
planet were red, but the planet had the deeper tint. The night was remark- 
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ably fine, nad although Mars had not more than seven or eight degrees of 
altitude, a power of 330 was used with advantage. 

The diameter of Mars, as taken with the 5-feet Equatorial, was about ten 
seconds. The observations were commenced at about seven hours sidereal 
time, whilst the nearest appulse was perhaps at about eleven hours; they were 
not made for determining the place of Mars, but for noticing any phenomena 
which the star might exhibit. 

The facts being now before us, the inferences may be comprised in a few 
lines. 

Sir W* Herschels observation of the 27 th of October 1783 , and mine of 
the small star on the 10 th of February 1822, are at variance with Cassini's 
observation, but impugn not the accuracy of Roemer’s ; whilst my observa¬ 
tions of 42 Leonis and of 37 Tauri, being apparently subversive of the obser¬ 
vations both of Cassini and of Roemer, point out the “ extensive atmosphere 
of Mars’* as a subject meriting further investigation. 

Such are all the observations relative to the extensive atmosphere of Mars 
which my observatory can furnish. One of these, viz. that of the 17 th of last 
March, demands further consideration, lest, having served to invalidate one 
hypothesis, it might be brought forward to support another; namely, that 
“ the red colour of the planet Mars is dependent upon the physical properties 
of his atmosphereMoreover, it seems inconsistent with a previous ob¬ 
servation. 

The star 37 Tauri had “ nearly the colour of Mars” whilst in contact with 
the planet; whereas, the star 42 Leonis was “ beautifully blue” previously and 
subsequently to occultation by the planet. The facts are different;—are they 
reconcileable ? The following then are extracts from the Observatory Journal. 
On the night following the observation of 37 Tauri, namely, the 18th of 
March, “ the five-feet Equatorial was placed upon Mars, in order to compare 
its colour with that of 37 Tauri; the star and planet were still in the field to¬ 
gether, though nearly at opposite points of its circumference. “ I can have no 
hesitation in saying, that the star is red, but not of so deep a tint as the planet.” 

“ Mars being placed out of the field, I requested an attendant (accustomed 
to use a telescope) to look at the star and to tell me its colour; entirely un- 
* Vide Brbwster’s Encyclopaedia, vol. ii. pages 636 A 637 (article Mars). 
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acquainted with the bearing of the question, and ignorant of the colour as¬ 
signed to it by me, he replied, ‘ Certainly a light red.’ Mars was now brought 
into the held with the star, and being asked what colour he now considered, 
the star to have, he answered, ‘ Certainly red, but not so deep a red as Mars.* 
Looking at it again, he said, * Mars is the darker, but there is not a great 
deal of difference.’ ” 

“ I now applied several other eye-pieces, magnifying from 70 to 548 times, 
and with all of them I felt convinced that the star was red, but not so deep a 
red as Mars” 

“ Whilst the colour of 37 Tauri was fresh in my recollection,” I placed the 
Equatorial upon 42 Leonis, when it had nearly the same altitude as that star; 
I instantly pronounced the star 42 Leonis to be blue—light blue. The 
attendant was now requested to look again at 37 Tauri, and to retain its 
colour in his mind as much as possible: 42 Leonis was next brought into the 
field; he said, “ This star is certainly not red at all; I do not know what colour 
it is, unless a light blue.” Alternating the examination of the one star with 
that of the other several times, and with various powers, he at last said, “ It 
is certainly blue, and the first is certainly red ” 

The comparisons were repeated with the 12-feet Achromatic of 7\ inches 
aperture, and the inferences drawn from them were the same; and, if just, the 
observations of 37 Tauri and 42 Leonis are perfectly reconcileable. Hypothesis, 
therefore, is not needed, to explain under similar circumstances with regard 
to Mars, the “ red” colour of the one star, or the " blue” colour of the other. 
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XXIII. On ike Friction and Resistance of Fluids . By George Rennie, Esq, 

F.P.R.S. 

Read June 16, 1831. 

When on a former occasion I communicated the results of a series of 
experiments on the Friction and Resistance of the Surfaces of Solids (Philo¬ 
sophical Transactions for 1828), I stated that they formed part only of a series 
pf experiments on the nature of friction generally. My object at first was to 
trace the relation subsisting between the retardation produced by the surfaces 
of solids in motion when in contact with each other and with fluids; but 
finding that the subject connected with either of these branches was sufficiently 
extensive, I deemed it necessary to postpone the second part of the inquiry to 
a future occasion. Those experiments, however, established some important 
facts. They showed that (within the limits of abrasion) friction was the same 
for all solids, and that it was neither affected by surface nor velocity. Subse¬ 
quent experiments upon rolling bodies of great weight and magnitude, when 
the resistance was reduced -rsVirth part of the mass, and the surfaces in the 
ratio of 13 to 1, have corroborated the affinity of resistance between rolling 
and sliding bodies. Thus in connecting and continuing the isolated experi¬ 
ments of Coulomb and Vince, and assigning values to the abrasive resistances 
of most of the most useful solids, a considerable advance has been made in the 
science. 

The subject of the present paper, however, involves difficulties of a more 
complicated kind. The theory of solids as deduced from the laws of mechanics, 
and independent of experiment, may be applied to any system of bodies; but 
the theory of fluids, in which the form and the disposition of the particles, or 
the laws of their action, are unknown, must necessarily be founded on experi¬ 
ment 5 and even with this aid, which can only be obtained through the inter¬ 
vention of a solid, our knowledge of the true properties of fluids must be vague 
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and nncertain. Accordingly we find that the subject Of fluids attracted the 
attention of some of the most distinguished mathematicians and philosophers 
of Europe for the last two centuries; that is, from the year 1628, when Castelu 
first published his Treatise on the Measure Of running Water, down to the 
hydraulic investigations of Eytblwein and Young, between these periods, 
Italy, France, Germany and England, added their contributions to the science* 
But it is to the Italians principally that we owe the foundation of it, in their 
numerous investigations and controversies on the rivers of Italy ; hence the 
writings of Castelli, Viviani, Zendrini, Manfredi, Polini, Frisi, Guuelmini, 
Lechi, Michklloth, and of many others *. 

Each of them has endeavoured to establish a theory applicable to rivers and 
torrents, but in genera! with indifferent success. The science again received 
flesh accessions from the more valuable investigations of Bossur, Dubuat, 
Venturi, Funck, Brunning, Bidone, Coulomb, Pronv, Eytblwrtn and Girard; 
and among our own countrymen, of M’Claurin, Vince, Matthew Young, 
Dr. Jurin, Professor Robinson, and the late Dr. Thomas Young. Sir Isaac 
Newton had already demonstrated, in bis celebrated propositions 51, 52, and 
53, of the Principia, (in the case of a cylinder in motion immersed in a fluid,) 
that the resistance arising from the want of a perfect lubricity in fluids is 
(caeteris paribus) proportional to the velocity with which the parts of a fluid 
separated from each other; and that, if a solid cylinder of infinite length 
revolves with a uniform motion round a fixed axis, in a uniform and infinite 
fluid, the periodical times of the parts of the fluid thus put in motion will be 
proportional to their distances from the axis. This theory (although conform¬ 
able to experiment) was objected to by Bernoulli and D’ Alembert, on the 
ground that Sir Isaac Newton bad not taken into consideration the centrifugal 
force or friction arising from the pressure of the concentric rings or filaments 
round the cylinder, the fluid being supposed in a state of permanence, and the 
friction of the rings equal throughout. : 

Pitot (1728), in his experiments on the water-works at Marly and Versailles, 
was the first to demonstrate that with equal velocities, mid in the ratio of the 
volume of watery the friction of water in pipes was in the in verse ratio of their 


* Raccotta d’Aotori ch* tmttodelMolo deii’Acqae, 
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4haptyW^ (1733), Majuotte, and Depahcikux, estimated the 

ijy^rcD^bctween tbe real and calculated expenditures of glass tubes and 

Ci«zY (ia 1771 and 17B6) was the first engineer who endeavoured to esta- 
Wish the relation subsisting between the inclination of an aqueduct and the 
transverse section of the volume of water it ought to carry,—on the supposition 
that the accelerating force, due to the inclination of the bed of the conduit, is 
counterbalanced by the resistances of the channel in the ratio of the surface, 
and increasing in proportion to the square of the velocity. What Chbzy had 
remarked was concluded by Bosstrr, who cleared the investigation Of most of 
its difficulties, and demonstrated it to be in accordance with theory. He found 
that small orifices discharged less water in proportion than great ones, on 
account of friction; that the vena contracts, and consequent expenditure, 
diminished with the height of the reservoir: he pointed out the law by which 
the discharge diminishes according to the inclination mid number of bends in 
a pipe, and the influence of friction in retarding the velocity of waters moving 
in canals and pipes, in which he made the square of the velocity to be in the 
inverse ratio of the length of the pipe: he determined the coefficients by expe¬ 
riment, and thus obtained a formula expressive of the conditions of the uniform 
motion of water in open canals. The greater part of these hypotheses may be 
said to have been removed by the more extensive researches of Dubuat. His 
great hydraulic work, published in 1779 and 1786, contains a series of the most 
valuable observations, whose results accord very nearly with the new formula 
of the motion of water in pipes and open conduits; and Ins experiments, with 
pipes inclined in various angles from the 40,000th part of a right angle to 90 
degrees, and in channels which varied from a line and a half In diameter to 
areas of seven or eight square toises, seem to comprehend every case of in¬ 
clination $ so that by collecting a prodigious number of fkcts, both with com¬ 
pressible and incompressible fluids, he obtained a general expression for ail 
cases relative to the friction and cohesion of fluids: but a logarithmic function 
which he introduces in it, by a sort of approximation, gives it a character of 
uncertainty, which restrains its use, and shows the necessity of fresh researches. 
Vbnturi, in 1798, “ Sur la Communication lat£rale du Mouvements dans les 
Fluides,” repeated and added many new facts to the experiments of Bossut, on 
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the expenditure of differently shaped orifices and tubes, but particularly on the 
lateral communication of motion by the cohesion of fluids. Coulomb first 
approximated to the solution of the question, by a very ingenious apparatus, 
consisting of discs of different sizes, fixed by their centres 
mity of a brass wire, and made to oscillate in fluids by the finite vflf torsion 
only; he concluded that the resistance was a function, composed nf two terms, 
one proportional to the first, the other to the second powers of the resistance: 
again, that it was not sensibly increased by increasing the height iff the fluid, 
but simply by the cohesion of the particles of the fluid which presented greater 
or less resistance, in proportion to the viscidity of the fluid, oil being to water 
in the ratio of 17*5 to l. But whatever might be the conclusions of Coulomb, 
it is obvious that both the size and construction of his apparatus were ill cal¬ 
culated to produce results whereon to found a satisfactory theory; and accord¬ 
ingly both Messrs. Phony and Girard, in expressing their formulae of resist¬ 
ance, have not admitted that of Coulomb, but have adopted the mean of the 
best of experiments made by other authors: but as these formulae give only 
the mean velocity, which is much greater than the velocity (of the fluid con¬ 
tiguous to the pipe) which ought alone to enter into the expression of the re¬ 
tarding force, it follows, that the coefficients deduced from the mean of all the 
experiments adopted by these gentlemen, have a value greatly inferior to the 
motion of the fluid contiguous to the side of the pipe or conduit. To ascer¬ 
tain correctly the value of this kind of resistance, M. Girard (vide les M6moires 
des Javans etrangers for 1815), undertook a prodigious number of experi¬ 
ments on tubes of different diameters and length, from which he deduced that 
the retardation is as the velocity simply. The effects of temperature are very 
remarkable; if the velocity be expressed by 10, when the temperature is 0° 
centigrade thermometer, the velocity will be 42°, or increased four times when 
the temperature is 85°: these values must be deemed approximations only. 

The contributions of British philosophers towards the improvement of this 
science have been, unfortunately, scanty; for, with the exception of Sir Isaac 
Newton (who led the way). Dr. Jurjn, Dr. Matthew Youno, Dr. Desagu- 
liers. Dr. Vince, Mr. Smeaton, Mr. Banks, and the late Dr, Thomas Young, 
(see the paper of the latter gentleman in the Philosophical Transactions, and 
his commentaries on Eytelwein’s experiments,) we can scarcely find any 
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experiments on the subject*: whatever has been effected by our engineers or 
scientificr^o^^'b^ either been withheld from the public, or consigned to ob¬ 
scurity ; and thotigh we have tracts of marshes and fen land, consisting of 
many thousand acres, the dissertations on the mode of draining and carrying 
off their superfluous waters are confined to local pamphlets and reports, of com¬ 
paratively Winor interest to the science of hydraulics. 

From the foregoing short but imperfect history, it i& obvious that much has 
been done towards perfecting this science. It is however certain, that much 
yet remains to be accomplished; and although we are deeply indebted to both 
the French and English philosophers for their extensive investigations on the 
laws of capillary attraction, the descents of globes in fluids, and the adhesion 
of fluids to metal discs, the phenomena of fluidity, and the laws which govern 
the motion and equilibrium of their particles, must yet remain a problem 
purely geometrical; and as we possess no tangible means of approximating to 
the solution of the problem, but through the intervention of a solid, we must, 
content ourselves, in like manner, with the imperfect formulae deduced from 
experiments made on a small scale on the friction and adhesion of wafer in 
pipes and coitduits, until we can ascertain more correctly the causes of the 
retardations of rivers as they occur in nature. 

In the consideration of this question, therefore, I propose to examine, first, 
the retardations of the surfaces of solids moving in fluids at rest; secondly, 
the retardations of fluids over solids; and, thirdly, the direct resistance of solids 
revolving in fluids at rest. 

To illustrate the first case, I caused an apparatus to be constructed, of 
which the annexed Plate XL is a representation; it consists simply of a 
cylinder of wood ten inches and three quarters in diameter, and twenty-four 
indies long, and divided into eight sections of three inches in each, and fixed 
upon a spindle of iron about four feet in length, and one inch and a quarter 
thick. The apparatus was accurately turned and polished. Upon the upper 
part of the spindle, a small cylinder or pulley, six inches in diameter was fixed, 
and a fine flexible silken cord* communicating with the weight, was wound ; 

* The experiments of the Society forthe Improvement of Naval Architecture, in the years 1793, 1794 
1795, 1790, 1797, 1798, relate principally to the resistances of solids moving through fluids. 
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the apparatus was then fixed in an iron frame, and the frame let into a groove 
in two upright posts, driven into the bed of the river Thames. 

The object of the frame was to allow the cylinder to slide up and down 
with the level of the tide, and immerse it more or less according to the expe¬ 
riment required to be tried. The friction of the apparatus, or the time that 
the weight took to descend in the atmosphere, was first noticed; after which it 
was successively immersed in the water three, six, nine, twelve, fifteen, eighteen, 
twenty-one, and twenty-four inches, the difference of time showing the retarda¬ 
tion according to the annexed Table. 

Experiments on the Friction of the Surface of a Cylinder, twenty-four inches 
long and ten inches three quarters diameter, moving in air and in water. 

Table I. 

On Surfaces in Water. 


Depth of 
immersion 
of 

cylinder. 

Weight 

suspended. 

Number of 
revolutions of 
cylinder falling 
the whole height 
of 2b feet. 

! i 

Time in j Velocity of j Time in 
descending. peripheiy [descending 
in water. ! per second j m ait. 
j in watei. j 

Velocity of 
peripheiy 
per second 
in air. 

Difference 
between 
air and 
water. 

Remark*. 

. 

inches. 

3 

6 

9 

12 

15 

18 

21 

24 

lbs, 

1 

Sixteen turns in 
descending. 

Periphery moves 
through 540.b2 
indies. 

seconds. 

15.00 

1 8.00 
25.00 
28.00 
32.00 
37.00 
40.00 
55.00 

inches. 

36.021 
30.017 
21.612 
19.2.97 
] 6.885 
14.603 
13.508 
9-824 

seconds. 

10 

inches. 

54.032 

stu onds. 

3.00 

8.00 

15.00 
18.00 
22.00 
27.00 
30.00 
45.00 

Resistance in¬ 
creased by sur¬ 
face, with slow 

veins it us, but 
not in the ratio 
of the surfaces. 

3 

6' 

9 

12 

15 

18 

21 

24 

| 

2 

! 

Ditto. 

1 

1 I 

y.oo 

10.00 

10.50 

10.50 
10.50 
10.50 

11.00 

11.00 

60.035 

54.032 

51.45<) 

51.459 

51.459 

51.459 
l 49.120 | 

j 49.120 


108.064 

1 

4.00 
; 5.00 

I 5.50 
5.50 
5.50 
5.50 
6.00 
“6.00 

J Resistance 
scarcely influ¬ 
enced by sur¬ 
face with in¬ 
creased veloci¬ 
ties. 




On Velocities in 

Water. 




inches, i 

lbs. 


seconds. 

inches. 

seconds. 

inches. 

i seconds. 

r 

24 | 

4 


8.0 

67.54 

2.45 

196.48 

! 5.15 


24 j 

8 

, Ditto. 

6.0 

90.053 

2.00 

270.16 

4.00 

Could not be 

24 

16 


4.0 

135.08 

1.50 

360.21 

2.50 

tried. 

24 j 

32 


2.5 

216.128 
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Conclusions. 

I* That the friction or adhesion of water against the surfaces of solids in motion, approximates the 
mt^of the surfaces with slow velocities; but that an increase of surface does not materially a fleet it 
witjfciocreased velocities. 

4 "that with equal surfaces the velocities do not seem to observe any fixed ratio, but approximate 
to lie squares of the resistance. 

With increased velocities the index of the power was found to be less than the duplicate ratio. 


#*9 exemplify the result of the foregoing conclusion in a different way,—the 
WaS removet ^ an< ^ circular discs of iron, ten inches and three quarters 
diameter and one eighth of an inch thick, accurately adjusted to the spindle 
ai^d polished, were substituted. The friction of the apparatus was again tried, 
ai|| immersed in the river Thames, as before. 

Table II. (See Plate XII. Fig. 2.) 

Experiments on the Friction in Water of Circular Discs ten inches and three 


quarters in diameter and one eighth of an inch thick, revolving with the 
planes parallel to the horizon, and six inches apart. 


Nttmjwr 

of 

, t Wilgbt 

sdtRpended 

Height fallen 
of weight. 

Time of 
weight de¬ 
scending 
in water. 

Velocity of 
periphery 
periecond 

Time de¬ 
scending 
m air. 

Velocity of 

tmrinbWv 

i^©5d 

Difference. 

lbs. 

1 

lbs, 

1 

2 

3 

6 

1 wcuty-five 
feet, mean 
cirik* 16.88 
would mote 
through 122 
inches. 

beeonds. 

1 0.00 
5.00 
3.00 
3.00 
3.00 

inches 

42.200 

84.400 

140.660 

140.660 

140.660 

seconds. 

2 

inches. 

' 

211 

seconds 

8.00 

3.00 

1.00 

1.00 

1.00 


1 


15.00 

28.133 



13.00 


2 


6.50 

64.923 



4.50 

2 

8 

Ditto. 

4.50 

93.770 

2 

211 

2.50 


4 


4.00 

105.500 



2.00 


l 6 


4.00 

105.500 


I 

1 

2.00 


1 


17.00 

$4,823 

1 

m * 

15.00 


2 


7.00 

60.285 

m 

jgl* ** 

5.00 


3 

Ditto. 

5.50 

76.727 

2 1 


3.50 


4 


4.00 

105.500 



2.00 


6 


3.00 

140.660 

S 

M; 

1.00 






vAV 

'tSwiCtf £ n | 











1 1 

1 

i 

33.00 j 

12.787 


Sr 

31.00 


2 

! 

17.00 

24.823 

jj 

j^fe r . A 

15.00 

4 

a 

Ditto. 

8.00 

52.730 

2 


6.00 


4 


| 6,00 

64.923 

J| 

ffi 

4.00 


6 


4.0$ 

1^5.500 


- 

2.00 


A 
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Conclusions . 

That the friction or adhesion of water is not quite as the surfaces with slow velocities, being in the 
ratio of one to three instead of one to four, but diminishes rapidly, without observing any ratio in 
incteased velocities*. Hence the resistance of a ship or vessel moving through the water, with an 
average or higher rate of velocity, forms an inconsiderable portion of the resistance resulting from the 
displacement of the fluid, and that the brightness observed on the copper of ships after a voyage, may 
be owing to other causes than the friction of the water simply. 


An experiment was made to ascertain the comparative resistance of a pipe 
revolving in water, and with water running through a pipe; when the resist¬ 
ance was found to be as the surfaces in slow velocities, but to diminish greatly, 
as before, in high velocities, without observing any fixed ratio. 

The above conclusions are in contradiction to those of Coulomb, who did 
not find that pressure augmented the resistance, but states that the resistance 
is greater when the immersion is partial. 

This apparatus being applicable to fluids generally, advantage was taken of it 
to ascertain the direct resistance of solids to fluids (see Plate XII.by causing 
plates and globes to revolve in them, with their planes perpendicular to the 
plane of the horizon. 

As the resistance of solids in fluids does not form the object of this paper, it 
will be unnecessary to introduce many detailed observations on the subject of 
these experiments at present, connected as they are with another branch of 
hydrodynamics. But as it is important to show the relation subsisting be¬ 
tween the resistances of cohesion and impulse, I have ventured to detail the 
following experiments. 

* The experiments of the Society for the Improvement of Naval Architecture show a decreased 
resistance with increased velocities. 

f In this case, the number of particles struck will be diminished in the ratio of the radius to the sine 
of inclination $ wherefore the resistance will be diminished in a duplicate ratio of the radius to the sine 
of inclination. But as the sines of inclination of the two plates are equal, the resistances will be equi¬ 
valent to the area of one plate (moving perpendicularly to its planes) into the duplicate ratio of the 
velocity of its motion, and the density of the fluid. 
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Table III. 

Experiments on the Rotations of Iron Discs and Wooden Balls moving in 
Air, with their planes perpendicular to the plane of the horizon. 




Time in descending. J 

Weight 

suspended. 

Height fallen. 

Two circu¬ 
lar discs 
lO$ inches 
diameter. 
Area 81 
inches. 

Velocity 

per 

second. 

Two square 
fans. Area 
81 inches. 

Velocity 

per 

second. 

Two 
wooden 
balk 10$ 
inches 
diameter. 

Velocity 

per 

second. 

Ibs. 

2 

4 

9 

16 

20 

The spindle made 
15.0 turns in fall¬ 
ing 25 feet. Mean 
circle 51.83 would 
move through 

68.67 feet. 

seconds. 

10.00 

6.00 

4.50 

3.00 

2 50 

feet. 

6.867 

11.445 

15.261 

22.891 

27.469 

seconds. 

10.00 

7.00 

4.50 

3.25 

3.00, 

feet. 

6.867 

9.810 

15.26^ 

21.130 

22.891 

seconds. 

23 

13 

8 

7 

6 

feet. 

2.984 

5.282 

8.584 

9.810 

11.445 


Conclusions. 

1. That the resistances are as the squares ol the velocity. 

2. That the comparative resistances between discs and globes are as two to one nearly. 


Table IV. 

Experiments on the Resistance of Iron Discs and Wooden Globes revolving 

in Water. 




Time in descending. | 

Weight. 

Height fallen. 

Two circu¬ 
lar discs, 
81 inches 
area. 

Velocity 

seSnd. 

Two 

square fans, 
9 inches 
square, 

81 inches 
area each. 

Velocity 

per 

second. 

Two 
wooden 
balls. Area 
81 inches. 

Velocit) 

per 

second. 

lbs. 

16 

20 

32 

40 

64 

256 

The spindle made 
15.9 turns in fall¬ 
ing 25 feet. Mean 
circle 51.83 would 
move through 
824.19 inches or 
68.67 feet. 

seconds. 

63 

54 

43 

40 

30 

14 

feet. 

1.09 

1.27 
1.59 
1.71 

2.28 
4.90 

seconds. 

53 

48 

40 

35 

28 

15 

feet. 

1.29 

1.43 

1.71 

1.96 

2.45 

4.57 

seconds. 

15.00 
14.00 | 
10.50 
9-50 
8.00 
5.00 

feet. 

4.57 
4.90 
6.59 
7.22 

8.58 
13.73 


3 K 
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Conclusions . 

1. That the resistances ore as the square of the velocities. 

2. That the mean resistances of circular discs, square plates, and globes In air, are as the numbers 
25.180, 22.010, 10.627 j and in water, 1.18, 1.36, 0.755 } consequently the proportional resistance of 
air to water, with 

Circular discs, is as 1 to 21.3 
Plates and fans .. 1 to 16.2 
Wooden balls ... 1 to 2.2 

Note.—A portion of the square fans, represented by the letters a, 6, c, d, in Plate XII. fig. 1, and 
equal to one fourth of the area of each fan, was cut off, when the resistance was found to be the same 
as with the square fans. 


Experiments on the Quantities of Water discharged by Orifices and Tubes of 
different diameters and lengths, and at different altitudes. 

The phenomena incident to spouting fluids are, 

First, The inequality observed in the velocity of the particles comprised in 
every horizontal section parallel to the orifice. 

Secondly, The contraction of the fluid vein beyond the orifice, and conse¬ 
quent diminution of discharge as compared with theory . 

Thirdly, The inversion and changes in the sections of the fluid vein at dif¬ 
ferent distances from the orifices. 

All these phenomena have been noticed and recorded by various writers, 
and formulae adapted to the different circumstances of the expenditure have 
been given. But neither Bossut nor Du Buat (the most accurate of writers) 
have recorded a continuous and systematic series of experiments upon the 
comparative expenditure of orifices and tubes under the circumstances of area, 
altitude, and length. 

The apparatus with which these experiments were performed, consisted of a 
wooden cistern very accurately made, two feet square inside, and four feet 
four inches in height. The water was kept at a constant altitude by a regu¬ 
lating cock; and a float having an index attached to it enabled the observer 
to ascertain the exact height at which the water stood in the cistern above the 
centre of the orifice. 

The orifices were accurately made by Dollond in brass plates one sixtieth 
of an inch in thickness. The plates were accurately adjusted to a hole in the 
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side of the cistern, and closed by a valve of brass ground to each of the plates. 
The valve was opened by a lever, and the time noted by chronometers. 

The diameters of the tubes, from having been drawn on mandrils, were as 
accurate as possible; their diameters at the extremities were carefully enlarged, 
to prevent any wire edges from diminishing their sections; and one extremity 
of the tube being inserted into a block of hard wood fastened to the cistern; 
and the other stopped by a valve, the experiments were recorded as before. 

* Table V. 

Experiments on the Quantity of Water discharged by different-sized Orifices 
from a vessel kept constantly full and at different heights. 



N.B. Each result shows the mean of four experiments. 


Remarks. 

The phenomena relative to the toim and direction of veins of spouting fluids, and the remarkable 
inversion of the fluid veins at certain distances from their orifices, have been so fully noticed in 
Experiences sur la Forme et sur la Direction des Veines et des Courans d’Eau j par George Bidone : 
Turin, 1829,” that it is unnecessary to state further than that they have been completely corroborated 
in the foregoing experiments. 


3 K 2 
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Table VI. 


Experiments on the Quantities of Water discharged from Rectangular and Tri¬ 
angular Orifices in brass plates one sixtieth of an inch thick, and of equal 
areas, from a vessel kept constantly full and at different heights. 


Equilateral Triangle whose area is one inch, and angle uppermost, j 

Constant height of 
the surface of the 
water above the 
centre of the orifice. 

Time in discharg¬ 
ing one cubic foot 

Theoretical time in 
discharging one 
cubic foot, 

Q 

Ratio of real to 
theoretical dis** 
charge. 

Form of orifice. 

feet. 

4 

3 

2 

1 

seconds. 

15 

18 

22 

30 

seconds. 

8.9 

10.3 

12.7 

17-9 

1 : .593 

1 : .572 

1 : .577 

1 : .596 

Vena contracts about half an inch 
beyond the orifice; but tire jet 
with the angles reversed, and 
taking the sides of the trian¬ 
gle, the jet afterwards ex- y 

panded and lost its form. V/ 

Equilateral Triangle as before, with the angle downwards. 

4 

15 

8.9 

1 : .593 

Vena contracta the same as be¬ 
fore, but the jet having its angle 
upwards, being the reverse * 
of the former experiments. /\ 

Rectangular Orifice of one square inch. j 

4 

3 

2 

1 

15 

17 

20 

29 

8.9 

10.3 

12.7 

17.9 

1 : .593 

1: .606 

1 : .635 

1 : .617 

Vena contracta about three quar¬ 
ters of an inch beyond the orifice, 
when each angle of the jet took 
the place of a side thus, f— A .-1 
and dissipated in spray. \ 

Rectangular Orifice 2 inches long, £ an inch wide, having the long side parallel to the surface 

of the water. 

4 

3 

2 

1 

15 

17 

20 

29 

8.9 

10.3 

12.7 

17-9 

1: .593 

1: .606 

1 : .635 

1 :.6l7 

Vena contracts as before. Each 
angle of the jet took the place 
of a side. 

,-A;- 

Rectangular Jet 1 £ inch long, 4 wide, placed as before. 

4 

3 

2 

1 

15 

17 

19 

27 

8.9 

10.3 

12.7 

17.9 

1 : .593 

1 ; .606 

1: .668 

1: .663 

Vena contracta <u bef jre. 


Remarks . 

That with equal areas, the expenditure by different orifices, whether circular, rectangular, or tri¬ 
angular, is nearly the same, the increase being in favour of rectangular orifices. 
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Table VII. 

Experiments on the Quantity of Water discharged by Cylindrical Glass 
Orifices and Tubes, from one inch in length to one foot, and of different 
diameters, from a vessel kept constantly full, and at different heights. 


Constant height 
of the surface of 

Time in seconds in discharging 
one cubic foot. 

Remarks. 

centre of orifice. 

1 inch. 

\ in. 

4 in. 

4 in. 

feet. 

4 

11.5 * 

24.5 

55 

145 

In comparing these experiments with 
the time and quantity discharged by 

3 

15.0 

28.5 

63 

157 

plate orifices, there is a diminution of 

2 

17.5 

35.0 

77 

205 

time, and an increased discharge of 

1 

25.0 

53.0 

no 

297 

from 4 to -4. 

| From Glass Tubes one foot long. * j 


1 inch. 

\ in. 

4 in. 

4 in. 



BlU 

30 

63 

200 

Shows an increase of time and a dimi- 


17.0 

33 

73 

227 

nution of discharge in the ratio of 


21.5 

40 

88 

283 

from -£r to 4. 



58 

130 

410 



Conclusions. 

]. That the quantities discharged in equal times by orifices and additional tubes, are as the areas of 
the orifices. 

2. That the quantities discharged in equal times by the same additional tubes and orifices under 
different heads, are nearly as the square roots of the corresponding heights. 

3. That the quantities discharged in equal times by the different additional tubes and orifices under 
different heights, are to one another in the compound ratio of the areas of the apertures, and of the 
square roots of the heights. 

From the foregoing experiments the mean coefficient for altitudes of 4 feet with the circular orifices, 

is.0.621 

but with altitudes of 1 foot the coefficient is.0.645 

with triangular orifices at 4 feet altitude . 0.593 

with triangular orifices at 1 foot altitude .,...0.596 

with rectangular orifices at 4 feet altitude ...0.593 

with rectangular orifices at I foot altitude.0.616 

Hence, allowing for the inaccuracies incident to experiments of this nature, we may safely adopt 

Messrs. Prony and Bobsut’s coefficients for altitudes of 4 feet.0.621 

_ _ _ 1 foot.0.619 

In the case of additional tubes of glass the coefficient is much higher than Bossut’s, which was for 
4 feet 0.806, and l foot 0.817. 

Note, —Vide Venturi and Eytklwein's experiments. 
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Let A = area of orifice in square feet. 
d = diameter of orifice if circular. 

H ss altitude of the fluid in feet. 

T ex "time. 

g m gravity in one second. 

Q as quantity of water in cubic feet. 

According to Bossut’s experiments Q = 0.61933 A T 2 g H. 

And as 2 g is a constant quantity, and is equal to 7.77125, we have Q a 4.818 AT for orifices 
of any form, substituting d if circular, orQs 3.7842 d* T v'H* 

From the second of these equations we obtain 

A ■ iJiS TJii T " van a7B “ dH *flBiraTF 


For additional tubes the equation will stand thus; Q = 0.81 A T V 2 gift; but since 2 g is constant, 


and is 7.771 


i; 


we have Q = 4.9438 d* T v'H, from which we deduce 

Q Q 


'V. 


4.9438 T V^H 


T = 


49438* VR H “ (4.9438 *Tj* 


Table VIII. 

Experiments on the Friction or Quantity of Water discharged by Leaden Pipes 
of different diameters and lengths, from a vessel kept constantly full, and at 
different heights. 


| Pipes 15 feet long each, straight. | 

Constant height 
of the surface of 
the water above 
the centre of the 
pipe. 

Time in discharging one cubic foot. 

Remarks. 

1 inch. 

*in. 


No leaden pipes 
to be had \ bore. 

feet. 

seconds. 

seconds. 




4 

28 

54 

143 


The time in discharging one cubic foot 

3 

33 

63 

164 


is nearly double the time occupied by 

2 

41± 

79 

208 


glass tubes of equal lengths and areas. 

1 

6lf 

117 

312 
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Table IX. 

Experiments on the Quantities of Water discharged by Leaden Pipes £ inch 
bore, but of different lengths from one foot to thirty feet in length. 


Glass tubes 

1 inch long, 

$ inch diam. 

Brass 

orifice 

4 diam. 


3 ft. 9 in. 

7ft. 6in. 

lifts in. 

15ft. 

_ 

30 ft. 

Remarks. 

fleet. 

4 

3 

2 

1 

seconds. 

65 

63 

77 

no 

seconds. 

73 

83 

104 

144 

seconds. 

55 

63 

93 

133 

seconds. 

78 

92 

113 

170 

seconds. 
102 
120 
151 
22 6 

seconds. 

122 

145 

184 

278 

second*. 

143 

164 

208 

312 

seconds. 

203 

240 

303 

450 

The ratio of discharge by glass tubes with 
pipes of 30 feet long, is as 1 : 41 . 

Ditto with brass orifices, is as 1 : 3 J near ^‘ 


Conclusions on Pipes of different lengths . 

That the expenditures of water by pipes of equal diameters but of unequal lengths and under different 
altitudes, are nearly as follow. 

The length being as 30 to 1, the expenditures are as 3.7 to I 


Do. ... 8 to 1 ... do. .. . 2.6 to l 

Do. ... 4 to 1 ... do. ... 2.0 to 1 

Do. ... 2 to 1 ... do. ... 1.4 to 1 


The discharges by glass and leaden tubes are nearly alike. The length of a pipe may be increased 
from 3 to 4 feet without diminishing the discharge as compared with the plate orifices. 
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Table X. 

Experiments on Leaden Pipes with Flexures. 

The straight pipe of £ an inch bore, on which the preceding experiments 
were made, was carefully bent into one, two, and fourteen semicircular bends 
respectively, each of 7 % inches in the semidiameter, and two of $th part of a 
circle of inches radius. One end of the pipe was fixed in the wooden 
orifice as before, and the following are the results. 


| Pipe 15 feet long, j inch bore, with one semicircular and two ^-circle bends. | 

Constant height 
of the surface of 
the water above 
the centre of the 
orifice. 

Time in dis¬ 
charging one 
cubic foot by a 
pipe with three 
bends. 

Time discharg¬ 
ing one cubic 
foot by a 
straight pipe. 

Remarks. 

feet. 

4 

3 

2 

1 

seconds. 

147 

175 

213 

316 

seconds. 

143 

164 

208 

312 

The position of the bends, whether vertical 
or borisontai, at either extremity of the 
pipe, does not affect the result. 

nAAAAAA/^ 

Pipe 15 feet long, £ inch bore, with 14 semicircular and two ^-circle bends. 

feet. 

4 

3 

2 

1 

seconds. 

162 

200 

247 

351 

seconds. 

143 

164 

208 

312 

The expenditure is diminished by the bends 
from 4- to 4, which represents the friction 
of the pipe. 


Results. 

1. That with one semicircular and two $ of a circle bends, as compared with a straight pipe of 
equal length and bore, the resistance varies from iVth to ?Vth port of the resistance of the straight 
pipe. 

2. That with fourteen semicircular and two quarter of a circle bends, the resistance varies from -rVth 
to TrVth of the resistance of a straight pipe. 

3. That the increased number of bends does not increase the resistance in the ratio of the number 
of bends, but merely shows an increased resistance, as compared with the four bends, of *vth to Vrth. 
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* Table XI. 

Experiments on the Discharge of Water by Leaden Pipes of £ an inch bore, 
15 feet long, but bent in the forms of from one to twenty-four right-angled 
elbows, each side being 6f inches long. 


Height of the 
surface of the 
water above the 
centre of (he 
orifice. 

One right angle 
8} Inched from 
the end of the 
pipe. 

Straight pipe 

15 feet long. 

Twenty-four 
right angles. 

Remarks. 

feet. 

4 

3 

2 

1 

(seconds. 

ISO 

214 

246 

371 

seconds. 

143 

164 

208 

312 

seconds. 

396 

465 

584 

872 

In the first three experiments we have a 
diminution of expenditure in the ratio of 
S§ to 1, and in the last experiment as 

3 to 1 nearly. 


JOJTJnJTJTXL. 

Conclusions . 

From the foregoing experiments with one rectangular pipe, it would be reasonable to conclude that 
the diminution of discharge would be as the number of right angles ; but comparing the expenditure by 
one right-angled pipe with the expenditure of a pipe with twenty-four right angles, the difference is 
only in the ratio of about two to one. 


General Remarks on the Expenditure of Horizontal and Rent Pipes, 

Formulae adapted to the different circumstances of the motion of water in 
pipes and conduits have been given by various authors. 

By some, the retardations were supposed to be in the inverse ratios of the 
squares of the lengths of the pipes ; and by others, to be represented by a certain 
portion of the altitude of the reservoir above the centre of the pipe, the resist¬ 
ance being directly as the length and circumference of the pipe, and inversely 
as the area of the section. 

M. Girard, in his beautiful experiments*, conceived the resistance to he com¬ 
pounded of the first and second powers of the velocity. So that, deducing the 
values from Dubuats experiments, and expressing the resistance due to cohe¬ 
sion by Ra? U, R being the quantity to he obtained by experiment, and making 

* Memoires de» Sea vans Etrangers. 

3 L 
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the resistance due to the asperities equal to R#U 2 , the sum of the resistance 
is R (U + U) 2 . 

M. Phony* applying his profound acquirements to the solution of all the 
cases of preceding authors* deduced from a selection of upwards of fifty experi- 

D Z 

ments the following simple formula : U = 26.79 ; 

U being the mean velocity of the section of the pipe; 

D the diameter of the pipe ; 

Z the altitude of the water; 

\ the length of the pipe: 

from which it appears that the velocity is directly in the compound ratio of 
the square roots of the diameter of the pipe and head of water, and inversely 
as the square roots of the length of the pipe; that is, for any given head of 
water and diameter of pipe, the velocity is inversely as the square root of the 
length of the pipe. 

If we compare these results with those of Dubuat, Girard, and others, they 
approximate very nearly to each other. 

In general, if we incline a pipe to an angle of about 6J degrees, or one ninth 
of its length, the discharge will be nearly equal to the discharge by additional 
tubes. The charge necessary to express the mean velocity of water issuing 

y» ya 

from straight pipes is by some authors equal to ^ *; Dr. Young makes it 

the diminution of expenditure depending upon the contraction of the fluid 
vein and the friction of the pipe. 

The change occasioned by bends and angles in the direction of the fluid 
vein tends to diminish the velocity in a very remarkable manner. 

Dubuat undertook several experiments upon this subject, but the formula 

V* s* 

proposed by him does not solve the difficulty, where gives the resistance 

due to one bend, V being the velocity, S the sine of incidence or reflection, 
and m a constant quantity determined by Dubuat to be 2998.50. 

Now although it is reasonable to suppose that the resistance should be pro- 
portkmahle to the squares of the sines of the angles of incidence, yet as all 


* Ddbuat aad Lanosdokp. 
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the particles of the fluid vein are not reflected in the same angle, and as a 
considerable portion of the velocity is destroyed by the first angle or bend the 
fluid meets with in the pipe, M. Dubuat’s theory is fundamentally erroneous, 
the more especially as he has rejected more than one half of the twenty-five 
experiments mentioned by him. Dr. Young’s suppositions, of the resistance 
being as the angular flexure and the power of the radius, of which the index is 
f, are equally erroneous, as is evinced by the foregoing experiments. 

In conclusion, it is evident that the subject of friction admits of an immense 
variety of applications. To determine the measure of the resistances expe¬ 
rienced by vessels and floating bodies in their motion through fluids ; the law 
of the retardations of rivers, and the cause of the obstructions presented to the 
waves of the ocean in the slopes assumed by its shores; the equilibrium of 
earths, and their connection with solids and fluids,—all of them are questions of 
the utmost importance in the economy of nature, and their solution can only 
be attained by an accumulation of facts. 


N.13. Since the foregoing paper was presented to the Royal Society, an abs¬ 
tract of an extensive series of experiments on the expenditure of water through 
rectangular orifices of large dimensions, has been submitted to the French 
Academy by Messrs. Poncelet and Lesbros, of the Corps de Genie at Metz; 
and as these experiments were undertaken by order of the French government, 
no expense was spared to have them made as extensive as possible. Their 
objects were principally to ascertain the exact measure of the coefficient of 
contraction and the forms of the fluid veins under different altitudes and areas. 

The results of which are:— 

That with an orifice of 20 centimetres square, the coefficient is 0.600 under 
altitudes of 1 metre 68 centimetres. But when the altitude was reduced to 
four or five times the opening of the orifice, the coefficient increased to 0.605, 
but again diminished rapidly as the altitude diminished, to 0.593. 

That with orifices of smaller dimensions, i. e. from 10 to 5 centimetres 
square, the same law was observed, the coefficients being respectively 0.611, 

3 l 2 
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0.618, and 0.611, for opening of 10 and for 5 centimetres, 0.618, 0.631, 
0.623; and for orifices of less dimension, the coefficient continually increased 
up to 0.698. 

That for water running over weirs, the mean coefficient was 0.400, which 
differs very little from that of Bidonk. 

Hence we see little reason to deviate from the coefficients already given. 
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XXIV. Further Experiments with a new Register-Pyrometer for Measuring the 
Expansion of Solids . By J. Frederick Daniell, Esq. F.R.S. Professor of 
Chemistry in King's College , London. 


Bead June 16, 1831. 


In my former communication on a new Register-Pyrometer, which has been 
honoured with a place in the Philosophical Transactions for 1830,1 stated that 
I hoped, at some future period, to be able to lay before the Society the results 
of some experiments upon the dilatation of metals to their melting points; and 
I now purpose to redeem this pledge. 

My previous observations upon the subject of expansion, were directed 
chiefly to the object of establishing what degree of confidence might be re¬ 
posed in the instrument as a measure of temperature; and I was able, I trust, 
to exhibit such an accordance between the measures which it had afforded and 
those of the best experimenters, long previously obtained with various metals 
to the boiling point of water, as fully to establish its sufficient accuracy. The 
comparison however which I most relied upon, was with the experiments of 
MM. Dulong and Petit, upon the expansion of platinum and iron to the high 
temperature of 572° Fahr. ; and as this is a point of fundamental importance, 
I shall still further strengthen it by a comparison with the results obtained by 
the same distinguished philosophers with copper, the only other solid metal 
to which they extended their inquiries. 

Previously to this, I trust it may not be thought tedious, if I briefly relate 
the results of some trials for obtaining registers of uniform composition, which 
might preclude the necessity of determining the rate of expansion in each indi¬ 
vidual instance. 

Exp. 23. For this I had recourse to Wedgwood’s ware, of which I obtained 
some bars carefully constructed and highly baked for the purpose. The 
expansion of these I found precisely equal to that of platinum; so that when 
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the register was immersed in boiling mercury, the index was found not to 
have moved. When a bar of iron was substituted for that of platinum, the 
arc measured was 1° 7'. 

With black-lead the same expansion gave a measure of 2°49', from which 
if we deduct the expansion of platinum in black-lead . 1 45 

the remainder.14 is Suffici¬ 

ently near to confirm the result. 

Exp. 24. My next trial was with registers of black-lead of various and 
known mixtures of plumbago and Stourbridge clay. Four fifths proportion 
of the former to one fifth of the latter produced a composition which was too 
tender for the purpose; but a mixture in the proportion of three fourths to one 
fourth formed a ware of a fine, even texture; whose expansion was very equal, 
and not exceeding the least of those which I had formerly tried. 

Three different registers of this composition afforded me the following mea¬ 
sures of the expansion of a platinum bar to the boiling point of mercury. 

1° 45' 

1 42 
1 38 

To which I may add a fourth, which gave for the expansion of an iron bar to 
the same point an arc of 2° 42', which is equivalent to 1° 40' for a platinum 
bar. For all common purposes, therefore, the mean expansion of 1° 42' might 
have been adopted without any serious error in the final results. In investiga¬ 
tions, however, which require the utmost precision, I still think it advisable 
to fix the expansion of each register by experiment. 

Exp. 25. A bar of copper was adjusted in one of the registers and exposed, 
in the manner formerly described, to boiling mercury; the arc measured on 
the scale was 4° 10', equivalent to an expansion of .03633. 

Let us now compare this result with the determination of MM. Dulong 
and Petit, as we formerly did the expansions of platinum and iron. 




TOR MEASURING THE EXPANSION OF SOLIDS. 445 

The expansion of Copper. 

Length of Bar. 

From 32° to 212°=.0017182 X 6.5 .=.01116830 

From 302° to 572° = .0018832 X 6.5 .= .01224080 

.02340910 

From 212° to 392° = Mean of the above ....=: .01170455 

Total expansion from 32° to 572°.= .03511365 

Add for the expansion from 572° to 660°, 
the temperature of boiling mercury, calculated at 
the highest rate:— 

180° : .0018832 :: 88° : .00920675 .ss .00920675 

.04432040 

Deduct expansion for 32°, the experiment with the 
pyrometer having commenced at 64°.= .00305457 

Calculated at the lowest Tate:— 

180 : .0017182 : : 32°: .00305457 

Real expansion of the bar by Dulong and Petit . =s .04126583 

If from the real expansion thus obtained.04126 

We deduct the apparent expansion obtained by the pyrometer .03633 

The remainder .00493 

will be the expansion of the black-lead. 

We thus obtain the expansion of 6.5 inches of black- 
lead ware, 

from 64° to 660° by Platinum bar. 00421 

by Iron bar. 00457 

by Copper bar.. 00493 

Mean .00457 

in which the extreme results differ from the mean not .0004 inch, or one four¬ 
teenth of the whole. 

When we take into consideration the great difference in the total expansion 
of these three metals, as well as the differences in their several rates of increase 
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with the increasing temperature, such an accordance appeal’s to me to be per¬ 
fectly decisive of the accuracy of the pyrometer. 

It will be unnecessary for me to trouble the Society with the details of 
the experiments by which I determined the expansion of several other metals 
, to the boiling point of mercury; it will be sufficient to state the results in a 
tabular form. I thought that it would add much to the interest of the deter¬ 
mination of the total expansion to the fusing points, to determine previously 
the expansion of each to the points of boiling water and boiling mercury; 
that any alteration in the rates of expansion between these points might be 
detected. 

I must, however, make a few observations upon the general method which I 
adopted to insure an accurate determination of the former. 

Exp. 26. Judging from the action of the pyrometer at lower heats, I expected 
that the index would continue to be thrust forward by the progressive expansion 
of any bar of metal, till its cohesion gave way and it assumed the fluid form; 
and consequently that a register would be obtained of its maximum dilatation: 
but the difficulty consisted in applying the heat so equally that one part should 
not melt before another. The arrangement which I finally adopted to secure 
this purpose, and which was found to answer perfectly, was as follows. In 
the laboratory of the Royal Institution there is an excellent wind-furnace, from 
which proceeds a lateral horizontal flue, along which a flame may be drawn 
with any required degree of force. Into this flue open two muffle-holes, which 
give a complete view and command of the interior. From the equality of the 
draught, regulated by a register, the whole of this chamber may be kept at a 
low red, or an intense white, heat, by a proper management of the fuel in the 
body of the furnace. 

The registers of the pyrometer were prepared for the experiment by drilling 
three holes on their under sides, communicating with the cavities in which the 
bars were placed; one at each extremity, and one in the centre. This was 
done for the purpose of allowing a vent for the melted metal, and to afford 
some criterion of the equality of the heat, by the time at which the metal ran 
from the different apertures. When the bar was* properly adjusted in the re¬ 
gister, it was carefully placed in the hot air-chamber, in a horizontal position, 
supported at each end by a small piece of brick, at a proper distance from the 
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body of the fuel, accordingly as a greater or less degree of heat was required. 
The muffle-holes were then closed with their stoppers; all but a narrow slit, 
through which the progress of the heating and the flow of the metal could 
be observed. The equality of the heat could be very accurately ascertained 
by the uniform colour of the register as it became red 5 and any irregularity 
could easily be corrected by advancing one or other end more towards the 
fuel. In this manner I succeeded in obtaining very satisfactory results; except 
in the case of gold; and this metal requiring for its fusion rather more heat 
than I could at the time command in the air-chamber, I laid the register upon 
the fuel in the body of the furnace, and it thus became only partially melted, 
and half the bar remained in the solid state. The amount of the expansion 
indicated is therefore evidently deficient, and must be discarded from the 
table. A similar accident happened once with brass; but this I have been 
able to rectify by subsequent trials. 

I shall now arrange the results of my experiments ib two tables:—the first 
showing, in arcs of the scale, the expansion of pure metals from 62° F. to 212°, 
662° F., and their respective melting points; and the second exhibiting the 
expansion of certain alloys to the same points. 

The bars were in all cases of the same length of 6.5 inches. 


Table XIII. 

Showing the progressive expansion of the following pure metals to their 

melting points. 


From 62° 

to 212° 

to 662° 

to Melting Point. 

Tin . 

8 55 

1 33 

1 40 

0 59 

0 45 

0 35 

0 29 

0 / 

0 / 

2 30 

6 17 

8 44 

13 45 

16 0 

(7 51 sot correct) 

9 47 

Lead. 


Zinc. 

5 50? 

4 9 

4 10 

3 11 

2 25 

Silver. 


Goff;.::;:::..:::: 

Cut Iron. 



3 M 


MDCCCXXXI. 













446 


Tabls XIV 5 ; 


Showing the progressive expansion of the following alloys to their melting 

rtAin^o 


Jliui kito >4r.* 


points. 


From $2° 


Brass. Common .......... 

firm Copper4? Zinc 4 .* 
Brass. Copper Zinc 4 .. 
Bronze. Copper -HK Tin ^ 
Copper i. Tin 4 .. 
Copper 4 , Tin 4 .. 
Copper 4 , Tin 4 .. 
Lead 4 , Tin 4 


Bronze. 

Bronze. 

Brohze. 

Pewter. ... 

Type Metal Lead tod Antimony 




osi 

1 a 

1 27 
* 5* 

0 SB 
I 

1 5 
1 * 




1&. 


'Tft- 1 

5 3 

'»*'«* ■ 

■ ?4 i<7*’ 

8!'X 4 II 




to Hotting Point. 


ii not Correct) 
13 89 
16 34 
3 4» 

1{ 

id 65 
,4 .7? 

2 *8 
1 IS 


r rhe first remark which I shall make upon these tables regards the fusing 
points of the pure metals. Having ascertained for each the expansion due to 
certain definite increments of temperature and the utmost expansion which 
they undergo to their fusing points! it Is clear that, had their expansion been 
equal for equal increments, we might have determined the true temperature 
of their melting points from these data. As it is, even, knowing something of 
the limits of error introduced into such a calculation by the increased rate of 
expansion at the upper part of the scale, and the direction in which it ought 
to affect the result, we may draw some important inferences with regard to the 
correctness of the determinations derived from other means. The following 
Table exhibits the results of such a calculation, compared with the melting 
points previously determined. 


Table XV. 

Fusing points of metals derived from their expansions to 212° and 662° sup¬ 
posed equable. 



Prom 212° nte. 

From 663° rote. ; 

Rml Temperature. 

Tin .......... 1 

4^1 

674 

• 

4?2 by Thermometer. 

619 by Thermometer. 

Lend . 

.w. st.. iw 

Zinc... 

B48 

m\ 

778 by Pyrometer. 

Saver.... 

3159 

to 49 

1873 by Pyrometer. 

Copper ............ 

3269 

tm 

1996 by Pyrometer, , 

Cast iron . . 

3096 

2489 

2786 by Pyrometer. 
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Nov by these result*, 4» accuracy of the pyrometer may, again, be planed 
heypnd doubt, in a manner which was perfectly unforeseen at the time of in¬ 
stituting the experiments. 

In the -first place we have two metals, tin and lead, whose melting points 
being within the temperature of boiling mercury, have been accurately deter¬ 
mined by the common thermometer. Upon calculating the same points from 
their several expansions to boiling water, measured by the pyrometer; upon 
the Supposition that they maintain the same rate to their points of fusion, the 
temperature of the first comes out 29°, and of the second 58°, higher: that is to 
say, the rate of expansion of these two metals increases with the increase of 
temperature, as has been found to be the case with platinum, iron and copper, 
by the experiments of MM. Bulono and Petit. It is worthy of remark, that 
this increased rate in tin is equivalent to 29° in about 200°, and in lead to 58° 
in about 400°, above the boiling point of water. These results therefore indi¬ 
cate a very close agreement between the thermometer and pyrometer. 

2 ndly. The melting point of the next metal, zinc, is one of those which has 
been determined by immersion of the pyrometer into it, when it was in the act 
of fusion. Its temperature, so determined, fails short of the same point, cal¬ 
culated from the expansion supposed equal, by 75°. This again indicates mi 
expansion increasing at nearly the same rate (75° in 560°), as in the preceding 
instances of tin and lead. I pass over at present the result obtained by calcu¬ 
lating from the expansion to the boiling point of mercury, as it presents an 
anomaly upon which I shall presently make some observations. 

3rdly. The melting point of silver, determined in the same way by immer¬ 
sion, differs from that calculated from expansion in the same direction; and 
the difference (286° in 1860°) is nearly in the same proportion. The calcula¬ 
tion from the rate of expansion to the boiling point of mercury comes much 
nearer to the melting point directly determined, and only differs from it 176°: 
proving that the rate of expansion increases with the increasing temperature. 

4 thly. A similar comparison instituted with copper presents us with a rate 
of expansion increasing much more rapidly than in the preceding instances; so 
that the melting point, calculated from the expansion to boiling water, differs 
from the true melting point no less than 1266°. Taking the rate of expansion 
to boiling mercury, the difference is reduced to 370°. And here again I may 

3 M 2 
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refer to the experiments of MM* Dulong and Pxrrr in confirmation of the 
result; for they found that the temperature indicated by the expansion of a 
rod of copper was 50° Fahr. higher than the true temperature at 572° Fahr* 

5thly. The interesting nature of the results which I obtained with Iron, and 
the peculiar difficulties in arranging the experiments from which they were 
derived, will, I trust, excuse my entering more into their details than I have 
thought necessary in the preceding instances* I have already given the expan¬ 
sion of wrought iron to the temperatures of boiling water and boiling mercury, 
and shown that the measures obtained with the pyrometer agree essentially 
with those determined by very different means by MM. Dulong and Few* 
I have also proved that the melting points of gold and silver, determined by 
the expansion of the same bar of iron, agreed very closely with the same points 
determined by the expansion of platinum. I was extremely anxious to com¬ 
plete this series of experiments by measuring the expansion of iron to its melt¬ 
ing point. For this purpose I had a small bar of iron cast from the best gray 
iron, and afterwards cleaned of all oxide and reduced to the size of the other 
bars employed by filing. Upon measuring its expansion to the temperatures 
of boiling water and boiling mercury, I found the arcs upon the scale respec¬ 
tively (f 29* and 2° 25'; and this being considerably less than what I had 
obtained with the bar of wrought iron, I repeated the experiment with the latter 
in the same register that I had employed for the former, and obtained the 
measures of 0° 35' and 2° 44'—nearly agreeing with the previous determination: 
so that there can be no doubt that cast iron expands less than wrought iron, 
though the rate of increase for the higher temperature appears to be the same 
in both. 

I now arranged the two bars in two registers; and having strongly heated 
the furnace and filled the air-chamber itself with coke, I cleared out a space 
in which they could be placed, without coming in contact with the fuel on 
each side of them. Their two ends rested on pieces of fire-brick; the wrought 
iron was placed lowest, and, the thickness of the register, in advance of the 
cast iron; which was placed about two indies higher* The apertures were now 
all closed, and the draught increased to the utmost At the expiration of a 
quarter of an hour the register with the cast iron was removed with a pair of 
tongs; and the metal upon lifting it, immediately flowed out at the twoend 
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holes. The register, with the wrought iron wan then taken oat. The bar of 
the latter was found perfect, without any signs of oxidation or fusion. 

The arc measured of the cast iron was . . . . 9° Af 

The arc of the wrought iron . . . . . . • . 7° 56' 

I had some reason to think that the register, with the wrought iron bar, had 
not been exposed so fully to the heat as that with the cast iron: for, although 
placed slightly in advance of the latter towards the body of the furnace, it was 
not raised so high from the floor of the flue, which probably had a cooling in¬ 
fluence; and as the flame was drawn upwards, it must have struck with greater 
force upon the higher register. I therefore replaced the wrought-iron bar in 
the register, and put it exactly in the position previously occupied by the cast 
iron; it was then covered with charcoal, and the fire urged to the utmost. 
At the expiration of twenty minutes it was removed: the bar was found unin¬ 
jured, with a white metallic lustre, except over the apertures, where it was blue, 
and perfectly free from oxide. The arc now, however, measured 11° 16'. 

Now from these experiments there are four ways of approximately deter¬ 
mining the temperature of melting cast iron. 

1 st. By taking the expansion of cast iron to its melting point, and calcu¬ 
lating from the expansion for 150° to the boiling point of water, upon the sup¬ 
position that the same rate is maintained, and adding the initial temperature 
of 60°, we obtain 3096°. 

2 ndly. By calculating from the expansion of the same bar for 600® to the 
boiling point of mefccury, supposed equal, we obtain 2489°. 

3rdly. By assuming the expansion of a bar of wrought iron, at the point of 
melting cast iron, and calculating from the expansion of the same bar for 150° 
to the boiling point of water, we obtain 2957°. 

4 thly. By calculating from the expansion of the same bar for 600° to the 
boiling point of mercury, supposed equal, we obtain 2533°. 

It is remarkable that the mean of these four determinations is 2768°; for it 
will be remembered that the corrected temperature, which I deduced from the 
expansion of a platinum bar plunged into melting cast iron, was 2786°. 

It may be observed, that in both cast iron and wrought iron, the calculation 
from the rate of expansion to the boiling point of water gives a temperature 
higher than the true; and that, in both, the calculation from the point of boil- 
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ing mercury affords* result lower than the true. TM* might afford some 
grounds for conjecturing that, although the rate of expansion evidently in¬ 
creases beyond the temperature of boiling water, it doe* not continue to in¬ 
crease to the end; but there is another inference from the fact, which I am 
rather inclined to adopt. , r , 

In calculating the temperature of melting cast iron, from the expansion of 
the platinum bar, I applied a correction, upon the supposition that thexame 
rate of increase Of expansion which was exhibited by platinum between the 
boiling points of water and mercury continued to the higher degree* $ whereas 
there is great reason to suppose that the rate must be an increasing one; and, 
although this might not sensibly affect the final result of the comparatively 
low temperature of melting silver, the calculation of the temperature of melt¬ 
ing iron, which is more than one third higher, would be sensibly affected by 
it. I think it therefore extremely probable that the true temperature of melt¬ 
ing cast iron is below 2786°. 

The consistency of these results will, I trust, remove any doubts as to 
the competency of the pyrometer to determine fixed and comparable points 
of very high temperatures, and induce those connected with arts and manu¬ 
factures to introduce its use, for the purpose of ascertaining many questions of 
the highest interest, both to practical and theoretical science. The experiments 
just detailed upon bars of wrought iron remove even the only trifling objection 
which could be brought against its general use ; namely, the expense of a plati¬ 
num bar: for it is quite proved that a bar of wrought ironl* sufficient for every 
practical purpose, and it affords the important additional advantage of a much 
more open scale. 

I proceed now to remark that zinc, as well as iron, appear* by the Tables 
to present an exception to the law of an increasing rate of expansion with 
increasing temperature; the expansion for the 500° to boiling mercury not 
being so much as four times that for the 150° to boiling water. I cannot, 
however, from some peculiar cmmmstances attending the experiment, {dace 
entire confidence in the result When, after boiling in mercury, the register 
was opened, the vapour was found to have gained admittance, and to have 
acted upon the zinc. It was firmly fixed in the cavity, and was not removed 
without considerable difficulty and piecemeal. At its upper end, the bar was 
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reduced almost to a point, and was very considerably thickened at its lower 
end, and moulded to the bottom of the register, as if it had been partially 
fused. It was hard and brittle. The vapour of the mercury had probably 
combined with it at some temperature below the boiling point; the amalgam 
so formed had flowed down to the bottom of die bar, and the mercury was 
afterwards expelled by the boiling temperature. 

I may here observe, as not unworthy of attention, that in. no instance have 
I seen a metal acted upon by the vapour of mercury at its, full boiling tempe¬ 
rature j—even gold, which has so strong an affinity for it, comes put of it with 
its yellow colour perfectly unstained; but when the mercury is in the fluid 
form at the same temperature, the gold is immediately dissolved hy it. 

Under these circumstances there certainly may exist some doubt whether 
the full amount of expansion in zinc to the boiling point of mercury was pro¬ 
perly registered. 

On the other hand, in confirmation of the result so recorded, it may be seen, 
in Table XIV. of the expansion of the alloys, that a composition of half cop- 
par and half zinc presents the same anomaly; the expansion for the 600° to 
boiling mercury is not quite four times that of the 150° to boiling water. In 
the alloy of three fourths copper to one fourth zinc, tbe rate of expansion in¬ 
creases in a small degree; and in common brass, where the proportion of zinc 
is still less, it increases still more rapidly. 

My purpose in instituting these experiments upon the alloys, was to observe 
the relation which might exist between the expansions of the pare metals and 
those of their mixtures: and the better to illustrate any such, I made alloys of 
copper with known multiple proportions of zinc and tin. I shall here present, 
in a tabular form, the temperatures of their melting points, as derived from 
their expansions to the boiling points of water and mercury; as, although I 
am not able to compare them with results directly obtained by immersion, we 
can judge, by comparison with the similar calculation of the pure metals, within 
what limits any error is probably confined. 
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Table XVI. 

Fusing points of alloys, derived from theirexpansions to 213° and 562° 
supposed equable. 



From 212° rate. 

From 662° rate. 

Brass. Copper Zinc * .. 

1848 

1750 

Brass. Copper +> Zinc J- . 

1672 

im 

Bronze. Copper Tin -r*r . 

1761 

1690 

Bronze. Copper Tin -i- .... 

1773 

1534 

Bronze. Copper i, Tin i . 

1755 

1446 

Pewter. Lead f, Tin * . 

403 


l^pe Metal. Lead and Antimony .... 

507 



I have not included in the foregoing Table the alloy of half copper and half 
tin, but have exhibited its expansion to the boiling point of mercury in Table 
XIV. This mixture was very bard and brittle, and resembled the speculum 
metal of reflecting telescopes. After it had been exposed to boiling mercury, 
it appeared as if it had undergone partial fusion; it was set fast in the cavity 
of the register, and had thickened towards the lower extremity. I am inclined 
to think that it had nearly attained its melting point, but it was broken in re¬ 
moving it; and I had not an opportunity of trying any further experiment 
with it. 

With regard to these alloys, the experiments are not numerous enough to 
enable us to deduce with precision the general laws by which their expansions 
and points of fusion are governed; but enough is discernible to show that the 
subject is well worthy of further investigation. It appears 

1st. That the expansion of the compounds is not the mean of the expansions 
of the simple metals of which they are composed, but bears some proportion to 
their relative quantities. Thus we may observe that the expansion of brass 
increases with the quantity of zinc which it contains, as does bronze or bell- 
metal with the quantity of tin. 

2ndly. That the expansion of brass is in an increasing ratio to the increase 
of temperature till the quantity of zinc amounts to one half, when it seems to 
assume a decreasing rate, as we have reason to suppose is the case with pure 
zinc. On this account the melting points both of this mixture and zinc appear 
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to be higher when derived from their expansions to the boiling point of mer¬ 
cury, than when calculated from their expansions to the boiling points of water. 
With this exception, there is great reason to suppose that the melting points of 
the alloys, from the higher rate of expansion, cannot be very for removed from 
the true temperatures. 

3rdly. That the melting point of copper is reduced by an admixture of one 
fourth of zinc to nearly the average which results from the proportions of the 
two ingredients ; but by an admixture of an equal quantity of tin it is reduced 
in a much greater proportion. The temperature derived from the average with 
zinc would be 1690°, and the corresponding temperature in the Table is 1750°. 
The temperature derived from the average with tin would be 1607°, but the 
corresponding temperature is only 1446°. 

4thly. That a similar power in tin to depress the melting point of another 
metal is exhibited in pewter; in which we may observe that a mixture of one 
fifth of tin with lead reduces the melting point actually below that of either of 
the pure metals; and we may recall to recollection the fact, that an alloy of 
eight parts of bismuth, whose fusing point is 476° ; five of lead, whose fusing 
point is 612°; and three of tin, whose fusing point is 442°,—liquefies at 212°. 

I shall here subjoin a Table, in the usual form, of the progressive linear di¬ 
latation by heat of such solids as I have measured with the pyrometer to the 
boiling point of water, the boiling point of mercury, and their respective 
melting points, where they have been ascertained. I have added to their 
apparent expansions by the register the corresponding expansion of the black- 
lead ; upon the assumption that the latter continues at an equal rate to tempe¬ 
ratures above 662°; in which it is not probable, from the preceding observa¬ 
tions, that there is any error of material importance. 
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Table XVII. 

Linear Dilatations of Solids by Heat. 

Dimensions which a bar takes whose length at 62° is 1.006000* 



At 212° (ISO 0 ). 

At 66 2° (600°). 

At Point of Fusion. 

Black-lead ware .... 

1.000244 

1.000703 


Wedgwood ware .... 

1.000735 

1.002995 

(1.009926 TOMimum, 
but not fttsod.) 

Platinum .......... 

1.000735 

1.002995 

Iron (wrought). 

.1.000984 

1.004483 

(1.018378 totbeAwi»| 
point of cut iron.) 

Iron (cast). 

1.000893 

1.00S943 

1.016389 

Gold. 

1.001025 

1.004238 


Copper. 

1.001438 

1.006347 

1.024376 

Silver.. 

1.001626 

1.006886 

1.020640 

Zinc . 

1.002480 

1.008527 

1.012621 

Lend T .. 

1.002323 


1.009072 

1.003798 

1.021841 

Tin.. 

1.001472 


Brass. Zinc *. 

1.001787 

1.0078*7 

Bronze. Tin +. 

1.001541 

1.007053 

1.016336 

Pewter. Tin . 

1.001696 


1.003776 

1.004830 

Type Metal . 

1.001696 



The regularity of these several expansions is very striking. As long as the 
metal retains the solid form, the dilatation proceeds according to a fixed law, 
without any sudden starts or changes; till assuming the form of a liquid it 
doubtless is subject to a different mode of action. 

I shall conclude these observations with the results of some experiments 
which I made to determine, if possible, the cause of the singular change of 
texture in platinum, when intensely heated in the black-lead registers, which I 
described in my former paper. Upon showing the bar so changed to those 
who were best acquainted with the working of this metal, they universally 
ascribed it to the action of sulphur: but nobody could explain to me why this 
action should require such a very intense heat; as up to the temperature of 
melting cast iron, to which it had several times been exposed, no change took 
place; but the bar remained perfectly soft and malleable. 

In Db Fehussac’s Bulletin for November 1830, there is an abstract of my 
paper on the Pyrometer, which the Editor concludes with the observation, 
that “unfortunately I inclosed in the crucible which contained the register 
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and the bar of platinum some pieces of iron, without being aware of the fact, 
which is known to all the workmen who manufacture platinum, that the mere 
presence of iron is enough to communicate brittleness to that metal.” 

Upon inquiry amongst workmen in this country I eannot find that such 
a property has ever been observed in the course of their experience; and 
when I consider that the bar in the cavity of the register was perfectly pre¬ 
served from contact with the iron nails; and moreover, that it had actually 
been plunged into melted iron without any change of properties; I cannot 
suppose that the alteration depended in any way upon this circumstance. 

To resolve these doubts I took 116 grains of the brittle platinum, which had 
been ground without difficulty to a fine powder in a steel mortar, and boiled 
them in nitro-muriatic acid till I had effected a complete solution;—a little of 
this solution produced a scarcely perceptible cloudiness in a solution of muriate 
of baryta. This I have reason to think was owing to a slight impurity in the 
acids employed; I infer therefore that there was no sulphur in the metal. I 
proceeded to evaporate the solution ; which towards the end of the process as¬ 
sumed a gelatinous appearance. When in this state, I poured alcohol upon it; 
and as the acid still remained in excess, a violent reaction took place-with extri¬ 
cation of nitrous gas. I then evaporated to dryness and continued the heat; 
till the salt of platinum kindled spontaneously, and finally was left in a spongy 
state. This was again digested in nitro-muriatic acid, and the solution care¬ 
fully evaporated to dryness. The muriate of platinum was then dissolved in 
water, and a sandy residue remained ; which, when well washed and heated to 
redness, was of a grayish-white colour, and had all the properties of silica: it 
weighed 3.5 grains. There can therefore, I think, be little doubt that at the 
high temperature to which it was exposed, platinum took up as much as 3 per 
cent of silica; or, more probably, a quantity of its base equivalent to that quan¬ 
tity of the earth, to which it owed all its change of character and properties. 
A temperature considerably above that of melting cast iron appears to be 
necessary to this combination; which is analogous in many respects to the 
absorption of carbon by iron in the process of making steel by cementation. 


3 N 2 



458 MR. DANIELL ON A NEW REGISTER-PYROMETER. 

Errata in the farmer Paper, Phil. Trans. 1830. 

The following errata in my former paper hare arisen from my haring 
omitted to add the initial 32° in the reduction of the Centigrade scale to that 
of Fahrenheit. 

Page 266, line 24, for 360°, read 392°. 

-266, — 26, — 360°, — 392°. 

-266, — 27, — 360°, — 392°. 

-269, — 3, — 360°, — 392°. 

-269, — 5, — 360°, — 392°. 

-269, — 23, — 360°, — 392°. 

-269, — 25, — 360°, — 392°. 
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XXV. Experiments on ike Length of the Seconds Pendulum at the Royal 

Observatory of Greenwich. By Captain Edward Sabine, of the Royal 

Regiment of Artillery, F.R.S. 

Read June 16, 1831. 

These experiments were made with the original convertible pendulum 
constructed by Captain Katkr, and employed by him in 1817 in Portland 
Place, London. 

Prior to its employment in the present experiments I made the following 
alterations in the pendulum. 

1. The tail pieces were removed altogether; coincidences being observed 
by the bar itself (the ends being blackened for the purpose), and by a disc of 
corresponding diameter on the pendulum of the clock. 

2. The “ moveable weight ” employed by Captain Kater was dispensed with 
altogether; and the pendulum rendered convertible, within the limits of more 
exact adjustment by the slider, by filing away a small quantity of metal from one 
extremity of the bar. By this alteration there remained nothing moveable about 
the pendulum except the slider; and that was so placed in these experiments, 
that a change in its position, of so great magnitude as the tenth of an inch, did 
not occasion an alteration of so much as the tenth of a second in the daily rate 
of the pendulum, when suspended with the weight below, which is the position 
in which the rate is determined. The slider was clamped to the bar, and was 
moved by a screw for slow motion, by which it could be adjusted with tolerable 
precision to the hundredth of an inch. The graduation on the bar, by which 
the place of the slider was regulated, was on the side of the bar next the observer, 
who could thus at all times assure himself that no change occurred in its posi¬ 
tion by the inversion of the pendulum. 

Neither of these alterations interfered with the distance between the knife 
edges, which was .referred in 1817 to Sir George Shuckburgh’s scale by Cap- 
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tain Kater, and found to measure 39.44085 inches of that scale at the tempe¬ 
rature of 69°. 

The experiments were made, unless where it is otherwise noticed, in the 
vacuum apparatus, established in the S.W. angle of the pendulum room in the 
Royal Observatory, being the place assigned for that apparatus by the Astro¬ 
nomer Royal. 

The thermometer, by which the temperature of the pendulum was observed, 
is the same which I have used and described on former occasions 5 particularly 
in the Phil. Trans, for 1830, where its comparison is given with a standard 
thermometer of M. Bessel’s, at the same temperatures at which it was used in 
these experiments. In a paper on the construction and use of the vacuum 
apparatus, in the Phil. Trans, for 1829,1 have shown that when the pressure of 
the air is withdrawn from the exterior of the bulb of this thermometer, an 
index correction of + 0°.75 is required to make its indications in a highly 
rarified medium correspond with its measure of the same temperatures when 
under the pressure of the atmosphere. This index correction is consequently 
applied whenever the air is withdrawn from the apparatus. The thermometer 
was inclosed with the pendulum within the glasses, with its bulb suspended 
midway between the knife edges. When the air is withdrawn from the appa¬ 
ratus, and the shutters of the apartment are kept closed (except when light is 
required for the observation of coincidences), a great uniformity as well as 
steadiness of temperature is maintained within the glasses. 

Whenever the indications of the barometer were required, a reference was 
made to the standard barometer of the observatory, which is stationed in an 
adjoining room on the same level. 

The scale by which the arcs of vibration were observed was graduated in 
degrees, each degree being the 0.833th of an inch. In making the observation, 
the division of the scale coinciding with one side of the bar was noticed at each 
extremity of the vibration, and the same repeated with the other side of the 
bar; a mean was then taken of the two included spaces, and half the mean 
registered as the arc on either side the vertical. The scale being placed in 
both positions of the pendulum 45.5 inches below the point of suspension, the 
registered arcs multiplied by 1.05 produce the true arcs of vibration; by em¬ 
ploying these in the usual formula for that purpose, what is usually considered 
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as the compensation for the arcs is obtained. Daring the progress of the ex¬ 
periments, however, I had occasion to suspect that, particularly when the pen¬ 
dulum was vibrated with the weight above, the retardation of the vibrations, in 
consequence of their being performed in circular arcs, was greater than the com- 

penadn. computed by tbe oustommy formula N 

To examine this more closely, and to obtain practically a just compensation 
for the arcs in which the pendulum had been vibrated in the course of its em¬ 
ployment, I made several series of experiments distinct from those made to 
determine the rate, and which I shall proceed to describe in the first instance, 
though they were not the first in the order of time. 


Correction for the Arcs of Vibration. 

§ 1. Weight above. 

On the 27th of January 1830, I made the following observations, purposing 
to compare, under circumstances otherwise similar, the rate of the pendulum 
in different arcs; 1st, commencing with 1°.32 and ending with 0^73; 2nd, 
commencing with 0°.70 and ending with 0°.42; and 3rd, commencing with 0°.42 
and ending with 0°.19. Having withdrawn the air from the apparatus, the re¬ 
sistance to the vibration was so far diminished, that the time which the pendu¬ 
lum took to reduce its arc from 1°.32 to 0°./3, from 0°.70 to 0°.42, and from 
0°.42 to 0°.19, was in each case sufficient to give the rate of the pendulum within 
the respective arcs with tolerable exactness. 

The rate of the clock on this day was taken from its average rate in several 
days, viz. from the 24th to the 30th of January; exactness in the daily gain 
or loss of the clock was not required, as the observations were only to be used 
in their relation to each other. 




Examining these observations we have 


Vibrations per diem, uncor-' 
rected for the arcs . . . . 

Compensation for the arcs by] 
the formula .. 


These numbers should agree if"] 
the corrections for the arcs I 
computed by the formula | 
were a just compensation . J 


I. 

11 . 

m. 

1.32 to 0.73 

0.70 to 0.42 

6.42 to 6.19 

86077-59 

86079.14 

86079.66 

+ 1.67 

+0.50 

+0.14 

• 86079.26 

86079.64 

86079.80 


From the differences that are here seen to exist, it appears that when the 
pendulum is vibrated with the weight above, the compensation for the arcs as 
computed by the customary formula is in defect; and more in defect as the 
arcs are larger. To make the results agree, it is necessary to multiply the com¬ 
puted correction by 1.36. By the employment of this multiplier, the result 
obtained in the arcs of least magnitude (which as being the nearest to 
infinitely small arcs are presumed to be the most correct,) is not altered more 
than five-hundredths of a vibration; whilst the results obtained in larger arcs 
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are brought in accordance with it The corrections and the corrected vibra¬ 
tions then became 


Corrections for the arcs . . 

i. 

, . . + 2.27 

ii. 

+0.68 

HI, 

+0.19 


86077*69 

86079.14 

8607&.66 

Corrected vibrations . . . 

. 86079.86 

86079.82 

86079.8$ 


On the 29th January the same process was repeated in arcs differing some¬ 
what from the preceding, and designed therefore to render the differences in 
the results, should they be found to exist, still more conspicuous. 



Examining these observations, we have 

I. II. III. 


Arcs. 

1.46 to 0.80 

0.80 to 0.41 

0.41 to 0.18 

Vibrations, uncorrected for the ] 
arcs.J 

\ 76077-11 

76078.98 

76079.60 

Corrections for the arcs by the 1 
formula ....... J 

l +2.03 

+0.58 

+0.13 

Numbers which should agree if'' 
the corrections computed by 1 
the formula were a just com- 1 

l 76079.14 

76079.56 

76079.73 

pensation . j 
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Hie inference from this day’s experiment is to the same eflfeet as before. 
The multiplier required in this instance is 1.32, altering the result in the 
smallest arcs four hundredths of a vibration, and bringing the others in 
accordance with it. The corrections and the corrected vibrations become 

L II. IH. 

Corrections. + 2,68 +0.77 +9«17 

86077.11 86078.98 86079.60 

Corrected vibrations . . . 86079.79 86079.75 80O7&77 

On February 3rd I made a third series with the pendulum in the same posi¬ 
tion ; the pendulum of the clock had been shortened since January 29th, and 
was now making about 86371.0 vibrations; but the temperature being at this 
time very low, its going was less regular than usual. To obviate that incon¬ 
venience I commenced with a series in large arcs; made then two series in 
small arcs, and concluded with a second series in large arcs; and finally took 
a mean between the two series in large arcs and the two series in small arcs, 
as the results to be compared with each other. 

















7 IN THE OBSERVATORY OF GREENWICH. 465 

Kfc a mini ng theaeobservationg, we have 


Arcs ...... 

Vibrations .... 

Correction for the arcs 1 
by the formula . .) 

* ■ I. ' 

1.32 to 0.89 
86080.67 

+ 1.98 
l_ 

IV. 

1.44 to 0.84 

86079.68 

+2.08 

1 

II. 

6.37 to 0.26 1 
86083.16 

+0.16 

L 

III. 

5.26 to 0.16 

86083.27 

+0.06 

i 

Numbers which should agree 

V 



if the corrections computed 1 
by tbe formula were a just f 

86082.15 

86083.32 

compensation . . 

. j 


mmmm 

. 

The inference here is again to the same effect. 

The multiplier required to 

produce accordance is 

1.61. The corrections and the corrected vibrations 

then become 







I. & IV. 

II. & III. 


Corrections . 


+ 3.27 

+0.18 


Corrected vibrations . . . 

. . 86083.39 

86083.39 



For a purpose foreign to the present object, the slider was on this day at 
1.76 inch from the middle of the pendulum towards the weight. 

The irregular going of the clock (which stopped altogether soon after the 
fourth series was completed) may have rendered the result of this day’s experi¬ 
ments of less value than that of either of the preceding days, in determining the 
amount of the multiplier. It was not until the 5th of May following, that, the 
clock being repaired and replaced, I was able to resume the inquiry by the 
following observations conducted in the same # manner as before. The clock 
was making 86665.0 vibrations, on an average of several days at this period. 


3o2 
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1 

& 


times of 


0.5 

S5 y 

e 

<5 

1223 

lleapp. 

Coincidence. 


1 

0 

in. 

TO S 

53 31 

m a 

53 53 

b m a 

2 53 32 "| 

0 0 

2 

3 

20 

56.5 

2.1 

58 21 
03 13 
25 39 
30 31 
35 23 
pulse. 

58 25 
03 15 
25 43 

3 58 23 > 

3 03 14 J 

4 25 41 *} 

1.36 x 1*05=1.43 

21 

22 

56.7 

i 

Fre 

2.1 

sh im 

30 35 
35 25 

4 30 33 i 
4 35 24 J 

0.93x1*05=0.98 

1 

3ZJ 


47 36 

47 43 

4 47 39.5*1 


2 


2.1 

52 29 

52 35 

4 52 32 > 


3 

57-1 


57 21 

57 27 

4 57 24 J 


21 

57.6 

,.,, 


25 13 

6 25 09.51 


22 


2.1 


31 05 

6 30 00.5 > 

0.18x1.05=0.19 

23 

57.6 


34 49 

34 57 

6 34 53 j 



(' Reductions ' 



to* Va¬ 
cuum. 

Vibrations 
per diem. 

—0.29 

+ 0^6 

86065.61 

4*0.03 

+•■96 

86068.85 


Mean 

Temp. 


Intern). 


56.60 
•f 0.75 

67.35 


57«3S 
4 0.75 


2.10 


2.10 


291.035 


292.46 


58.07 


Examining these observations, we have I. 

Arcs.1.43 to 0.98 

Vibrations. 86065.61 

Correction for the arcs by the formula +2.35 


II. 

0.26 to 0.19 
86068.85 
+0.08 


Numbers which should agree if the 
corrections computed by the for¬ 
mula were a just compensation. 

The inference is the same as on the former occasions. The multiplier is in 
this instance 1.42, and the corrections and corrected vibrations become 

Corrections. +3.34 +0.11 

86065.61 86068.85 


} 


86067.96 


86068.93 


Corrected vibrations 


86068.95 86068.96 


If now we collect in one view the different multipliers which have been 
found from these four series of experiments, we have January 27, 1.36; 
January 29, 1.32; February 3, 1.61; May 6,1.42: of which four results, that 
of February 3rd (1.61), from the unfavourable circumstances of the experi¬ 
ments in the irregular going of the clock already noticed, is least entitled 
to confidence. The arithmetical mean of the four is 1.43; and that of the 
three, omitting the result of February 3rd, is 1.37. If then we take 1.4 as 
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the multiplier, to be employed in computing the compensations for the arcs 
in the experiments with the weight above, to be hereafter related, we may 
Infer with probability that we employ a more correct multiplier than either 
1.3 or 1.5. Now, if either of those numbers were substituted for 1.4, the 
effect would be to alter the rate of the pendulum with the weight above, as 
deduced from the experiments in the succeeding pages, one tenth of a vibrar 
tion per diem. To correct the influence of this tenth of a vibration on the 
convertibility (the object for which the pendulum is vibrated with the weight 
above), the slider would require to be moved a certain quantity, which would 
alter the final deduction of the rate, due to the distance between the axes of 
suspension, less than one hundredth of a second per diem. In employing 1.4 
therefore as a multiplier, any uncertainty in the final result, arising from this 
cause, is limited in all probability to less than .01 of a second per diem. 


$ 2. Weight below. 

On the 31st of January and 1st of February 1830,1 made the following ob¬ 
servations, for the purpose of ascertaining the compensation for the arcs when 
the weight was below. The clock, by Dent, was making 86313.3 vibrations. 
The clock had been stopped on the 30th of January, and was stopped again 
on the 1st of February, to alter its pendulum. The rate was assigned by com¬ 
parison with the transit clock during the two days it was going. 
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Examining these observations, we have 

/ ' 

11 5 ' ' 

' 

i. 

ii. 

hi. 

Arcs .. 

6.49 to 6.24 

1.31 to 0.52 

0.59 to 0.15 

Vibrations. 

86080.77 

86079.54 


Correction for the arcs by the 1 
formula.j 

+0.18 

+ 1.29 

+ 0.17 

Numbers which should agree") 
if the corrections computed l 
by the formula were just f 

86080.95 

86079.83 

86080.98 

compensations.J 




On the 2Bth of April following, I repeated the 

experiment in 

arcs designed 


to make the differences between the experimental and computed results still 
more apparent. The clock, by Dent, was making 86660.5 vibrations on an 
average of several days about that period. 


11 

1 

t 

a 

3 

© 

Times of 

Disapp. 

Reapp. 

Coincidence. 


0 

in. 

m s 

m 

• 

b 

m 

$ 

l 

53.4 

1.60 

27 46 

27 

48 

12 

27 

47 

13 

54.0 

1.61 

26 05 

26 

07 

1 

26 

06 

26 

55.4 

1*62 

29 18 

29 

21 

2 

29 

19.5 


Fre 

ib im 

pulse. 






1 

56.0 

1.62 

51 49 

51 

52 

2 

51 

51.5 

15 

56.4 

1.62 

00 07 

00 

11 

4 

00 

09 

25 

56.2 

1.65 

48 55 

49 

00 

4 

48 

57.5 


Fret 

th im 

pulse. 






1 

56.2 

1.63 

56 49 

56 

51 

4 

56 

50 

15 

56.4 

1.64 

04 49 

04 

52 

6 

04 

50.5 


Arcs. 


Mean 

Temp. 


Mesn 

Gauge. 


Mean 

Interval. 


Reductions 
to 58 ®. I“* VV 


Vibrations] 
per diem. 


1.42x1.05= 

1.25x1.05= 


:1.49] 
= 1-31 


1.07 X 1.05=1*12, 


0.38x1.05= 
0.31 x 1.05= 


:0.40 

;0^3| 


0.28x1.05=0.30 


r 53-70 
+ 0.75 


L 54.45 

r 54.7 

+ 0.75 


. 55.45 

" 56.2 
+ 0.75 


„ 56,95 

“ 56.3 
+ 0.75 


1.30X1.05= 

1.12X1.05s 


:1.36 

*1.17 


L 57.05 

r 56.3 
+ 0.75 


in. 

1.605 

1.615 

1.62 

1.623 

1.635 


291.58 


291.81 


292.68 


292.85 


291.46 


-1.56 


-l.lt 


—0.46 


-0.42 


-0.42 


+ 0.65 


+0.67 


+0.67 


+0.68 


+ 0.68 


86065.131 


86066 . 0 $ 


86068.53! 


86068.92) 


86066.101 


57.05 
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Examining these observations, we have 

l II HI. IV. v. 

Aw* ..1.4»tot.31 131 to 1.12 8.40 to 8.33 8.33 to 8.30 136 to 1.17 

Vilmitiotu ...... 86085.17 86066.09 8606833 86068.92 86066.10 

Correction for the arcs 1 . 0 IO _ ^ ^ ^ 

by the formula . . ./ + 3 * 13 + 2‘42 +0.22 +0.1^ +2.73 

Numbers which should 
wee if the correc¬ 
tions computed by 
the formula were 
just compensations 

In both these series of experiments the same indication is afforded* viz. that 
the retardation of the vibration is greater in large arcs than is covered by the 
correction computed by the formula. The difference* however* between the 
results in large arcs and in small arcs, with the computed corrections applied* 
is much less than takes place when the pendulum is vibrated with the weight 
above. With the weight below, the computed corrections being multiplied by 
1.13, the results are rendered accordant with each other on both days of ex¬ 
periment* and the vibrations become as follows:— 

January 31st, large arcs, Exp. II. 86080.99] small arcs, Exp. I. & III. 86081.00. 

April 28th, large arcs, Exp. 1. II. & V. 86068 92 j small arcs, Exp. III. & IV. 86068.94. 

The alteration produced by the employment of this multiplier, in the final 
deduction of the rate of the pendulum from the experiments to be subsequently 
narrated, is an addition of 0.12 vibration per diem to the number of vibrations 
which would otherwise have been derived. I should have been glad to have 
employed a greater number of observations in the more assured determination 
of this multiplier* but circumstances did not permit me to pursue the inquiry 
further; and I have only now to refer to the consistency and concurrent indi¬ 
cation of those results that were obtained* as an evidence that the multiplier 
derived from them is in all probability very near the truth. I may also notice, 
that a change of one unit in the second figure of decimals of this multiplier, 
would produce an alteration of something less than one hundredth of a second 
per diem in the rate of the pendulum* derived from the experiments which form 
the subject of this paper. 

It was my intention to have investigated experimentally the cause of the re¬ 
tardation being greater in large arcs than accords with the formula of reduction 
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to infinitely small arcs $ but circumstances not permitting me to do so at pre¬ 
sent, I lrnve only to state my conjecture, that it is caused by the gliding of the 
knife edges on the planes, a consequence of the elasticity of the planes. It has 
been found by M. Bessel, that small movements of this kind always took 
place in a pendulum vibrating on a knife edge, whatever might be the nature 
of tile supporting planes; that its direction was the same as the motion of the 
pendulum,—to the right when the pendulum moved to the right, and vice vers&; 
and that its amount was proportioned to the arcs of vibration. Supposing 
that the cause is as I have conjectured, it would have been satisfactory to have 
measured the amount of the gliding corresponding to particular arcs, directly , 
in the manner that M. Bessel has done, and to have compared the correction 
of the length, which is the mode of compensation adopted by M. Bessel, with 
the correction of the rate, which is the method that has been adopted here; by 
either mode the experiments ought to give the same length for the seconds 
pendulum. 

* In discussing the correction for the arcs of vibration, it has appeared the 
most satisfactory course, to introduce the detail of the experiments relating to 
that branch of the subject into the body of the discussion itself. In the re¬ 
mainder of the paper I shall pursue the more usual course, of placing to¬ 
gether, at the close, the detail of all the experiments, in the order and suc¬ 
cession in which they were made; introducing into the discussion, abstracts 
and results, with proper references to the part of the paper containing the 
details. 


Before we enter on the examination of the rate of the pendulum, it is neces¬ 
sary to ascertain the reduction to a vacuum for the small residue of air which 
cannot be pumped out of the apparatus, as well as for the small additional 
quantity which occasionally leaks in. I proceed to collect in one view the re¬ 
sults of the experiments which were made at suitable opportunities to deter¬ 
mine the amount of this reduction. 

Reduction to a Vacuum. 

§ 1. Weight above. 

The plan of experiment was to compare the vibrations made in full atmo¬ 
spheric pressure, with those in the exhausted apparatus, in circumstances in 
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other respects as nearly similar aspossible. By this comparison; the correc¬ 
tion for needy the foil atmospheric pressure is ascertained; the proportional 
part of which is taken as the equivalent for the small residue of air which 
cannot be wholly withdrawn, and for the occasional small leakage of the appa¬ 
ratus during the experiments ; the pressure withinside the glasses being duly 
observed and registered by means of a syphon gauge placed by the pendulum. 
In regarding the correction for the last remaining inch of pressure as a propor¬ 
tional part; namely the thirtieth, of the correction for the whole atmosphere, I 
refer to the experiments related in a former paper in the Philosophical Trans¬ 
actions, in which it was shown that the corrections for a half atmosphere, 
and for a quarter atmosphere, bore corresponding proportions to the correction 
for the full atmosphere. 


The following is an abstract of two series of such experiments with the 
weight above. 



Reference to 
the detail* at 
the clone of 
the paper. 

Tbfftm* 

Vibrations. 

Reduction 
to mean 
temp. 57°. 

Vibrations at 57°. 

Barom. or Gauge. 

lip the free air . 

Air withdrawn , 

a 

5°7.5 

59.6 

59-8 

86056.88 

86055.82 

86068.56 

+ 0.22 
+ 1.14 
+ 1.23 

8SS}*™ 

86069.79| 

inch. 

{5w}~“ 

1.045 

[ (Slider at 1.5) Differences .| 

v 12.76 

28.388 


lip the free air . 
Air withdrawn . 

O 

56.05 

86055.95 

O 

— 0.41 

86055.64 

inch. 

29.376 

PtoS (mean) 

56.87 

86068.48 

— 0.06 

86068.42 

1.572 

[ (Slider at 1.633) 

Differences 


12.80 

27.804 


*' We have then, from these two series, the following differences: 

12.76 vibr. corresponding to 28.388 in. of air at 58.5 ; or 13.48 vibr. to 30 in* 
12.88 - 27.804 - at 56.1 ; or 13;89. - :- 

Whence we obtain the reduction, when the weight is above* in the .proportion 
of 13.68 vibrations per diem for 30 inches of air at 57°*3*;„ 
mdcccxxxi. 3 p 
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$ 9. Weight below. 


is derived' for the vibrations of the pendnlttfit with the weight bdow. 



Iii fret afr , • •. 
Air withdrawn. 


(Slider at 1 M) 


In free air .... 
Air withdrawn . 


(Sliddr at 1.633) 




Reduction 

•ftmp. 

Vfcwtfio**. 

to mean 
ton*!*. 81 *. 

58.9 s 

86057.30 

-0.0* 

57*60 

86056*88 

+0.86 

56-70 

86057.48 

^-0.18 

56.95 

mm 

-0.08 


Differences ........ 


5^*50 86056414 +0.00 

66.87 86068.67 —0.06 


Difference. 




+ 8 AS 86087.181 « _ /S9.3611 M9 . 0 
+0.44 86086.97 / 86057 ' 0t 1S9.337/* 9,849 - 
—All 36068.60 OA76 


(Slider at 1A66) 


Differences 


|; From these three series we have the following differences; viz. 

1 » , •' 
10.99 vibr. corresponding to 27790 in. of air at 67.1; or 11.86 vibr. to 80 in. 

11 M - - 28.246 —a- at 57*5 ; or 12.26 - j 

11.56*—^ -— 28.373 —at 577 5 or 12.22-— j 

Whence we obtain the reduction when the weight is below* In the proportion 
of 12.10 vibrations per diem for 30 inches of air at 57°.4. \ 

The mean pressure within the glasses during the fourteen experiments with 
the weight below, (from which, as will be seen hereafter, the rate of the pendul 
lum was finally derived,) was 1.07 inch: the reduction for wbich,according to the 
proportion found above, is 0.43 of a vibration per diem. This amount would be 
altered only one hundredth of a vibration, were the partial result most distant 
from the mean substituted for the mean of the three results by which 
reduction was determined. 



































ttr toSEit^A^cnit -OF iSitEBsvtcff. 


i it/or the ttdt'e ''bfittf Pindulufa. 

i l .J* in ' :<i t 'nut } 41J - * I 



Mw f* Sftderat 1.685. mrW 


TaHim 'ttamiton’lor vnirtt . 

iwnp. mpfrinwitHi fiwiuooi* 



- 0.06 I + 0 . 4 $ 


I. Slider at 1.633. b. Weight above. 


.448 

66.70 

4 55 

.650 

56.70 

4 41 

.685 

56.55 

8 38 

.519 

57.55 

6 15 


86068.67 

—<M8 

4- 

86068.45 

-0.13 

+ 

86068.45 

-0.20 

+ 

86068.34 

+ 0,84 . 

+ 


11. Slider at 1JS66. o. Weight below. 


0*950 56*85 
1.055 56.40 
1.165 56.50 
0.985 56.95 
0.900 57*30 
0.895 57.60 
0.980 56.80 
1.070 56.50 
1.030 56.50 


15 03 84 
13 01 03 
13 01 05.8 
10 81 85.7 
15 46 38 
9 01 09-5 
9 30 48.5 
9 83 49 
17 36 84 


86068.78 

86068.78 

86068.82 

86068.70 

86068.56 

86068.41 

86068*67 

86068.97 

86068.89 



86069.13 

86069.84 
86069.08 
8®069«84 

86068.85 


WnWfjflv 


86069.80 

06069.07 

86069-01 

86O69.87 


j Bg g Xa E3BIC Sl K Ca i 


86069.03 

86068.94 
86069.06 
86069.07 
86069.05 
86069.03 

86068.95 
86069-17 
86069*09 


86069*04 


The letters of reference in the first column are to the detail of the experi- 

, i $ i ' t* 1 ’ v , 1 > 

ments at the close of the paper. 


3 p 2 
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If, now, we take a mean of the results in both positions of the pendulum 
a and 6, and ip both positions of the slider I. &. II,, we have 86069.38 vibra¬ 
tions with the weight above, and 86069,07 vibrations with the weight below, 
corresponding to the slider at 1.6 inch (being the mean between 1.683 and 
1 .666) from the middle of the pendulum towards the weight. < 

The vibrations with the weight above are in excess 0,31 of a vibration. To 
ascertain the fraction of the tenth of an inch which it would be necessary to 
move the slider in order to produce perfect convertibility, and the effect of 
such change in the position of the slider, upon the vibrations with the weight 
below, we have from the experiments the following data (the letters referring 
as before to the detail of the experiments at the close of the paper). 

Weight above. 

Vibrations. 

Slider at 1.5 E to G 86070.261 making a difference of 1.12 vibration per 

- 1.566 T to V 86069.61 > diem corresponding to 0.133 inch of the 

- 1.633 P to S S6069.14J slider. 

Weight below. 

Vibrations. 

Slider at 1.5 A to D 86069.001 making a difference of 0.10 vibration per 

- 1.566 W to EE 86069.04 > diem corresponding to 0.133 inch of 

- 1.633 H to M 86069.10J the slider. 

Whence we obtain by proportion 1.637 as the position of the slider which 
renders the pendulum perfectly convertible : and the vibrations, in the posi¬ 
tion of perfect convertibility, 86069.09 with the weight above, and 86069.10 
with tbe weight below;—a result which, it will be seen, is in the closest ac¬ 
cordance with the experiments H to S, during which the slider was at 1.633. 


Expansion of the Pendulum . 

The rate of the pendulum having thus been found for the temperature of 
57 °, we have to seek its rate at 62°, being the temperature at which Captain 
Kater referred the distance between the knife edges to Sir George Shuck- 
burgh’s scale. To obtain the alteration of rate corresponding to each degree 
of Fahrenheit from the data furnished by the experiments, we have the rate 
with the weight below, observed on the 31st of January and 1st of February 
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at 30 c> , pp. 467 and 469, to compare with the rate at 57° which has been de¬ 
duced as above from the experiments in the preceding August and September. 
The position of the slider in the winter experiments was at 1.6; consequently 
die result is strictly comparable with the mean of the two results H to M, and 
W to EE, made in summer, in one of which series the slider was at 1.633, and 
in the other at 1.566, the mean of which is 1.6. But in fact a small change 
of position of the slider when the weight is below, has so little influence on 
the rate, that had there been even a slight difference it might have been safely 
disregarded for the purpose now in view. 

Winter experiments . . . 86081.00 vibrations at 30 
Summer experiments . . . 86069.07 -- 57 

Differences ... 11.93 - 27 


Equivalent to 0.441 for each degree of Fahrenheit. 

In the Phil. Trans, for 1830, Art. XIX. I have reported the results of a similar 
comparison of the rates of an invariable pendulum, made also of plate brass, in 
winter and in summer; by which it was shown that a degree of Fahrenheit 
corresponded to a change of 0.44 in the rate of that pendulum also. These 
two results are strongly confirmatory of each other. 


It results, then, that the vibrations of Captain Rater’s pendulum, which at 
57° have been found 86069.10, are 86066.90 at 62°. The distance between the 
knife edges as measured by Captain Kater is 39.44085 inches of Sir George 
Shu c kbu rgh's scale, the pendulum and scale being at 62°. The vibrations in a 
vacuum corresponding to this distance are 86066.90, the temperature of the 
pendulum being 62°. We have then for the seconds pendulum in the Royal 
Observatory, at 62° and in a vacuum, 

In 86066.90 : 39.44085 : ? 86400 : 39.13734. 
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Stability of the support of the Pmduhem $» the prk^ttgesperiments. 

Being desirous of assuring myself of the «tability oftliettipport of thepeb- 
dufcufc in th* vacuum apparatus, Iondertotfk a distinct 'series'‘W experiment* 
to obtain tile rate of the pendulum on tbe iron frarae,whichls permanently 
affixed to the south wall of the pendulum room in the Royal Observatory, 
and designed f&r the use of observers with invariable pendulums, who 
wish to obtain a basis tor their experiments on the variation of gravity at 
other stations. With this intention, I transferred the agate planes, which 
had been employed in the experiments in the vacuum apparatus, to the iroh 
frame; and placed tbe pendulum on them, with the weight below, and the 
slider at 1.6 inch, making the observations HHtoRR as detailed at the 
close of this paper. The experiments were necessarily made in the free air of 
the apartment, and are reduced to a vacuum by the reduction already found 
for the pendulum with the weight below. The rate of the clock, by Graham, 
which is attached to the wall of the room beneath the iron frame, was fur¬ 
nished me by Mr. Thomas Glanville Taylor, in a memorandum which is 
subjoined to the detail of the observations. By a mean of the ten experiment! 
HH to R R on the iron frame, the pendulum was found to make 86070.9$ 
vibrations at 53° reduced to a vacuum. The equivalent at 37° is 86069.20, 
i which differs by only 0.10 of a vibration per diem from 86069.10, the rate 
\ ascertained in the vacuum apparatus. The rate on the iron frame was ob¬ 
tained by thirty-three hours’ vibration of the pendulum; that In the vacuum 
apparatus by 173 hours. So near an approximation, obtained in less than one 
fifth of the time that the experiments in the vacuum apparatus were continued* 
satisfied me that no permanent cause of difference existed, and that it only 
required that the experiments on the iron frame should he persevered in for the 
} same length of time as those were in the vacuum apparatus, to produce the 
closest accordance. We may regard therefore the result of the experiment* 
HH to RR, as establishing the equal stability of both supports; and as 
affording a Mr inference that both supports are perfectly stable. > 
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Detail of t?i€ Experiment* referred to in this paper. 

Pjreliminaiy Experiments to adjust the SUder,and to obtain the reduction to 
, A vacuum for portions of air remaining in the Apparatus.—The registered 
, arcs luiist be multiplied by 1.05 ffarougbout, to give the true arcs. ^ 

Slider at 1.5 in. from die middle of the pendulum towards the weight. 
Weight below. 


EXP* A. la fall atmospheric pressure. Aug. 2 1, 1829 aat. to poc. Dent making 85465.92 vibr. 
Barom. 2^796 } 29781 ® t57 °i +* 019 CapilL| -*073 to 32° m 39*727, 


Mean Mean 

Temp. Interval. 



Correc¬ 
tion for 
Are. 

Vibration* 
tn 34 bourn. 

D 

-fO.26 

86057.30 


EXP. B. In full atmospheric pressure. Aug. 21 p.m. Dent making 86465.92 vibrations. 
Barom.{ } 29.813 at 58 °3 +.0I9CapiU. } -.076 to32°* 29.756. 


1 .... 
9 57*6 
3 .... 
25 .... 

*6 57*6 

ty .... 



It m 1 0 

■ 1 57 10.33 0.62 1 

► 4 46 10.83 O.lgy 



r.6 422.52 


Exp. C. In ratified air. Aug. 21 pat. to Aug. 22 a.m. Dent making 86465*92 vibrations. 
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Exp. D. In full atmospheric pressure. Aug. 22 a m. Dent making 86465.92 vibrations. 
Barom. 29 J60 } 29788 at 55 ° 5 * + - 019 Ca P ni * * — 070 to 32 ° “ S & 737 * 



Times of 

Disap. I Reap. I Coincidences. 


1 50.5 _ 03 4103 53 

26 .. 59 4300 67'I 

87 56.9 _ 06 44 07 10 V12 06 57.33 0.23 

28 . 13 46ll4 14 J 


Pendulum removed. Planes examined. Pendulum replaced, Weight above. 


Vibration, 
in 84 hours. 


86057.48 


Exp. E. In full atmospheric pressure. Aug. 22 p.m. Dent making 86465.92 vibrations. 
Barom. {^™‘ ng } 29 ' 705 at 5 '°- 5 ■ +- 019 CapilL; .074 to 32° = 29.650. 



Exp. F. In rarified air. Aug. 23 a.m. to p.m. Drnt making 86465.92 vibrations. 



Exp. G. In full atmospheric pressure. Aug. 24 a.m. Dknt making 66466.00 vibrations. 
Barom * {ending 1 " 8 29*360} 29 280 at 60 ° 5 + - 019 Ca P UL5 “'* 082 32 ° = 29.217. 



The ends of the bar of the pendulum were then blackened with lamp-black 
and varnish, to make a stronger contrast with the white disc on the clock pen* 
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dulum. The slider was moved to 1,633 inch from the middle of the pendulum 
towards the weight The pendulum was then replaced, and the experiments 
were commenced for determining the rate due to the distance between the 
axes of suspension. 

Slider at 1.633 inch from, the middle towards the weight, V^eight below. 


Exp. H. August 24 p m. to August 25 a.m. Dent making 86466.29 vibrations. 



Time* of 

Disap. I Reap. I Coincidences. 


3 07 5 43 02 

1 46) 19 41 31 



Exp. I. August 25 a.m. to August 25 p.m. Dent making 86466.31 vibrations. 


1 

55.0 

0.76 

09 53 

10 04 

20 00 68.5 


55,4 



.... 

22 0 0 


56.0 




24 0 0 


56.4 



.... 

2 0 0 

78 

56.5 

1.10 

26 5627 20 

5 27 08 




Exp. K. August 25th p.m. to August 26th a.m. Dent making 86466.33 vibrations* 



Exp. Li. August 26th a.m. to August 26th p.m. Dent making 86466.15 vibrations 


h m a 0 

20 39 22 0.99 

£3 45 0 

£ 45 0 

5 27 55 0.40 


3 




0 


4 * 0*93 

86069*01 


MDCCCXXXI. 















































No. of 
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The Pendulum was then removed; the planes examined, and found truly 
horizontal; and the Pendulum replaced with the Weight above. 
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Slider removed to 1.566 &c. from the middle towards the weight. Planes 
examined, and found horizontal. Pendulum replaced. Weight above. 


Exp. T. August 29th pjm. Dent making 86466.40 vibration*. 



Exp. U. August 2$th p.M. to Aural 30th a.m. Dkkt making 86466.39 vibrations. 
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Exp. V. August 30th am. to August 30th r.u. Dicnt making 86466.32 vibrations* 



Pendulum removed and replaced. Weight below. 
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Exp. A A. September let r.M. to September 2nd p,m. Dent making 86466.24 vibrations. 



Exp, B B. September 2nd p.m. Dent making 86466.24 vibrations. 


mam 

15 5216 

16 54 17 1 Si 10 17 06 


ExP. C C. September 2nd p.m. to September 3rd a.m. Dent making 86466.24 vibrations. 




432.93 

0.895 

+ l!63 

86068.41 






Exp. D D. September 3rd a.m. to September 3rd p.m. Dent making 86466.23 vibrations. 



Exp. E E. September 3rd p.m. to September 4th a.m. Dent making 86466.23 vibrations. 



The air was then admitted, and the following observations made to obtain 
the reduction to a vacuum, for the small portion of air remaining in the appa¬ 
ratus, indicated by the gauge, in those of the preceding experiments in which 
the weight was below. 
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Slider at 1.566. Weight below. 


Exp. F Ft September 7th 

Ha mm / beginning 29.422 57*5 
Uarom. | en 8 i|lg 6 29.420 60 

km. to September 7th pjc. Dhnt making 86465.83 vibrations. 
[29.421 59* i +.019 Capill. j -.079 reduction to 32“ = 293*1. 

ll 

i 

1 

Times of 

msmm 

LW ' I'M 

Mean 

Interval. 

1 

Mfi 

Correc¬ 
tion for 

Arc. 

Vibrations 
in 8* bourn. 

Qintp, 

Reap. 

Coincidence. 

|gg 

Therm. 

1 

31 

5?.0 

58.0 

• • • * 

m s 
09 05 
39 54 

m • 

09 13 
40 24 

h at a 

10 09 09 

1 40 09 

1?22 

0.21 

}i7.S 

422.00 

■ 

0 

+0.85 

86056.88 


Exp. G G. September 7t.h p.m. Dent making 86465.80 vibrations. 

Barom. {^§j"g" g 59} 29-401 60°; + .019 Capill.; - .083 reduction to 32°= 29.337. 

1 

31 

58.0 

58.0 

.... 

m s 

50 37 
21 18 

m s 

50 47 
21 50 

h m a 

1 50 42 

5 21 34 

19 




0 

+ 0.79 

86056.53 


Mr. Tayjlor’s memorandum of the computation of the rate of the Clock by Dent. 

The clock’s rate in these experiments has been deduced from daily compa¬ 
risons between it and the Greenwich transit clock ; the daily rate of the latter 
being determined from the observations of several stars and of the sun. With 
reference to these observations, it may be necessary to remark that they are 
made by three several observers, as is sufficiently shown in the Greenwich 
observations by the initials of each observer’s name; and in making use of 
these for determining light ascensions, or the rate of the clock, it becomes 
necessary to apply to each observed transit the constant difference which is 
found to exist between the observer, and the observer of the same star on the 
following day, with which it is compared: for this purpose I have employed 
the difference as pointed out by a great many observations made for the ex¬ 
press purpose; whence it appears that if the observer T. noted the passage of a 
star at the time r, the observers T. T. and N. would observe it to pass at r +0*.16 
and r + 0®,35 respectively. Making use of these, the rate of the Greenwich 
transit clock comes out: 
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1829. , 

August 21 to 24 —0.36 

---- 25 —0.22 

-- 26 —0.18 

—- 2 7 -0.42 

-- 28 —0.25 

- 29 -0.34 

- 30 —0.15 

- 31 —0.24 


September 1 —0.24 

- 3 —0.32 

- 4 —0.20 

- 6 -0.38 

- 7 -0.31 

-- 8 - 0.11 

Mean . — 0.266 


From tbe near accordance of these results with one another, and from a con¬ 
sideration of the inability of two or three observations (which could only be 
taken in some cases, on account of the cloudy weather) to determine very cor¬ 
rectly the rate, I have preferred taking the general mean 0*.27 rather than 
each individual result. This was accordingly employed with the following 
comparisons. 


Comparison of the Clock Dent with the Greenwich Transit Clock. 


1829. d m 
August 20 21 52 

-24 5 24 

-24 22 9 

-25 22 37 

- 26 23 16 

- 27 23 40 

-28 23 11 

- 29 22 28 

--30 23 6 

Sept. 1 0 3 

- 2 0 8 

- 3 23 28 

-- 6 0 0 


Transit 
h in 

7 51 
15 33 

8 20 

8 51 

9 33 
9 59 
9 33 

8 53 

9 34 
10 34 
10 42 
10 7 
10 45 


Clock. Daily rate of Djutt. 


50.44. ” 

13.45 p: 

11 .951 : 

5.40> f 

o.2o ( : 

52 . 88 ; ; 

39.00; : 

23.90' { 

18.20( ! 
14.801 J 
5.3o; ; 

40.33 { ! 

24.00 1 1 


5.92 

6.66 

6.01 

5.96 

6.32 

6.60 

6.18 

6.34 

6.28 

6.19 

6,28 

6.19 


Rates employed. 


m s 


+1 

5.92 Aug. 23 

1 

6.29 

— 24 

1 

6.33 

— 25 

1 

5.98 

— 26 

1 

6.14 

— 27 

1 

6.46 

— 28 

1 

6.39 

— 29 

1 

6.26 

— 30 

1 

6.31 

— 31 

1 

6.24 Sept. 1 

1 

6.23 

— 2&3 

1 

6.23 

— 4&5 


Clock was stopped for the re-adjustment of the disc. 

7 2 41 . . 13 30 44.201 , - ^ 1 6.14 — 7 

8 2 59 . , 13 51 36.40 J 1 * * 1 6.14 — 8 


The column entitled * Bates employed’ will be found to be the mean between 
tbe two daily rates in the preceding column; these are those which the 
clock may be supposed to have attained at midnight, tbe middle time between 
the two comparisons ; but since the comparisons were taken in the middle of 
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the day, with observations of coincidences before and after, it wilibe advisable 
to take the mean of these daily rates as above for the rate to be employed 
throughout on any one day, rather than employ the former for coincidences 
observed in the morning, and the latter for afternoon coincidences. 

(Signed) Thomas Glanvillb Taylor. 


Experiments with Captain Rater’s Pendulum on the fixed iron frame on the 
south wall of the Pendulum Room at the Royal Observatory. The agate 
planes the same which had been used in the vacuum apparatus. The same 
thermometer also, and arc*. Barometer, the standard of the Observatory. 
Slider at 1 .6. Weight below. Clock by Graham ; its rate furnished by Mr* 
Thomas Glanville Taylor in the subjoined memorandum. The correction 
for the arcs computed by the usual formula, and multiplied by 1.13. (p. 409.) 


Exp. H H. September 30. Gbaham making 86520.71 vibrations. 

Barorn. Jjj jjj J 30.113 j +.019 Capill.; -.058 to 32° =30.074. 

o *1 

3 3 

i 

Times of 

Arc* of Vibration. 

Mean 

Temp. 

Mean 

Interval. 

Correc¬ 
tion for 
Arc. 

Roduc" 

to mean 

tempos® 

Reduc¬ 
tion to a 
vacuum. 

Vibrations 
in vacuo 
at 59°. 


Reap. 

Coincidence. 

i 

i 

3 

30 

31 

32 

o 

49.65 

51.35 

m s 

3 33 
9 47 

16 00 

4 49 

17 20 

m s 

3 43 
9 58 
16 13 
5 16 

1*7 *48 


0.80x1.05 = 0.84 

0.19 X 1.05=0.20 

1. 

>50.5 

375.38 

+ 0.43 

-1.10 

+ 12.30 

_ 

86071.35 

m 


s 

Exi>. 11. Fresh impulse. Barorn. { J ‘ ® * J 

\ 30.131 ; +.019 CnpiU.; —.058 to 32°=30.092. 

i 

fii.3 

50.9 

m s 

35 47 
59 24 

m b 
35 56 
59 50 

h m a 

2 35 51.5 

4 59 37 


j 51.1 

375.02 

, 

+ 0.54 

—0.84 

+ 12.30 

V. 

86071.28 

m 



Exp. R R. October 1. Graham making 86520.71 vibrations. 

Barorn. |® j-30.151, +.019 Capill.j — .080 to 32°=30.110. 

i 

31 

62.5 ' 

m s 

41 m 
48 sir 

-r- 

m 4 

u jo 

49 *2 

b a < 

9 41 36.4 

0 <9 09.5 

0.81 X 1.05=0.85 

0.21 x 1.05=0.22 

j 51.65 

37540 

+ 047 

, , 

-049 

+1E88 
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Exp. LL. Freriiimpuhe. B«r«m j^'J5j|30.13Sat55 o ; +.019C»piU.; — .069 to32° = 30.063. 


M „ n M _ Correc- E*duc* Reduo 

Are* of Vibration. T tioo |br to Jim* to 4 

p Arc. tem*53° Vacuum. 




+ 0.35+12.2] 186070.86 


Exp. M M. October 3. G ha ham making 80620.80 vibration*. 
Barom. { 29 S} 29,673 at 57 ** + 019 Ca P ifl * 5 ~ - 072 *° 32 °* ^MO. 



Exp. N N. Fresh impulse. Barom. {39 ^g} 29.649 at 56° j +.019 CapiU. } -.070to32°=29.598. 


54.55 | 373.5 1+0.50 j+0.68 1+12.01 186070.71 


8 51 9 01 2 8 56 0.84X1.05=0.88 

9 15 9 40 5 9 27*5 0.22 XI.05 a* 0.23 



Exp. OO. 

/ 29-8601 
Barom. 1 39.866 J 

October 4. Graham making 86520.89 vibrations. 

[29.868 at52° ; +.019 CapiU.} - .061 to 32° = 29,816. 



Exp. PP. Fresh impulse. Barom. j j 29.853 at 54° } +.019 Capill.j - .066 to 32° = 29.806. 


54.0 373.80+0.49 


h it) « 

2 10 42 
4 58 54.5 


Exp. Q Q. October 5. Guaoam making 86520.93 vibrations. 
Burom. { 2 ^ 472 } 29 471 at55°; +.019 Capffl.; - .068 to82” = 29.422. 
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JEXP. RR. Fmfc iapulte. Ba»». 28.488 »t53“4 j +J019 C^pUL , -X»G5 to 32“=29.44o' 

n 

i 

Time# of 

Arts ef Vibration. 

Meen 

Temp. 


Como, 
tkm for 
* Aww. ; 

Reduc" 
to meen 

mmiyKSf 

Reduc¬ 
tion to t 
VMttim. 

Vibnikme 
in VecotcoM 



CobeMence. 


54.4 

58.0 

m ■ 

SO 07 
11 30 

m e 

SO 17 
12 04 

fame 

2 50 12 

7 U 51.5 

0.80X1.05=0.04 

0.12X1.05=0.13 

1 33.7 

373.80 

-4-S-35 

+8JM> 

+ H.97 

86870.64 


Mr. Taylor’s memorandum of the computation of the rate of the dock by Graham. 

The rate of the dock by Graham has been determined by comparisons be¬ 
tween it and the Greenwich transit clock, made at intervals of twelve hours 
nearly £ the rate of the latter being determined by transits of the sun and of 

several stars, from which it appears that the transit clock’s rate was, 

» 

1829. September 29 evening to September 30 evening +0.06 

- 30 - to October 1 -- —0.14 

October 1- to- 2-—0.04 


These being employed with the following comparisons give the rate of the 


clock Graham: 

OftiKAK. 
h m 

September 30 morning 18 33 

- 30 evening 6 23 

October 1 morning 19 20 

- 1 evening 6 33 

- 2 morning 18 58 


TnmsJt Clock. Rate of CHuoak. 

h m a m a 


11 35 27-05 
23 26 14.10 

12 24 26.48 
23 38 20.45 
12 4 20.30 


}+2 0.70 

} 2 0.63 
l 2 0.79 
} 2 0.67 


The very near accordance of these results with their mean +2* 1 0 *. 71 , will 
seem to justify the nse of this quantity for the experiments of September 30 
and October 1. 


Daily rate of clock Graham, October 3 to 6. 

m s 

1829. October 3 noon to 4 noon +2 0.80 

- 4 -to 5- 2 6.89 

- 5 -to 6- 0.93 

(Signed) Thomas Gianville Taylor. 
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XXVI. On the Sources and Nature of the Powers on which the Circulation of 
the Blood depends . By A. P. W. Philip, M.D. KBS. L. 8fE. 


Read June 16 r 18 &J. 


It »» remarkable that, notwithstanding the great importance of the circulation 
in the animal economy, the length of time which has elapsed since* its discovery, 
and the constant attention it has obtained, there is hardly any department of 
physiology respecting which there appears to be greater uncertainty mad con¬ 
trariety of opinion than the sources and the nature of the powers on which this 
function depends. I propose in the following paper, by comparing the prin¬ 
cipal facts on the subject, and by such additional experiments as seem still to 
be required, to endeavour to determine these points. Much has lately been 
written and many experiments have been made with this view, and it has 
become customary to look for the causes which support the circulation to 
other sources beside the powers of the heart and blood-vessels. 

It has been supposed that what has been called the resilience of the lungs, 
that is, their tendency to collapse, by relieving the external surface of the heart 
from some part of the pressure of the atmosphere, is a principal means of 
causing it to be distended with blood, the whole weight of the atmosphere 
acting on its internal surface through the medium of the blood which is thus 
propelled from the veins into its cavities; and in this way it has been supposed 
that the motion of the blood through the whole of the venous part of the circu¬ 
lation is maintained. A similar effect has been ascribed to the act of inspi¬ 
ration, which it is evident must operate on the same principle; and this opinion 
has even been sanctioned by the Report of a Committee of the Royal Academy 
of Sciences of Paris *, and in this country by men whose authority is deservedly 
high; and the effect of these causes, it is asserted, is increased by the elastic 
power of the heart itself. 

♦ Report on Dr. Biait’i paper, by Baron Ovm* and Profeasor Duncan.. 

3 a 2 
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However successfully such opinions might be combated by removing on tbs 
data we already possess, as direct experiment is the most simple as well as 
decisive way of determining the question, as reasoning on physiological subjects 
has so often deceived, and the experiments may here be made on the newly 
dead animal, and consequently without suffering of any kind, I have thought 
it better that the point should be determined in this way, especially as it is by 
experiments, which at first view seem to countenance the foregoing opinions, 
that their supporters attempt to establish them, with the effect, as it appears 
to me, of withdrawing the attention from the powers on which the circulation 
actually depends, and introducing considerable confusion respecting a question 
so immediately connected with the phenomena and treatment of disease. 

With a view, therefore, to submit the foregoing opinions to this test, the 
following experiments were* made, in which Mr. Cutler was so good as to 
assist me. 

Exp.—A rabbit was killed in the usual way by a blow on the occiput, and the 
chest opened on both sides so as freely to admit the air. The lungs were then 
inflated eight or ten times in the minute by means of a pipe introduced into 
the trachea; the circulation was found to be vigorous. On laying bare one of 
the femoral arteries, it was observed to pulsate strongly; and on wounding it, 
tbe blood, of a florid colour, indicating that it had undergone the proper change 
in its circulation through the lungs, gushed out with great force; and on intro¬ 
ducing the hand into the thorax, the heart was found to be alternately distended 
and contracted as in the healthy circulation. 

Exp. —All the vessels attached to the heart in the newly dead rabbit being 
divided, and the heart removed, it was allowed to empty itself. Its contrac¬ 
tions continued to recur, and in their intervals it assumed a perfectly flat shape, 
proving that the elasticity of the heart in this animal is so small that it cannot 
even maintain the least cavity after the blood is discharged. 

, It appears from these experiments that the circulation was vigorous when 
none of the causes to which the motion of the blood in the veins have been 
ascribed existed. In the first experiment the chest being freely opened on 
both sides, so that the play of the lungs on inflating them could be seen, all 
affect on tbe heart either of the resilience of the lungs or the act of inspiration, 
was evidently prevented; and in the second, it was proved that no sensible 
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elasticity of the heart edited ; yet while artificial respiration was performed 
we could perceive no abatement in the vigour of the circulation, i v 

It Is to be observed, that all these means can act only in one way inpro- 
meting the circulation, namely, by giving to the heart the power of suctioal 
that is, by producing a tendency to vacuum in its cavities; in Consequende 
of which the pressure of the atmosphere propels the blood from the veins into 
them, that of the arteries being prevented from returning to the heart by the 
valves at their origins. But all, as far as 1 know, who have either made experi¬ 
ments with a view to prove the supposed effect of these means on the circulation, 
or who have sanctioned the inferences from such experiments, have overlooked 
the circumstance that the veins being tubes of so pliable a nature that when 
empty tliey collapse by their own weight, whatever may be said of the effect of 
such causes in favouring a horizontal or descending motion of the blood, it is 
impossible that an ascending motion could be produced in them on the prin¬ 
ciple of suction. As far as the heart may possess any such power, its tendency 
must be to cause the vessel to collapse, not to raise the fluid it contains. 

That the resilience of the lungs as far as they possess this property, and the 
act of inspiration, tend to dilate the heart and large vessels within the chest, is 
evident; but the former is very trifling, if it exist at all, except as far as it 
depends on the mere weight of the lungs; and the latter in common breathing 
is little more efficient, although the effect of respiration on the brain, when any 
part of the cranium is removed, sufficiently attests that it has a certain effect. 
When the breathing is so laborious as essentially to influence the circulation. 
It evidently tends to derange the regular flow of the blood towards the heart. 
Inspiration of course acting interruptedly; whereas it is only necessary to 
inspect the chest of any of the more perfect animals immediately after death, 
and while artificial respiration is being performed, provided death has not 
been caused by great loss of blood, or an extreme and instantaneous impression 
on the nervous system, to see that the blood flows uniformly towards the heart 
with no Interruption but that which the contraction of the heart Itself occasions. 

The elasticity of the heart is greater in some animals than in the rabbit; hut 
ft 14 hi all cases very inconsiderable The heart of! the tortoise is the most 
chwtic I have examined; yet even it may be compressed during its diastole by 
a force not sensiblygreater than Is sufficient to compress other musclesina 
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state of relaxation. Besides, the auricles possess little or, noelasticity; and 
whatever the elasticity of the ventricles may be, it can have no effect on the 
blood in tiie veins, because they receive their blood from the auricles which 
are contracting during the diastole of the ventricles. To tbese statemeuti it 
may be added, that in many of the inferior animals the foregoing supposed 
causes of the venous part of the circulation evidently have no existence, and 
that, with the exception of the elasticity of the heart, they have no existence in 
the fetal state in any. 

, We have just seen from direct experiment, that the circulation of the blood 
goes on as usual when all these causes have wholly ceased to operate. 

Kl J shall now take a rapid view of the facts which, as far as I am capable of 
judging, leave no room of doubt respecting the sources of the power On which 
this function depends. 

It is so evident to those in the least acquainted with the animal economy 
that the contractile power of the heart is one of the chief of these sources, that 
it would be superfluous to enumerate the proofs of it; yet even this position has 
been denied, and that by a writer of no mean abilities. The opposite error, 
however, is the more common; and not a few have ascribed, and even still do 
ascribe, the motion of the blood throughout the whole course of circulation to 
the contractile power of the heart alone, although it would not be difficult to 
prove that to drive the blood through one set of capillary vessels, and still more 
through two or three sets of such vessels,—for in man himself, in one important 
part of the circulation, it is carried through two; and in some animals through 
three, sets of capillaries before it returns to the heart,—I say it would not be 
difficult to prove that to drive it through one set of capillaries, at the rate at 
which the blood is known to move, would require a force capable of bursting 
any of the vessels. But here, as in the former instance, it is better to appeal 
to the evidence of direct facts than to any train of reasoning; and there is no 
want of such facts to determine the point before us, some of which I formerly 
had the honour to lay before the Society, and others are stated in my Treatise 
on the Vital Functions. The most decisive is, that the motion of the Mood in 
the oafillaries continues long after the heart has ceased to beat and the animal 
in the,common acceptation of the term is dead, even in the warm-blooded 
ankil, for an hour and a half or two hours, and it is not for some time sen- 
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sibly affected by the hearts ceasing to beat; nor does this arise from some 
imperceptible impulse still given by the heart, because when ail the vessels 
attachedto this organ are secured by a ligature and the heart cut out, the 
result is the same. 

That the circulation in the capillary vessels is independent of the heart, may 
be shown by various other means. On viewing the motion of the blood in 
them, with the assistance of the microscope, it may generally be observed that 
it is moving with different degrees of velocity in the different vessels of the 
part we are viewing, frequently more than twice as rapidly in some than in 
others. Were the motion derived from a common source, this could not he 
the case* It is impossible, in the motion of the blood in the capillaries, in the 
least degree to perceive the impulse given by the beating of the heart, which 
causes the blood in the arteries to move more or less per saltum, the motion of 
the blood in the former being uniform as long as they retain their vigour, and 
the necessary supply of blood is afforded from the larger vessels. I have found 
by experiments very frequently repeated*, that the motion of the blood may 
be accelerated or retarded in the capillaries by stimulants or sedatives, acting 
not through the medium of the heart, but on these vessels themselves. Nay, 
so little effect has the action of the heart on the motion of the blood in the 
capillaries, that I have found that when the power of the capillaries of a part 
is suddenly destroyed by the direct application of opium to them, the motion 
of the blood in them instantly ceases, although the vigour of the heart and 
that of every other part of the sanguiferous system is entire 

If the circulation in the capillaries be thus independent of the heart, it is 
evident that the influence of that organ cannot extend to the veins. On com¬ 
paring the whole of the foregoing circumstances, is it not a necessary infer-* 
eace that the motion of the blood in the veins, like that in the capillaries, de¬ 
pends on the power of these vessels themselves ? But that we may not trust 
to any train of reasoning, where it is possible to have recourse to direct proof, 

I made the following experiment, with the assistance of Mr. Cutler. 

Ex*.—In the newly dead rabbit, in which the circulation was maintained by 
artificial respiration, the jugular vein was laid bare for about an inch and m 
half; a ligature was theft passed behind the part of the vessel nearest to the 

^ ♦ MyTr«iW<m ih«Vf^ f Ibid. 
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head, and the animal was so placed that the vein was brought into the per¬ 
pendicular position, the head of the animal being undermost, so that it was 
necessary for the vein, in conveying the blood to the heart, to convey it per* 
pendicularly against its gravity. The ligature, which was placed at what was 
now the lowest part of the exposed portion of the vein, was suddenly tightened, 
while Mr. Cutler and myself observed the vessel. The blood in the part of 
the vein between the ligature and the heart was instantly and completely ex¬ 
pelled, as the transparency of the vessel enabled us to perceive. The vessel 
itself wholly collapsed, proving that all its blood had entered the heart, so that 
to a superficial view there seemed to be no vessel in the part where a large 
dark-coloured vein had just before appeared. In the mean time, on the other 
side of the ligature, the vein had become gorged with blood. 

In the foregoing experiment we see the blood rising rapidly against its 
gravity, where all causes external to the vessel on which the venous part of 
the circulation has been supposed to depend, had ceased to exist, and the vis 
k tergo was wholly destroyed by the ligature. 

By a similar experiment, the power of the arteries in propelling the blood 
may also be demonstrated. 

Exp. —In a newly dead rabbit, the circulation being supported by artificial 
breathing, the carotid artery was laid bare for about an inch and a half. The 
animal was so placed as to keep the vessel in the perpendicular position, the 
head being now uppermost. A ligature was passed behind that part of the 
vessel which was next the heart, and Mr. Cutler and myself observed the 
vessel at the moment the ligature was tightened. The artery of course did 
not collapse as the vein had done in the preceding experiment; but the blood 
was propelled along the vessel, so that it no longer appeared distended with it. 
It was at once evident, from the change of appearance in the vessel, that the 
greater part of the blood had passed on in a direction perpendicularly opposed 
to its gravity. It is worthy of remark, that the blood of the artery was pro¬ 
pelled neither so rapidly nor so completely as that of the vein, the cause of 
which will be evident in the observations I am about to make on the nature 
of the function and powers of these vessels. 

When the whole of the preceding facts are considered, it will, I think, be 
admitted that the circulation is performed by the combined power of the heart 



THE CIRCULATION OF THE BLOOD DEPENDS. 


495 


and blood-vessels themselves, and that no auxiliary power is necessary for its 
perfect performance. Here, as in other cases, the more we study the opera¬ 
tions of nature, the more direct and simple we find them. The resilient power 
of the lungs and elasticity of the ventricles of the heart, as far as they exist, 
favour the free entrance of the blood into these cavities, an office adapted to the 
feebleness of such powers, which, in many animals we have seen, have no exist¬ 
ence. Their operation is similar, but probably much inferior, to the elastic power 
of the arteries, by which the ingress of the blood suddenly impelled into them by 
the systole of the heart, is rendered more free than it would have been had these 
vessels tended to collapse in the intervals of its contractions. Had the blood 
flowed into them in a continued stream, and been carried through them by their 
own powers alone, their elasticity would evidently have impeded, not pro¬ 
moted, the circulation through them. Thus the veins, where these conditions 
obtain, are so pliable that they collapse by their own weight, and hence it 
was that in the preceding experiments the vein carried on its blood so much 
more rapidly and completely than the artery, which felt the want of the 
impulse it receives from the heart, that at once assists in propelling its blood, 
and through the blood stimulates the vessel itself. The action of the vein 
was perfect; it possessed all its usual powers, which reside in itself alone. 

It only remains for ns to inquire into the nature of the power by which the 
heart and blood-vessels maintain the circulation. Respecting the nature of 
the power of the heart there cannot be two opinions. It is evidently a mus¬ 
cular power. The structure of its parietes is similar to that of other muscles, 
and they obey all the usual laws of the muscular fibre. 

Is the power of the vessels of the same nature ? This is a question which 
has frequently been discussed. The chief arguments which have been ad¬ 
duced in favour of the affirmative are, the nature of their function ; the fibrous 
appearance observed in some of the vessels, which is more evident in some 
other animals than in roan; and the minuteness of most of the vessels, which, 
if they are muscular, accounts for the difficulty with which the muscular 
structure is detected in them. The chief arguments against the muscularity 
of the vessels have been, that they could not be made to obey an artificial 
stimulus in the way that the heart and other muscles are found to do, and that 
their chemical analysis gives no evidence of fibrin. Of the latter of these ob- 

3s 
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jections Dr. Yot rm observes, that a part may be ^ it does 

not contain fibrin, and refers in support of this opinion to the crystalline tans. 
The former of these objections no longer exists, the vessels having been found 
to obey both stimulants and sedatives as readily as parts more evidently mus¬ 
cular. It appears from many experiments related in my Treatise on the Vital 
Functions, that the action of the capillary vessels is as easily influenced both 
by stimulants and sedatives as the heart itself; and although the larger vessels 
are not so easily excited artificially as the heart and muscles of voluntary 
motion, yet several physiologists have succeeded mounting them both by 
mechanical and chemical agents. But there is another argument in tavour of 
the muscularity of the vessels, which, I thtad^^uay be regarded as ho less 
powe rf ul. I endeavoured, in papers whk^WmM'Wm honour to present to the 
Society, and which appeared in the Philosophical Transactions for 1815, to 
ascertain the relation which the heart bears to the nervous system, which is 
* different from that of the muscles of voluntary motion. It appears from the 
tacts there adduced, that this organ is not only independent of that system, 
although capable of being influenced through it either by means of stimu¬ 
lants or sedatives, and that even to the instantaneous destruction of its power; 
but that it equally obeys either set of agents, whether applied to the brain or 
spinal marrow; while the muscles of voluntary motion obey no stimulus acting 
through the nervous system, unless it be applied to their nerves themselves or to 
the particular partB of that system from which their nerves arise. I found from 
repeated experiments that the vessels bear the same relation to the nervous 
system as the heart does, their power bring independent of this system, but 
equally with the heart capable of being influenced by either stimulants or 
sedatives applied either to the brain or spinal marrow, and that even to the 
instantaneous destruction of their power. They in all respects bear the same 
relation to the nervons system with the heart, which affords the strongest 
argument for believing that their power is of the same nature *. ^ 

From the various tacts stated or referred to in the foregoing paper, the fol¬ 
lowing inferences appear to be unavoidable ;~Tbat the circulation is main- 
taiaed by the combined power of the heart and blood-vessels; and that the 
power of both >4$ a muscular power. 

* My Treatise on the Vital Functions. 
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XXVII. On the Influence of Screens in arresting the Progress of Magnetic 
Action. By William Snow Harris, Esq. F.R.S. 

i , 

%»d. Jam H, 1831. 

* t 

* 

1. WHILST tome exjperimen^w^4 4MI plate of iron, era* 

ployed as a intercept a madu^'the following curious 

fact preheated itselllto Although the single plate of iron, which 

was about the Ath ofcmln^^PSiiokaeae, wry effectually screened the action 
of a revolving magnet on a disc of copper, the ina|tiiet TOd distrimng placed 
at a certain distance from each other; yet the same effect did not follow when 
the disc acted on by the magnet was also of iron: in the latter case it was 
found requisite to increase the quantity of intervening iron very considerably* 
This was done by piling several plates similar to the first, one on the other, by 
which the quantity of iron requisite to intercept completely the action of the 
magnet could be in some measure estimated. 

From this I have been led to some new inquiries concerning the screen¬ 
ing influence of substances generally,-which, I trust, may possess some claim 
to the consideration of persons engaged in scientific pursuits. I have there¬ 
fore to beg the favour cl beilg allowed to lay them before the Eoyal Society. 

2. Having carefully repeated t|ie. expferiraents from which the result just 
mentioned was obtained, I subsequently endeavoured to determine if the 
screening influence of the iron plates depended actually on the mass, or was 
otherwise confined to the plates immediately on the surface. With this view 
the interior ones were removed, and a ring of wood equal In thickness sub¬ 
stituted in their place*, die position of the upper and under plate therefore 
remained unchanged. 

In this instance, however, the magnetic action was no longer effectually 
intercepted, nor could it he completely shut out, except fay restoring all the 
interior plates as before i that is to say, two plates above and two below were 
insufficient, and so on. 
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3. From this circumstance, it seemed not unreasonable to infer, as was sub* 
sequently proved by the fact, that a screening power might possibly be ob¬ 
tained in a similar way, by means of substances not containing iron, provided 
such substances were employed in large masses, and were in any degree sus¬ 
ceptible of a transient magnetic state; notwithstanding that from the few 
experiments hitherto tried, it was rather to be inferred that such substances 
were deficient in this peculiar property*. 

4. After a few unsuccessful attempts, I succeeded in making the screening 
power of several substances, not supposed to contain iron, very evident; the 
mechanical arrangements resorted to for the purpose were similar to those 
already described in my paper on the transient magnetic state, of which sub¬ 
stances are susceptible, and which has been honoured by a place in the Royal 
Society’s Transactions; it will be unnecessary therefore to describe them 
again; they will however be easily understood in the detail of the following 
experiments. 

(a). A circular magnetic disc m, Plate XIII., fig. 1, being delicately balanced 
on a fine central point, by means of a rim of lead, was put into a state of rota¬ 
tion, on a small agate cup, at the rate of 600 revolutions in a minute; and a 
light ring of tinned iron k also finely balanced on a central pivot, placed 
immediately over it, at about four inches distance, by means of a thin plate of 
glass G. 

The glass plate was supported on two sliding bars, and stands F F, by 
which it could be set to any required height; it was also furnished with four 
levelling screws, passing through two clamps of wood in which the extre¬ 
mities of the plate were fixed, so as to be further adjusted with the required 
precision: when the iron began to move slowly on its pivot, by the influence 
of the magnet revolving below, a large mass of copper C, about three inches 
thick, and consisting of plates a foot square, was carefully interposed; it being 
sustained on a convenient carriage r r, moveable on a rail-way R R, in order 
to be easily transferred without deranging the subject of experiment. 

5. The copper thus interposed soon diminished sensibly the motion of the 
disc kf and at length arrested it altogether: on again withdrawing the copper, 

* See Transactions of the Royal Society for the Year 1825. p. 460. 
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the motion of the disc was restored, and this effect could be obtained as often 
as required. 

In this experiment both the magnet and disc were very completely inclosed 
by glass shades adapted to the nature of the experiment, and were also sup¬ 
ported on a firmly fixed base. 

(b) . When a mass of silver or zinc of about the same dimensions was substi¬ 
tuted for the copper, a similar result ensued; the motion of the disc was com¬ 
pletely arrested by the screening power of the intervening mass. 

(c) . The screening property evinced by these substances depended, as in the 
foregoing experiment with the iron plates (2), on the whole mass interposed, as 
subsequently appeared by removing the interior laminae, in which case the 
motion of the disc was no longer impeded. 

6. It may therefore be reasonably inferred that this power of intercepting 
magnetic action is more or less common to every class of substance, and that 
to render it sensible it is only requisite to employ different bodies in masses 
bearing some direct ratio to their respective magnetic energies. 

(d) . Thus in substituting a similar mass of lead in the above-mentioned ex¬ 
periments a b 9 the motion of the disc k could not be completely checked, 
and it was subsequently found requisite to increase the quantity of the inter¬ 
vening mass very considerably before the screening effect became sensible to 
any great extent; the magnetic energy of lead being so much less than that of 
copper. 

7. The screening influence of substances is best shown by employing a 
powerful magnet, and by placing the disc k just within the limit of the action ; 
thus a sufficient mass may be interposed, and the screening effect made very 
evident. To exemplify the influence of distilled water in this way at about 32° 
of Fahrenheit’s scale, I am led to believe it would be requisite to obtain a 
slight action on the disc, at a distance of rather more than thirty feet, so as to 
interpose, about the same thickness of ice. 

8. This curious property seems to be intimately connected with a principle, 
which may be termed a neutralization of force; by which the magnetic action 
is, as it were controulled, as in the following experiment. 

(e) . A circular magnetic disc m , Fig. 2, being put into a state of rapid 
rotation, a light ring of copper k movable on a fine centre was placed imme- 
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di&telyover it as in Fig. 1, on a thin plate of glass gg, and at such a distance 
as to be just within the limit of the action; when the copper disc began to move 
slowly mt its pivot, amass ofiron » about half an inch thick was carefully 
raised immediately under the revolving magnet, by means of a nut w aad 
screw «' affixed to the block s on which the Whole was sustained ;when the 
iron i was near the under surface of the magnet, the action on the disc above 
began to diminish, so that the motion of the disc was finally checked alto* 
gether: by depressing the mass of iron i the motion of the disc was again 
restored, and this result could be obtained as often as required. 

9. It does not therefore appear essential to place the iron t immediately be* 
tween the magnet and disc in order to screen the action of the former; since 
the same effect is produced when the iron ^placed immediately beneath the 
magnet. 

10. This subject of screens seems to possess great scientific interest, and if 
fully investigated is not unlikely to bring us further acquainted with one of 
those wonderful agencies, on which the phenomenon of attraction may be sup* 
posed to depend, the more complete elucidation of which is of the utmost con¬ 
sequence in the present state of physical science. 

Plymouth, April 3, 1831. 
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1. IT may not be unfavourable to of the interesting 

subject of screens, treated of in my last paper, and which I had the honour of 
laying before the Royal Society, to give a shbrt account of some subsequent 



secured on a convenient frame and stand, and the axils of the beam, as in many 
similar cases, is formed of a fine sewing-needle; it was passed in this ease 
through the 'opposite angles, directly at the centre. From the extremity of 
one of the arms is suspended a small cylindrical piece of iron, about an 
inch and a half long and ope fifth of an inch diameter, which is counterpoised 
by an equivalent weight, placed in a small pan suspended from the other; 
the method of suspension is by light hooks and rings, so as to obtain every 
possible degree of motion. The under part of the centre of the beam carries 
an index of about afoot in length, constructed of short pieces of straw, which, 
being tubular, are easily secured at their extremities one Within the other; an 
index thus formed is very straight and true. % means of Ibis index and a 
graduated arc the slightest motion of the beam m apparent. 

St The beam mid index may be so managed, that for a short distance the de¬ 
viations from the horizontal position, with equal mid very small weights placed 
in the pan, will correspond to equal divisions on the are, or very nearly so. 
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4. To regulate the distance between a magnet or other bodies, and the sus¬ 
pended iron, when placed immediately under the latter, either vertically or 
horizontally, I employed a simple screw and nut, attached to a brass frame simi¬ 
lar to that shown in Fig. 2: thus any required altitude could be obtained, 
the distance between the magnet and the suspended iron being estimated by 
a graduated scale resting on the magnet. 

5. Wherever magnetic attraction is exerted between two bodies, it seems to 
be accompanied by a sort of neutralization of the same force in respect of a 
third substance. 

(a) . Thus if the magnet A, Fig. 1, be attracting the suspended iron b, the 
vicinity of a mass of iron C will diminish the apparent force of A upon h : if, 
therefore, when the force of A upon b is exerted so as just to depress the beam, 
the force being measured by the inclination of the index (3), we place a mass 
of iron C close to A, the beam will immediately tend to recover its previous 
position. 

(b) . This power of the iron C to controul the attractive force of the magnet 
upon b 9 seems only to extend to a given point within the magnet, the distance 
between the magnet and iron remaining the same; for if the small iron b be 
suspended over a point at some distance from the extremity, as at w, then the 
action of C will not be felt at that point w, except by decreasing the distance 
between the iron and magnet, or otherwise by increasing the neutralizing 
power of the iron C. 

6. That this depends on a sort of action which is not inappropriately termed 
a neutralization of force, in regard to the suspended iron by is evident from the 
following experiments. 

(c) . The mass of iron C may be placed immediately below A, as in Fig. 3, the 
effect will be the most apparent when the thickness of A is not considerable; 
but if the magnet A be very thick, then the neutralizing effect of C is not so 
evident, on account of the intervening mass of which the magnet is composed, 
as also on account of the iron C being kept as it were at a greater distance 
from the immediate surface of attraction. 

(d) . Conversely, the mass of iron C may be placed above, immediately be¬ 
tween b and A as in Fig. 4; but in this case we have to take into account the 
inductive effect on C, by which it becomes itself a temporary magnet, and con- 
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sequently takes on an attractive power; the experiment should therefore be 
so managed as to have the distance between C and b such, that whilst by the 
intervention of C the action of A is neutralized, its induced magnetic state 
does not become sensible upon b at that distance; this will be always very 
evident when C is of some considerable thickness, and the previous distance of 
A and b taken just within the limit of the attraction. 

7. In this case C is said to screen or stop out the attraction of A upon b, and 
this probably explains the way in which screens operate in impeding the mag¬ 
netic influence. It seems therefore not unreasonable to infer, that substances, 
possessing the greatest inductive energy, are at the same time the most power¬ 
ful neutralizers. Hence in employing various bodies as screens, those are the 
most efficient which are susceptible of the greatest transient magnetic state: 

' thus zinc is more efficient than lead; copper more efficient than zinc; silver 
than copper, and iron the most efficient of any. 

8. As the distance within the magnet, to which the neutralizing force can 
extend, must necessarily depend on the magnetic energy of the substance 
employed, it would be difficult with non-ferruginous bodies to controul any 
very sensible portion of the action of a magnet by placing them at its ex¬ 
tremity, Fig. 1, or beneath it, Fig. 3, except in the latter case we suppose the 
magnet to be extremely thin; but by intervening a considerable mass, Fig. 4, 
immediately between the magnet and the substance acted on, we operate 
directly on the contiguous attracting surface of the bar, and thus the neutral¬ 
izing effect at length becomes sensible. 

9. The attractive force exerted between a magnet and a mass of iron is in 
the direct ratio of this neutralizing power of the iron; the distance between 
the magnet and the iron being the same. 

(e). Let a magnet A, Fig. 5, of about ten inches in length, and three eighths 
of an inch square, be placed at some convenient distance, immediately under 
the suspended iron b y and the observed force carefully counterpoised by small 
weights placed in the opposite pan at p, so as to bring the index of the beam. 
Fig. 1, to zero of the graduated arc; then the neutralizing power of a few small 
pieces of very soft iron, w, x, z, about the same diameter as the magnet, 
and varying from a quarter of an inch to two inches in length, may be easily 
estimated on the graduated arc, Fig. 1, by bringing each piece successively in 

mdcccxxxi. 3 T 
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contact, or very nearly so, with the extremity of the magnet a (3). Let these 
small iron Cylinders be now substituted in succession for the suspended iron b % 
and being first nicely counterpoised, let the attractive forces be determined 
at a constant distance from the magnet A by means of the graduated scale*; 
then these respective forces will be found to be very nearly in the same ratio 
as the previous powers of neutralization: in a great variety of cases they were 
found to be exactly in the same ratio. 

(/). Where the neutralizing power is equal, there the attractive force is also 
equal; thus the neutralizing power, with a given magnet, not being greater in 
a cylindrical mass of iron of two inches in length than in one of an inch and 
half in length, no difference was subsequently found in the respective forces 
of attraction. 

10. The foregoing illustrations seem to throw some light on the manner in 
which magnetic action may be supposed to pervade bodies. 

(g). Having assigned any given distance, A b. Fig. 6, through which we know 
the influence of a magnet A can extend as estimated by some sensible measure b , 
then in interposing a third substance C in the space A b , the latter may receive 
a temporary magnetic state in two ways, either by the immediate action of the 
magnet A upon every particle of C, or otherwise by the propagation of mag¬ 
netism from particle to particle, or by both: now these operations seem to be 
in some inverse ratio of each other; thus when the induced magnetic energy 
in C is considerable, the influence of the magnet A is more or less arrested by 
the laminae first acted on, which operate as screens on the succeeding ones ; 
so that the magnetic development after a certain distance proceeds entirely by 
propagation from one particle to another, until it is finally as it were expended; 
and a body b which was before attracted at the distance A b will at the same 
distance now remain at rest c. Such is the case in interposing a screen of iron 
between a revolving magnet and a metallic disc; but if the body € be low in 
the scale of magnetic energy, then the induced magnetic state is so weak that 
little or no screening influence is exerted between its particles, and the body 
b may be attracted as before: hence each particle of C will owe its magnetic 
development to the direct operation of the exciting magnet; and it is only by 
the successive action of a great number of particles that we at length neutralize 
or cut off the magnetic force by means of such a substance employed as a 
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screen: it therefore follows in this instance, that whilst an inconsiderable 
portion of the magnetic action is neutralized, a considerable mass of the screen 
is pervaded; at the same time a very thin stratum only of the magnet is pene¬ 
trated b (8). 

11. The diminished influence of a magnet on a metallic disc, observed to 
ensue on intersecting the surface of the disc by radiating grooves varying in 
depth *, may possibly depend on the above-mentioned circumstance (10); for 
in this case we actually take away a portion of the substance in which the 
magnetic development takes place, and thus diminish the force. I wish, how¬ 
ever, to be understood as speaking with some degree of reserve on this point, 
although the conclusion is by no means unwarranted, as in the following 
experiment. 

(k). The number of vibrations of a delicately suspended bar in a given arc 
taken in vacuo, in two similar rings of copper of equal weights and quality as 
nearly as may be, did not materially differ, although one of the rings was 
made up of separate concentric laminae, the other being a perfectly solid mass; 
whereas the removal of a very thin, lamina externally from the former caused 
a very decided change in the number of the vibrations of the bar *f\ 

12. The preceding inquiries appear calculated to modify in some measure 
our views concerning the operation of a magnet, which by experiment (e) is 
rather the patient than the agent in the production of the observed effects : it 
cannot therefore be considered as a purely active force, much less can it be 
viewed as a substance, from which emanations of an unknown subtile fluid 
are constantly proceeding; for it may be shown, Exp. (c), that a magnetic 
lamina of steel, supposed without sensible thickness, cannot act at the same 
time on two masses of iron, in every respect alike, when placed between them, 
and at an equal distance from each; as in this case we should have an annihi¬ 
lation of power as regards the magnet: hence each mass of iron, if at the same 
time drawn by some other force, and free to move, would drop away from the 
magnetized steel in opposite directions. If therefore the attractive energy of 
a magnet be supposed to arise out of any subtle principle emanating from it, 

• Philosophical Transactions for 1825, p.481. 

f These vibrations were determined in the way described in the Royal Society’s Transactions for 
1831, Parti., p. 76 . 
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such emanations cannot pass off in opposite directions at the same instant: 
now there is no sufficient reason why they should pass rather in one direction 
than another, and it therefore remains that an hypothesis which supposes them 
to pass in either, is quite unwarranted. The arrangement assumed by fine 
particles of iron, sifted on paper immediately over a magnet, arises out of the 
circumstance that the bar has generally a very sensible thickness; whilst the 
small particles of iron cannot operate beyond a certain distance a , b> c, 
and this equally applies to other cases in which the opposite sides of a magnet 
appear to attract at the same time. Moreover, the superficial boundaries of a 
magnet may be considered as so many distinct magnetic laminae of uncertain 
thickness, as is evident from the circumstance, that the magnetic centre and 
poles of one surface of a bar very frequently fall in a different way from those 
of another surface according to the trifling variations in the progress of mag¬ 
netizing ; and sometimes all the surfaces differ in this respect in the same bar, 
that is to say, the centre and poles do not correspond to the same relative 
points on any two sides. 

13. The wonderful phenomenon of magnetic attraction then is evidently 
the result of an impression first made on the magnet e, since with different 
masses of iron the attractive force at the same distance is unequal e: hence a 
magnet must be considered as a body in a peculiar state or condition, by which 
it may be caused to exhibit given powers or capabilities in consequence of 
external excitation. 

15. It is always difficult in inquiries of this nature to employ terms which 
shall seem altogether without objection. I trust therefore that those resorted 
to in the course of this paper, will be taken only in the arbitrary sense in 
which they have been used, and not as having any necessary connection with 
a particular set of opinions; thus the expressions neutralizing force, magnetic 
development, magnetic excitation; and so on, must be taken merely as arbi¬ 
trary terms, employed of necessity to facilitate the progress of inquiry, and to 
render its description as intelligible as possible, according to the general and 
unembarrassed acceptation of such terms. 
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29.830 

403 

29.875 

40.8 

30.197 

88.8 

30301 

40.0 

30392 

863 

30380 

37.0 

30384 

33.6 

30.499 

353 

30.254 

343 

30.114 

363 

29.897 

38.9 

29.892 

39.8 

30.082 

36.7 

30.051 

37.8 

30.080 

38.2 

30.041 

39.0 

30.120 

883 

30.128 

393 

80.172 

413 

30.130 

41.9 

29.989 

893 

29.893 

383 

29.817 I 

37.7 

29.771 

87.7 

29.605 

39.4 

29365 

10.6 

29352 

403 

29.554 

41.9 

29.652 

43.6 

29.625 

45.0 

29.411 

44.6 

29373 

453 

29.131 

453 

29.091 

47.0 

29318 

483 

| 29301 

49.2 

29325 

49.0 

| 29.385 

49.2 

29.488 

42.7 

29.502 

413 

29.802 

38.8 

29.881 

393 

30.085 

343 

30.132 

35.8 

29.939 

33.6 

29322 

36.0 

29.650 

37.6 

29.656 

38.4 

29.874 

363 

29.857 

37.0 

29.833 

34.6 

29.834 

36.1 

29.727 

33.7 

29.623 

363 

Mean 

Mean 

Mean 

Mean 

29.850 

39.2 

29.818 

40.3 


lactama! Theanouetor. 


Fatembrft. 

9 AM. I 3 P.M. 


34.6 42.3 

38.2 393 

38.4 39.8 

373 373 

87.7 393 

333 383 

31.0 32.4 

273 33.8 

31.7 38.9 

40.9 40.8 

33.7 35.2 

37.7 38.7 

34.7 38.2 

39.4 383 

32.6 32.4 

323 33.7 

40.7 433 

38.7 43.2 

453 46.6 

423 43.6 

42.6 47.8 

47.7 48.5 

47-3 443 

35.7 35-5 

33.5 34.2 

28.7 32.6 

29.7 38.8 

33.0 35.0 

32.5 33.5 

30.0 32.3 

30.5 33.8 


Se&regirtering. jj 

---„ 

Lowest. Higbart. 


313 423 

33.1 39.7 

32.8 30.8 

36.4 373 

363 39.2 

333 383 

293 33.7 

243 33.8 

26.0 413 

30.4 40.8 

32.6 363 

32.7 38.7 

333 38.3 

38.7 383 

31.4 32.6 

313 39.6 

31.6 433 

36.6 443 

37.7 46.6 

39.7 43.6 

403 47.8 

41.7 483 

45.7 46.7 ( 

33.1 353 ( 

30.4 343 

24.7 32.6 

25.3 38.8 

28.7 35.0 C 

30.7 333 ( 

263 323 



I and clear. 

Fair—lightly cloudy. 

Overcast. 

Foggy—tight wind. 

Foggy, 

Fine and cloudless—haiy. 

Foggy—light wind. 

f P.M. Hoar froat—haay. P.M. Fine 
l —light cloud*. 

Foggy. 

Overcart—light wind and fog. 
lightly cloudy and foggy. 

Foggy—light wind. 

Foggy—light’wind. 

Foggy—tight wind. 

Foggy—light wind. 

Overcart—light fog. 

Foggy—light rain and wind. 

Foggy—light rain. 

Foggy—light wind. 

Foggy—light rain and wind. 

Foggy—light rain and wind. 

Foggy—light rain, 
light rain ami fog. 

r A.M. Snow. P.M. Light cloud* and 
1 wind. 

Light cloud* and wind. 

Fine and cloudless. 

Overcart—light rain and wind. 

/ Fine and cloudless—light haxe and 
l wind. 

Overcast—light wind 
Lightly cloudy. 


MonthlyMean of the Barometer, corrected for Capillarity and reduced to 32° Fahr. 


OBSEHVANDA. 

Height of the Ciatem of the Barometer above a Fixed Mark on Waterloo Bridge... =*83 feet 2| in. 

. above the mean level of the Sea (presumed about). =95 feet. 

The External Thermometer is 2 feet higher than the Barometer Cistern. 

Height of the Receiver of the Rain Gauge above the Court of Somerset House . **79 feet 0 in. 

The hours of observation are of Mean Time, die day beginning at Midnight. 

The Thermometers are graduated by Falirenheit’s Scale. 

The Barometer is divided into inches and decimals. 
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33.4 29.047 

35.3 29.126 

34J 29.235 

41.3 29.204 

40.4 29.782 

37.6 29.775 

40.7 29.612 

46.5 29.918 

51.3 30.054 

53.4 30.231 

53.7 30.274 

53.7 30.289 

52.8 30.193 
5 U 30.229 

48.7 29.984 

49.7 29.956 

48.7 30.085 

46.7 30.176 

45.0 30.030 

45.3 29.958 j 

41.4 30.045 j 

42.3 30.145 i 

4U 30.354 

43.7 30.079 

46.7 29.780 

46.6 29.227 

45.2 29.220 

44.7 29.576 

Mean Mean 
-45.1 29.842 


35.7 ESE A.M, Snow. P.M. Fine-light cloud*. 

38.7 0.175 SSE Overcast Light rain and snow P.M. 

41,4 S Overcast. Light rain P.M. 

42.3 0.250 E Ovorcait. Foggy A.M. 

38.7 0.072 W { A . i*y 0 —'• P1L rta - J VM 

44.4 SSE Lightly overcast. 

51.7 0.325 SSW Cloudy—light wind, 

54.3 S {** hi wlnd and to *‘ 

tjyg SSW £ Lightlv cloudy—light wind. P.M. Fine 

67.7 S Light clouds and wind. 

55.7 SSW Fine—light clouds. 


! 47.7 


0.025 

W 

Fine—lightly cloudy and foggy. 

0.017 

SSE 

Overcast—light fog. Rain P.M. 

0.011 

WSW 

Lightly cloudy. 


ESE 

t A.M. Overcast—light fog. P.M. Fine 
t and cloudless. 

0.028 

WSW 

i Fine—light clouds. AtS^P.M. Heavy 
it rain with hail. 

0.097 

NW 

Lightly cloudy—light wind. 

0.014 

W 

Lightlv cloudy—light wind and fog. 


W 

f A.M. Foggy. P M, Fine—light cloud* 
t and wind. Rain. 

0.069 

NNW 

Lightly cloudy and foggy—light wind. 


NNW 

Lightly overcast—light wind. 

0.017 

SSW 

| Overeat.—P M. Light rain and wind. 


NNW 

Overcast. 


W 

j Foggy. 


w 

jf A.M. Foggy. P.M. Fine—light clouds 
! 1 and wind. 

0.039 

WSW 

j Fine—light cloud*. Showery. 

0.125 

o 

Jf A.M. Rain. P.M. Fine and clear— 

‘ 1 brisk wind. 

o 

0.181 

WSW 

i Fine and dear—light hare. 


Mean Mean Mean Mean Mean Mean Sum 

47-3 41.4 42.8 46.0 38.5 47.2 1.415 


Monthly Mean of the Barometer, corrected for Capillarity and reduced to 32° Fahr. j29^802 


OBSERVANDA. 


Height of the Cittern of the Barometer above a Fixed Mark on Waterloo Bridge . <=83 feet 2$ in. 

. ...above the mean level of the Sea (presumed about). * 95 feet. 

The external Thermometer is 2 feet higher than the Barometer Cistern. 

Height of the Receiver of the Rain Gauge above the Court of Somerset House.... *79 feet 0 in. 

The hours of observation are of Mean Time, the day beginning at Midnight. 

The Thermometers are graduated by Fahrenheit’s Seale. 

The Barometer is divided into inches and decimals. 
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9 o'clock 

A.M. 

3 o'clock 

P.M. 

Barotn. | 

Attach. 

Therm. 

Barotn. 

Attach. 

Therm. 


External Thermometer. 


29.897 45.1 

29.691 48.6 

29.611 52-» 

29.897 55.0 

29.641 54.2 

29.161 54.3 

29.776 53.4 

29.594 52-1 

29.612 52.6 

29.938 50.7 

29.597 53.4 

29.756 53.0 

29.607 51.0 

29.681 50.3 

29.659 50.0 

29.741 53.3 

29,893 55.8 

30.196 55.1 j 

30.172 53-1 

30.072 52.7 

30.097 54.2 

30.283 53.0 

30.297 47.8 

29.811 43.2 

29.570 47.7 

29.429 49.8 

29.911 53.7 

30.053 55.3 

30.168 48.0 

30.277 49.6 

30.398 18.6 


Fahrenheit 

r -t—- 

fU.M. 3 P.M. 

38.8 46.5 

47.3 53.5 

51.4 54.0 

49.8 52.8 

49.4 5U 
5U 5U 

47.7 50.5 

45.3 50.8 

44.4 49.8 

39.7 50.6 

49.6 51.6 

43.4 49.8 

46.8 46.7 

44.3 45.5 

43.7 49.7 

52.7 55.7 

51.3 57.6 

46.3 50.8 

43.8 51.0 

44.7 52.7 

49.5 54.4 

46.7 48.3 

42.4 42.3 

36.1 38.4 

41.7 44.6 

43.7 54.3 | 

51.7 53.3 

47.7 56.7 

42.7 44.7 

11.6 48.2 


fielf-regUteritig, 
Ixmettf Highest 

34- 3 46,5 

37.8 53.7 

40.6 54.3 

49.8 53.7 

4 7.3 5 U 

48.6 51.8 

43.8 50.7 

38.3 51.4 

40.5 50-1 

35- 3 50.6 

38.7 51.6 

37.6 5U 

40.8 48.7 

39- 3 49.7 

40- 3 52.3 

43.2 56.3 

52.3 57.7 

40.3 41.0 

37.7 51.5 

41.8 52.7 

41.3 54.4 

13.7 48.3 

37.7 44.6 

31.7 40.3 

34.3 44.7 

40-3 54.7 

42.6 59.4 

42.3 59.4 

39.7 45.0 


at 0 A.M. 

9 A.M. 


w 

0.036 

wsw 

0.075 

sw 

0.222 

NW 


ssw 


S var. 


NW 

0.022 

ESE 


SW 

0.061 

w 

0.028 

SSE 


WSW 


wsw 

0.086 

wsw 

0.042 

sw 

0.014 

w 


SSW var: 


WNW 


WSW 


W 


N 

0.083 ' 

ESE 


Fine and cloudle**—light tore. 
Overcast. Light fog A.M. 
f A.M. Foggy-light rain. P.M. Over- 
l out. 

I A.M. Foggy. P.M. Fine—light clouds 
\ and wind. 

Overcast-tight wind. 

Lightly doody—1light unsteady wind. 
Fine and clear—light clouds. 

Cloudy—light wind and fog. 
f A.M. Fine and doudleu. P.M. Ilail 
l and rain with light wind. 

Fine and cloudless. 

Overcast—light rain and wind. 

A.M. Fine. P.M. Light rain and wind, 
f Overcast. Heavy showers, with light 
I brisk wind. 

j Fine and clear—light clouds. Hail and 
t rain P.M. 

Light rain. 

Cloudy—light wind, 
r’ Fine—cloudy. 

Fine and clear—light clouds. 

Fine—lightly cloudy. 

Lightly cloudy—light wind and fog. 
Overcast—hazy. 

Fine—light clouds. 

Fine—lightly cloudy—light brisk wind, j 

{ Overcast—light brisk wind.—Snow j 
A.M. 

Lightly cloudy—light wind. 

• / A.M. Showers, with fog and light 
l wind. P.M. Fine. 

Fine and dear—light clouds. 

( Fine and clear—light clouds.—Hazy 
\ A.M. 

Overcast—light wind. 

Overcast. Hazy A.M. 

Fine and clear. Clouds and haze A.M. 


Mean Moan Mean Mean Moan Mean Mean Mean Mean Sum 

29,877 48.7 29.856 51.6 44-5 45.8 50.2 40.9 50.8 0.883 

Monthly Mean of the Barometer, coireoted for Capillarity and reduced to 32° Fahr. 


OBSERVANBA. 

Height of the Cistern of the Barometer above a Fixed Mark on Waterloo Bridge .. =^83 feet 2§ in. 

.above the mean level of the Sea (presumed about)..... =95 feet. 

The External Thermometer is 2 feet higher than the Barometer Cistern. 

Height of the Receiver of the llain Gauge above the Court of Somerset House .. *»79 feet 0 in. 

The hours of observation are of Mean Time, the day beginning at Midnight. 

The Thermometers are graduated by Fahrenheit’s Scale. 

The Barometer is divided into inches and decimals. 









??? 


METEOROLOGICAL JOURNAL FOR APRIL, 1831. 



OBSERVANDA. 

Height of the Cistern of the Barometer above a Fixed Mark on Waterloo Bridge... “83 feet 2§ in 

......... above the mean level of the Sea (presumed abont). «95 feet. 

The External Thermometer is 2 feet higher than the Barometer Cistern. 

Height of the Receiver of the Rain Gauge above the Court of Somerset House ... «*79 feet 0 in. 

hours of observation are of Mean Time, the day beginning at Midnight. 

Thermometers are graduated by Fahrenheit’s Scale. 

Barometer is divided into inches and decimals. 
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39.652 61.7 

29.527 612 
29202 56.7 

29213 85J7 

30.063 542 

30270 552 

30258 552 

30.102 55.7 

30.197 562 

30.038 57 2 
29.942 01.9 

30.077 58.7 

30.010 592 

30.141 61.6 

30.151 63.7 

29.964 65.6 

29.704 652 

29.830 66.9 

29243 68.0 

29.991 642 

29.842 67.7 

29.817 69.7 

29.846 70.8 

29.804 66.8 

29.790 652 

29.971 64.7 

29.932 61.7 

29234 63.7 

29.942 63.4 


53 572 

51 572 

54 562 

53 60.0 

42 51.6 
482 
44.7 

38 50.4 

37 512 

47 472 

45 53.8 

47 58.7 

51 57.7 

32 50jO 
35 532 

43 50.7 

48 632 

49 63.7 

45 61.7 

55 65.7 

57 57.4 

53 57.5 

58 58.7 

60 602 
60 64# 
55 57.6 

52 52.7 

47 572 

54 54.7 

50 552 


0219 

S8W 


0269 

E 

Cloudy and foggy—showery. 

0.178 

SE 

/ A.M, Cloudy—shower*. P.M. Fin* 
l and clear—light brltk wind. 

0.017 

SSW 

A.M. Fine and dear. P.M. Overcast. 


wsw 

Fine—lightly cloudy. 

0.153 

NWvarl 

Cloudy,—Fine and dear A.M. 


N 

Fine-light doud*. 


ENE 

Cloudy,—Fine A.M. 


NNE 

Fine and ck*r—Ooudles* P.M. 


ESE 

Cloudy—Light rain A.M. 


NE 

/ Fine and dear—brisk wind. Cloudlet* 
\ P.M. 


NNE 

CtondkV" ■ haiy. 


NNE 

/ A.M. Hast. P.M. fine and clean- 
t light cloud*. 


NNE 

Lightly cloudy. 


ENE 

/ Fine—A.M, Ltgbthase. P.M. Clean- 
X tight cloud*. 


WSW 

Fine—lightly overcaat 


ESE 

Clear and cloud!***. 


ENE 

Clear and cloudle— light wind. 


/Light wind. A.M. Cloudtesi. P.M. 
t Cloudy. 

/ A.M. fine nod deer. A.M. Cloudy- 
l showery. 

/A.M. Overcast. P.M. Fine and clear 
t —light cloud*. 

Lightly overcast. 

A.M. Overcast P.M. Nearly doudlew, 
A.M. Oreraut. P.M. Nearly cloudlet 

Fine end deer—light cloud* and wind, j 
/ A.M. Overcaat. p.M. Clear and 
1 doudkM*. 

Lightly cloudy—light wind. 

Lightly cloudy. 

Rain, 

A.M, Cloudy. P.M. Fine—light cloud*, 
Fine and dean—light doud*. 


Mean 

Mean Mean 

Mean 

Mean 

Mean 

Mean 

Mean 

Mean 

Sum 


29.930 

59.7 29207 

62.0 

49.0 

562 

622 

47.1 

63.0 

1.095 



Monthly Mean of the Barometer, corrected for Capillarity and reduced to 32° Fahr. .''"( 29^5lf 29221 } 


OBSERVANDA. 

I 

Height of the Cistern of the Barometer above a Fixed Mark on Waterloo Bridge .. . 

.....above the mean level of the Sea (presumed about) ....... 

The External Thermometer U 2 feet higher thanthe Barometer Cistern. 

Height of the Receiver of the Rain Gauge above the Court of Somerset House... 

The hours of observation are of Mean Time, the day beginuing at Midnight 
The Thermometers are graduated by Fahrenheit’s Scale. 

The Barometer is divided into inches and decimals. 


. =83 feet 2§ in. 

. =95 feet 
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,^'t 4 ^*» 

* f w,m 

5 8 29.847 
^ 9 39378 
# $ 10 99.752 
h 11 99.934 

012 pm \ 
>13 Ikwa' 

£ 14 80.173 
15 29.914 
^19 99356 

." kU WMQ 

>20 80905 
i 91 86326 


Mean Mean Mean 
67.6 29.981 68.1 


62 6U Jtf 49.6 673 - ( 1 

44 tt7 70# 48.6 70.6 V * ; >; 

M 88.7 709 49.9 ,703 '* ' /' 
47 60.7 68.7 48.7 698 r . 3 

52 , 67J .73.4 553 ^ 

43 57.4 59.4 513 603 > IMW 'i 

42 543 58.4 49.9 619 ' 

52 61.0 673 493 673 

51 65.7 70.4 51.4 72.7 

52 65.6 67.4 573 70.7 0.047 

53 653 70.4 57.7 71.7 0.011 

I 58 67.6 70.7 603 723 

| 58 64.7 683 503 71J 0.028 

j 58 66.7 723 57.7 78.7 0389 

! 56 69.8 663 56.7 74.7 

52 673 69.7 573 733 0.036 

55 65.6 67.0 55.7 693 

63 63.6 67.0 56.7 69.6 0.055 S 

56 67.6 71.0 60.7 733 

50 67.8 713 53.4 73.4 

53 69.7 753 55.6 75.7 

53 693 73.4 56.7 73.8 

57 67.7 71.0 583 72.7 

55 613 66.7 57.8 68.7 0.103 

51 63.6 613 55.7 98.0 0.011 

55 58.6 623 53.4 67.6 0.150 

55 66.7 64.6 51.7 69.4 0.128 

57 58.7 60.7 553 623 0325 

53 573 62.4 54.4 65.6 

56 57.7 65.4 54.6 663 [ 0.047 


Mean Mean Mean Mean Mean Sum 
53,0 63,7 673 54.7 69.9 1.052 


53 693 

57 67.7 

55 613 

51 63.6 

55 58.6 

55 66.7 

57 58.7 

53 573 

56 57.7 


| Ftoewd cklbi*«nd wind 


$ ptos-Ught e^aw jl^M^ ^ ^ 

Goody—light mini. 

' 11n^lmKly--0ghtwiDd. 

Tltte—light dead*. light rain P.M. 
Fine—cloudy. 

r Cl«r—clottdy*rdlght Shower* and ua. 

\ rtoady wind. 

Fair—lightly cloudy. 

ygiiurr imi 

A.M, Very deer. P.M. Light min. 

Fine and doM^Jondy. 

CV»r—ckwily—*howery. 

ra.M. lowering—light wind* P.M. 
ur. t Clear—Cloudy. 

i a.M. Cloudy—light wind. P.M. 

( Cloudkw. 

A M. Very clear. P.M. Ftno-doody. 
Fine and clear—nearly ckmdlMt. 

J Fine—light haatv-doudy. 

J Fine—haty. 

r r A.M. Rain. P.M.I J lneat»dcl*ar-41ght 
f X wind. 

Cloudy. light Shower* P.M. 
f Fine and dear-Mgbt unateady Wind. 
7 1 light rain, mon&g and evening. 

\f A.M. Fine—tight dm*. P.M. Bain. 
Goody—light briak wind. 

Overoaat. Light tain P.M. 

Or area* t—light wind. 


:; Heol% Mean of the Barometer, corrected for Capillarity and reduced to 32° Fahr. 


OBSERVANDA. 

4 of the Cistern of the Barometer above a Fixed Mark on V«*erf«> Bridge.*.*. fwt ** I,u 

...*bove the mean level of the S« (presumed •*»*). .95 feet 

ixtemal Thermometer i* 2 feet higher than the Barometer Cistern, # 

t of the Receiver of the Rain Gauge above the Court of Somenet House...H. m * V fe * U 

observation are of Mean Time, the day beginning «t Midnight. 

_rmometers are graduated by Fahrenheit’* Scale. 

e Barometer is divided into inches and d ecim a ls . 










